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Ñõåìû

x y z

∧ ∧ ∨

¬ ∧

∨

∧

Ðàçìåð := êîëè÷åñòâî âåðøèí

Ãëóáèíà := äëèíà ñàìîãî

äëèííîãî ïóòè

Ðàññìîòðèì

f : {0,1}n → {0,1}.

s(f ) = min{s : ∃ ñõåìà ðàçìåðà s
âû÷èñëÿþùàÿ f}

d(f ) = min{d : ∃ ñõåìà ãëóáèíû d
âû÷èñëÿþùàÿ f}



Ñëîæíîñòíûå êëàññû

P/poly = {{fn} ⊂ {0,1}∗ : {fn} âû÷èñëèìà
ïîñëåäîâàòåëüíîñòüþ ñõåì ðàçìåðà poly(n)}

NCi = {{fn} ⊂ {0,1}∗ : {fn} âû÷èñëèìà
ïîñëåäîâàòåëüíîñòüþ ñõåì ðàçìåðà poly(n)

è ãëóáèíû O(logi n)}

NC1 ⊂ NC2 ⊂ . . . ⊂ NC ⊂ P/poly.

Íåèçâåñòíî, âåðíî ëè, ÷òî NC1 6= P/poly.
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Ìîíîòîííûå àíàëîãè

Ìîíîòîííûå ñõåìû � ñõåìû áåç îòðèöàíèÿ. Âû÷èñëÿþò

òîëüêî ìîíîòîííûå áóëåâû ôóíêöèè.

Êî âñåì îáîçíà÷åíèÿì îáîçíà÷åíèÿì äîáàâëÿåì m:

dm(f ), sm(f ),mNCi ,mNC,mP/poly . . .

mNC1 $ mNC2 $ . . . $ mNC $ mP/poly !

I mNC1 $ mNC2 � Êàð÷ìåð è Âèäãåðñîí, 1990;

I Îñòàëüíîå � Ðàç è Ìàêêèíçè, 1997.



Êîììóíèêàöèîííàÿ ñëîæíîñòü

Äàíî: R ⊂ X × Y × Z (ìíîæåñòâà X ,Y,Z � êîíå÷íûå).

Àëèñà

x ∈ X
Áîá

y ∈ Y

m1(x)

m2(m1, y)

. . .

z : (x , y , z) ∈ R z : (x , y , z) ∈ R

Êîììóíèêàöèîííàÿ äëèíà ïðîòîêîëà := ìàêñèìóì ïî

(x , y) ∈ X × Y ñóììû äëèí âñåõ ñîîáùåíèé íà (x , y).

CC(R) := ìèíèìàëüíîå d , äëÿ êîòîðîãî íàéäåòñÿ ïðîòîêîë
êîììóíèêàöèîííîé äëèíû íå áîëüøå d , âû÷èñëÿþùèé R.
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Ïðèìåð

X = {x ∈ {0,1}n : x1 + . . . + xn íå÷åòíî},
Y = {y ∈ {0,1}n : y1 + . . . + yn ÷åòíî},
Z = {1,2, . . . ,n}.

R = {(x , y , z) ∈ X × Y × Z :

xz 6= yz .}

Àëèñà

x ∈ {0,1}n ò. ÷.

x1 + . . . + xn íå÷åòíî

Áîá

y ∈ {0,1}n ò. ÷.

y1 + . . . + yn ÷åòíî

Âûäàòü êàêîé-íèáóäü z ò. ÷. xz 6= yz

CC(R) = O(log n) (áèíàðíûé ïîèñê)
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Îòíîøåíèÿ Êàð÷ìåðà � Âèäãåðñîíà

Äàíî: f : {0,1}n → {0,1}.

Àëèñà

x ∈ {0,1}n ò. ÷.

f (x) = 1

Áîá

y ∈ {0,1}n ò. ÷.

f (y) = 0

Âûäàòü êàêîé-íèáóäü z ∈ {1,2, . . . ,n} ò. ÷. xz 6= yz

Òåîðåìà

d(f ) = CC(KW(f )).



Ìîíîòîííûå îòíîøåíèÿ Êàð÷ìåðà � Âèäãåðñîíà

Äàíî: ìîíîòîííàÿ f : {0,1}n → {0,1}.

Àëèñà

x ∈ {0,1}n ò. ÷.

f (x) = 1

Áîá

y ∈ {0,1}n ò. ÷.

f (y) = 0

Âûäàòü êàêîé-íèáóäü z ∈ {1,2, . . . ,n} ò. ÷. xz = 1, yz = 0

Òåîðåìà

dm(f ) = CC(mKW(f )).



Ôóíêöèÿ èç mNC2 \mNC1

st-Connn

Âõîä: G : {1,2, . . . ,n}2 → {0,1} (îðèåíòèðîâàííûé ãðàô íà n
âåðøèíàõ)

Âîïðîñ: Åñòü ëè â G îðèåíòèðîâàííûé ïóòü èç 1 â n?

Ïðåäëîæåíèå

{st-Connn} ∈ mNC2.

Òåîðåìà (Êàð÷ìåð, Âèäãåðñîí)

dm(st-Connn) = Ω(log2 n).
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ìîíîòîííîå KW-îòíîøåíèå äëÿ st-Connn

Àëèñà

1 2

3 4

5GA

Áîá

1 2

3 4

5GB

Âûäàòü ðåáðî, êîòîðîå åñòü GA, íî íåò â GB
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Ïëàí íèæíåé îöåíêè äëÿ

st-Connn.

Ω(log2 n) íà ìîíîòîííóþ ãëóáèíó st-Connn.

⇑
Ω(log2 n) íà êîìì. ñëîæíîñòü ìîíîòîííîãî KW-îòíîøåíèÿ

äëÿ st-Connn.

⇑
âîïðîñíàÿ ñëîæíîñòü
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Äåðåâüÿ ðàçðåøåíèÿ

R ⊂ {0,1}n ×A (íàçîâåì n
àðíîñòüþ R)

z = 0 1 1 . . . 1

äåðåâî ðàçðåøåíèÿ

êàêîå-íèáóäü a ∈ A : (z,a) ∈ R

2 çàïðîñà:

Äåðåâüÿ ðàçðåøåíèÿ (ïðèìåð

äëÿ n = 2).

z2

z1 a1 ∈ A

a2 ∈ A a3 ∈ A

0 1

0 1



Âîïðîñíàÿ ñëîæíîñòü

Q(R) := ìèíèìàëüíîå d , äëÿ êîòîðîãî íàéäåòñÿ äåðåâî
ðàçðåøåíèÿ ãëóáèíû d (ò. å. äåëàþùåå íå áîëåå d çàïðîñîâ),

âû÷èñëÿþùåå R.



Ïðèìåð: îòíîøåíèå SEARCHn

z = 0 0 1 0 0 0 1

SEARCHn

= {(z, i) ∈ {0,1}n × {0,1, . . . ,n} :

ëèáî i = 0, z1 = 1
ëèáî 1 ≤ i < n, zi = 0, zi+1 = 1
ëèáî i = n, zn = 0}.

Q(SEARCHn) = Θ(log n)

Âåðõíÿÿ îöåíêà � áèíàðíûé

ïîèñê.

Íèæíÿÿ îöåíêà � n
âîçìîæíûõ îòâåòîâ.
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Ñâÿçü ïðè ïîìîùè êîìïîçèöèè

âíåøíåå îòíîøåíèå: ãàäæåò:

R ⊂ {0,1}n ×A, g : X × Y → {0,1}

R ◦ g = R

g

g

...

g

x1

y1

x2

y2

xn

yn

Ïðåäëîæåíèå

CC(R ◦ g) ≤
Q(R) · CC(g).



Òåîðåìà Ðàçà � Ìàêêèíçè

INDk : [k ]× {0,1}k → {0,1}, INDk (x , y) = yx .

0 0 0 0 1 1 1 1

0 0 1 1 0 0 1 1

0 1 0 1 0 1 0 1

1 0 0 0 0 1 1 1 1

2 0 0 1 1 0 0 1 1

3 0 1 0 1 0 1 0 1

Ðèñ.: MIND3

CC(INDk ) = Θ(log k).

Òåîðåìà ( RM97, GPW15)

Äëÿ âñåõ R àðíîñòè íå áîëåå k1/20 âûïîëíåíî

CC(R ◦ INDk ) = Ω(Q(R) · CC(INDk )).



Ïðèìåíåíèå: íèæíÿÿ îöåíêà st-Connn
SEARCHk1/20 ◦ INDk ≤ mKW(st-Connk2)

Âõîä äëÿ

SEARCHk1/20 ◦ INDk

Îòâåò

Âõîä äëÿ

mKW(st-Connk2)

Îòâåò

dm(st-Connk2) = CC(mKW(st-Connk2)) Êàð÷ìåð � Âèäãåðñîí

≥ CC(SEARCHk1/20 ◦ INDk ) ñâåäåíèå

= Ω(Q(SEARCHk1/20) · CC(INDk )) Ðàç � Ìàêêèíçè

= Ω(log2(k)).
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Îòâåò

Âõîä äëÿ

mKW(st-Connk2)

Îòâåò

dm(st-Connk2) = CC(mKW(st-Connk2)) Ê. � Â.

≥ CC(SEARCHk1/20 ◦ INDk ) ñâåäåíèå

= Ω(Q(SEARCHk1/20) · CC(INDk )) Ð. � Ì.

= Ω(log2(k)).

Ñëåäñòâèå

st-Conn∈ mNC2 \mNC1
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Ìîæíî ëè óñèëèòü òåîðåìó Ðàçà � Ìàêêèíçè?

INDk : [k ]× {0,1}k → {0,1}, INDk (x , y) = yx .

0 0 0 0 1 1 1 1

0 0 1 1 0 0 1 1

0 1 0 1 0 1 0 1

1 0 0 0 0 1 1 1 1

2 0 0 1 1 0 0 1 1

3 0 1 0 1 0 1 0 1

Ðèñ.: MIND3

CC(INDk ) = Θ(log k).

Òåîðåìà ( RM97, GPW15)

Äëÿ âñåõ R àðíîñòè íå áîëåå k1/20 âûïîëíåíî

CC(R ◦ INDk ) = Ω(Q(R) · CC(INDk )).

Ìîæíî ëè äëÿ äðóãèõ ãàäæåòîâ

ñ äëèíîé âõîäà k
óñèëèòü îöåíêó íà àðíîñòü R?
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Ðåçóëüòàòû

I Íîâûé ãàäæåò g ñ äëèíîé âõîäà k , äëÿ êîòîðîãî
íåðàâåíñòâî:

CC(R ◦ g) = Ω(Q(R) · CC(g))

âûïîëíåíî äëÿ âñåõ R àðíîñòè íå áîëåå 2k/2.

Èñïîëüçóþòñÿ ýêñïàíäåðû.

I Ñ òåêóùåé òåõíèêîé îöåíêó ëó÷øå 2k/2 ïîëó÷èòü

íåëüçÿ.

Íîâûé ãàäæåò.

SQRq : Fq2×Fq2 → {0,1}, SQRq(x , y) =

{
1 x − y êâàäðàò,

0 èíà÷å.
.
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.



Ñïàñèáî çà âíèìàíèå!


