Bpenenne B MaTeMaTUIecKyIo JIOTUKY
Mex-maT MI'Y, 1-it kypc, Becra 2008 T.

JI.1. Beknemuries*

1 Jloruka BbICKA3bIBAHUMN

1.1 Andasur, 6ykBa, CJIOBO

Onpenenenue 1.1. Aagasumom OynemM HaA3BIBATH JIIOOOE HEITYCTOE MHOXKE-
crBo. Ero sjiemenTsl HasbIBaOTCsl cumsoramu (6yksamu).

Onpenenenue 1.2. Caosom B ajidaBuTe . HA3LIBAETCSI KOHEYHAs IOC/IE-
JOBATEJILHOCTE 9JIEMEHTOB Y.

ITpumep 1.3. Pacemorpum andasur ¥ = {a,b,c}. Torma baaa siBisiercs
CJIOBOM B ajipaBHUTe ..

Onpepenienne 1.4. CioBo, He cojepzkaliiee HU OJHOIO CUMBOJIA (TO €CTh
[OCJIEIOBATE/ILHOCTD JTHHBI (), HA3BIBACTCS NYCMbIM CA0B0M 1 0003HATACT-
cd €.

Onpepesienne 1.5. Jauna ciosa w, obo3HaYaeMasl |w|, eCTb YUCIO CUM-
BOJIOB B W, IPUYIEM KKl CUMBOJI CIATAETCsI CTOJIBKO Pas3, CKOJIBKO pa3
OH BCTPEYACTCH B W.

Oupenesnienne 1.6. Ecan x u y — ciosa B andasure X, T0 cI0BO 2y (pe-
3yJIbTAT IPUIHUCHIBAHUS CJIOBA Y B KOHEIl CJIOBA ) HA3BIBAETCS KOWKAMEH -
yued CJIOB T 1 Y.

* JTaHHBINA KOHCIIEKT JIEKITAI COCTABJIEH C NCTIOIb30BAHUEM JIEKITMOHHBIX MATEPUAJIOB Psi-
& COTPYJHUKOB Kadeapbl MaTeMaTHIECKOH JIOrUKY U Teopuu ajaropurMmo MI'Y, B gact-
HOCTH KOHCIEKTa Jiekiuii mpodeccopa M.P. Tlenryca (2006 r.), Ha OCHOBE MPOTPAMMBI,
pa3paboTaHHOM KOJIIEKTUBOM KaeIphl.



Omnpegenenne 1.7. Ecou x — cooBo u n € N, 1o wepes x™ obosHaTaeTCHA
CJIOBO
—
n pa3
[onoxknm ¥ = £ (3HaK = YHTAETCH «PABHO IO ONPEICICHIIO ).
IMpumep 1.8. Ilo npunsaThM cornamennam ba® = baaa u (ba)? = bababa.
Onpenenenue 1.9. MHOXKeCTBO Beex CJIOB B ajipaBuTe Y 0003HaTaeTCsT 2 *.

Onpeneaenue 1.10. [ToavuaOoXKecTBa MHOXKeCTBa .* JjIsT HEKOTOPOIO aJi-
daBuTa Y Ha3LIBAIOTCHA CAOGAPHLLMU MHOHCECTNEAMU. B IMHIBUCTHKE U UH-
dopmaTuKe CJIOBapHbIE MHOXKECTBA, TAKYKE YaCTO HA3LIBAIOT A3bLKAMU.

VYrBepxkaerue 1.11. Ecau aagasum ¥ KoHeueH ust cHémet, mo MHOMCE-
cmeo X* cuémmo.

B camom gesie, Jijisi J1i060r0 KOHETHOIO MOJAMHOYXKeCTBa Y9 C 3 MHOXKe-
CTBO BCEX CJIOB (PMKCHPOBAHHON JJIMHBI B ajidpaBuTe Yo KoHeuHO. CrieoBa-
TeIBHO, Y ABJIAETCA 00ObeJINHEHNeM CUETHOIO YNC/Ia KOHEYHBIX MHOMKECTB,

* *
a BHATAT, TAKOBO U MHOXKecTBO X* = (g o5 X0

1.2 DBpicka3bplBaHUS U JOTUYECKHUE Olleparuu

Jloruka BbICKa3bIBaHUIl (DOPMAIH3YET ONpEIeIEHHbIE TPEICTaBIeHHs O (pe-
AJIbHBIX) BBICKA3BIBAHUSX U JIOTMYECKUX OIEPAIUSIX.

Onpenenenune 1.12. Buickasvi8aHuem HA3BIBAETCS TOBECTBOBATEILHOE TIPEJT-
JIOXKEHHE, JJIsT KOTOPOTO UMEET CMBICJI TOBOPUTDH O €r0 UCTHHHOCTHU WJIH JIOZK-
HOCTH.

IIpumep 1.13. Ilpemnoxenue «Jluccabon — cronuna Vcnanuny sBisieTcs
BBICKA3bIBAHUEM.

Onpenenenue 1.14. CymecTByOT IBa UCTMUHHOCTVHOLL 3HAMEHUA — <UC-
TUHA» U «JIOXKb». MbI Oy1eM obo3nadaTh ux U u JI, coorBercTBeHHO; cUnTaeM
1 u 0 cunouumamu 1 n JI.

HeKOTOpre CJIO?KHBbI€ BBICKAa3bIBaHUA CTPOATCA U3 boJtee IIPOCTBIX C IIO-
MOIIIBIO A02UuMeCKUIT onepauwi, TaKNX KaK OTPpHUIIaHUE <«HE», KOHBIOHKI[HA
«U», JU3BIOHKIUA <«UJIN», UMIIJINKaIlUA «€CJIA ..., TO ... ».



Onpenenenne 1.15. Jlozuveckas onepayus — 9TO TAKOH CIIOCOO MOCTpPOE-
HHS CJIOXKHOT'O BBICKA3LIBAHMUSA U3 JAHHBIX BHICKA3BIBAHUI, TP KOTOPOM HC-
TUHHOCTHOE 3HAYEHNE CJIOYKHOTO BBICKA3BIBAHUS MOJHOCTHIO OIPEIesIsIeTCs
HCTUHHOCTHBIMY 3HAYEHUSIMHU MCXOIHBIX BBICKA3BIBAHUIA.

ITpumep 1.16. Orpunanue siBisercs Jiorudeckoii oreparueii. [Ipemioxe-
nne «Hesepno, uro Jluccabon — crosuia VcnaHums» IMOCTPOEHO U3 BBICKA-
spiBaHus «JInmccabon — cromuma Vcmannmy» ¢ TOMOIIBIO OTPUTIAHUSI.

3ameyanue 1.17. YoorpebisieMyi0 B €CTECTBEHHOM SI3bIKE WMILTUKAIIIIO
«ecmn A, To B» HeNlb3sl B MOJIHOW Mepe CUMTATh JIOTUYECKOH orepariyei,
[IOCKOJIBKY OHA, CPEIN IIPOYero, YKas3blBaeT U Ha NMPUIMHHO-CJIEICTBEHHY O
CBsI3b MEXKJY BBICKA3bIBaHUsIMU A U B, TO ecTh He BBIPAYXKAETCS TOJBKO
JINIIBb Yepe3 MCTUHHOCTHBLIC 3HaYeHUAg BBbICKa3bIBaHUI A n B Bonee TOro,
BBICKa3bIBaHUe «ecau A, To By noaucemuyro, To eCTb MOXKET TOHUMATHCS
[IO-PA3HOMY B Pa3HbIX KOHTEKCTAX.

B MaremaTnueckoM SI3bIKE UCTOTB3YETCS MAMEPULAOHAA UMNAUKAGYUS,
KOTOpAasI sIBJISIETCsI JIOTHIECKOI ¢Bsi3Koil. [Ipu aToM BbicKazbiBanme «ecym A,
TO B» cUMTaeTCs JIOKHBIM B TOM U MOAbKO MOM CIydae, eciin A MCTHHHO 1
B noxmno.

1.3 CuHTaKCHC JIOTUKU BbICKA3bIBaHUM
1.3.1 IlepemeHHbIe U CBA3KU

IIycTb 3amaH HEKOTOPBIN axdaBuT Var CuMBOJIOB, HA3BIBAEMBIX NPONO3UULU-
onanvrvmut nepemernvimu. IIpoIo3nIHOHANBHEIE TIEPEMEHHBIE 6YIeM 060-
sHauarh OykBamu P, Q u T. 1. (BO3MOXKHO, ¢ uHjeKcamu). VIHTYUTUBHO,
[IPOITO3UINOHAJIBHDBIE TIEPEMEHHBIE MHTEPIIPETUPYIOTCSA KAK BBHICKA3LIBAHUSA.
Buaku -, A, V, — (1 aHAJIOrUYHBIE 3HAKH, KOTOPbIE OY/IyT BBEJEHBI 1103~
7K€) Ha3BbIBAIOTCS NPONO3ULUOHAABHOMYU CEAZKAMU W OYAEBUUMU CEAZKA-
mu. VIHTYUTHBHO, CBA3KH HHTEPIPETUPYIOTCST KaK JIOTHYECKHE Oleparuu (co-
OTBETCTBEHHO, KaK OTPHUIAHNE, KOHbIOHKIIUS, TN bIOHKITUST, IMILIAKATINS).

1.3.2 Dopmyubl

@opMyJIbl JIOTUKHM BBICKA3BIBAHUI SBJISIIOTCSA CJIOBAMHU B aJi(paBUTE, COCTOsI-
oeM U3 IIPOINO3UIMOHAJIBHBIX IMEPEeMEHHbIX, ITPOIIO3UIITNOHAJBHBIX CBA30K H
ckobok: (1 ). MuoxkecTBO Beex (hOpMYJT MHIYKTUBHO ONPEENISICTCST CIIEy-
FOIIIM 0Opa30M.

'Propositio (nar.) = npesyioxenue.



Omnpenenenne 1.18. Mnoowcecmso ¢opmya Fm orukn BLICKA3LIBAHTI TTO-
POXKJAaeTCs U3 MHOYXKECTBa Var 10 CJIEJYIONUM IIPaBUIaM:

1. Ecmu P € Var, to P — dopwmyia.
2. Ecu A — dopwmyna, To A — dopmya.
3. Eciiu A u B — dopwmyisl, o (AAB), (AV B), (A — B) — dopmysbl.

Ilpyrumu cjoBaMu, MHOXKECTBO (bOPMYJI €CTh HAUMEHBIIIEE MHOXKECTBO, 3a-
MKHYTO€ OTHOCUTEIBHO STUX TPEX MPABUJIL.

Onpenenenue 1.19. I[Hocmpoernuem popmyiibl A HasbIBaeM OCIEI0BATE b
HOCTBb (DOPMYJI, KayKJIbIiA 3JIEMEHT KOTOPOii ecTh b0 IepeMeHHast, JI0o Io-
JIydaeTcd W3 MPEeJblIYIUX 10 MpaBWaM 2 WId 3, W IOCJIEeTHUN JIEMEHT
KOTOpOii ecthb A.

Cwmbicst onpenenennsi 1.18 cocrout B TOM, UTO (HOPMYJIaMHU CUUTAIOTCS
T€ W TOJILKO T€ CJI0BA, KOTOPbIE UMEIOT mocTpoenne. Orpejieienne MHOKE-
cTBa OOBEKTOB KaK HAMMEHBIIEr0 MHOXKECTBA, 3aMKHYTOT'O OTHOCHTEJIHHO
HEKOTOPBIX MTPABUJI 00pPa30BaHUsA, HA3BIBAETCS UHIYKMueHbM. Takoro poma
OIIpeJieJIeHNs] YaCTO UCIOJIB3YIOTCS B ajredpe u JIOTUKE.

ITpumep 1.20. Iocrenosarensnocts P, Q, (P — Q), (QA(P — Q)) ectb
nocrpoenue dopmyibl (Q A (P — Q)).

DopMyJIbI IOTUKY BEICKa3bIBaHU 6y1eM obo3HayaTh 6ykBamu A, B u T. 1.
(BO3BMOKHO, C UHJIEKCAMH).

Onpenenenune 1.21. [lodgopmyramu dopmyibl A HasbIBatoOTCs Bee Te hbop-
MyJIbI, KOTOPbI€ BO3HUKAIOT IpU HeKoTopoMm nocrpoenun A. Iloadopmyira
dopmysibl A, oTamdHas OT camoii popMysbl A, Ha3bIBAETCS COOCMEEHHOU
nodgopmyaoti popmyast A.

Sameuanne 1.22. He ciemyer myrarh 1m0ahOpMYJIbl ¢ UX 8LOHCOEHUAMU B
dopmyny. Onna n Ta ke 1moadopMyJ/Ia MOKET IMETh HECKOJILKO BXOXKICHUIA,
nanpumep nojadopmysta P Bxoaur tpu pasa B dhopmyiay (P — (P A P)).

IIpennoxxenune 1.23 (omHO3HAYHOCTH pa3bopa, 6e3 J0KA3aTEIbCTBA).
Kaorcdas nponosuyuonarvras dopmysra, me AGAAOUAACA nepemennot,
mooicem bvimv npedcmasaena edurncmeenmvim obpazom xax —A, (AN B),

(AV B) uau (A — B).

JlokazaTeabCTBO 9TOTO YTBEPKJCHUST OCHOBLIBACTCS HA COOOPaYKEHUSX Ha-
Jrarca ckobok B dopmyste. CiieicTBUEM SABJSETCS, HAIIPUMED, TOT (HaKT, ITO
MHOXKECTBO TTOAMOPMYJ JAHHON (POPMYJIBI HE 3aBUCUT OT €€ MOCTPOECHUSI.



1.3.3 Cokpaiiéntnaga 3anmmuchb popMyJa

st ynobeTBa 3anucu hbopMyJI IPUHATO UCIOJIb30BaTh HEKOTOPhIE COKpaIIe-
unsi. C dopMabHOM TOUKN 3pEeHUsi, TAKUE COKPAIIEHUS ABJISIOTCS IPUEMaMU
U3JIOKEHUS, & He JIEMEHTAMU f3bIKa JIOTUKM BhICKa3bIBaHuit. Mbl paccMOT-
PUM /JIBa BaKHBIX BUJIa COKPAIEHUIl.

A. Cozrawenus o ckobrar.

Bo-1epBhix, MOXKHO OIIyCTUTH BHEITHIOWI mapy ckobok. Hanpumep, 3amnuch
P — (Q — P) obosuauaer dbopmyny (P — (Q — P)).

Bo-BTopbIxX, ecm B COKpANEHHON 3aMUCH PIOM HAXOIATCS JIBE OMEpa-
nuu A\, TO IIPU OTCYTCTBUU CKOOOK BHYTPEHHEH CIMTAETCS Ta, KOTOpasi HAXO-
nutesd jesee. Jpyrumu ciioBaMmu, CBSI3KA A CIUTACTCS A€60ACCOUUAGMUBHOTU.
Hanpumep, PAQ AR u (P A Q) A R obo3Hadaior oHy u Ty ke (HhopMyiTy
(mmHa s1oit hopmyisr — 9 cumosios). Oxrako B 3ammcu P A (Q A R) uu o-
HO#t CKOOKM OIyCTUTD Hesib3sd. CBsI3Ka V TOXKe SBJISETCS JIEBOACCOIINATUBHOMI,
HO CB$I3Ka — HE SBJISIETCS HU JIEBOACCOIMATUBHOW, HU IIPABOACCOIUATUBHON
(B aTOM KypCe).

B-1peTbux, eciiu B COKpAIEHHON 3aIIUCH PSIIOM HAXOMSATCST PA3HBIE CBsI3-
K1, TO IIpU OTCYTCTBUU CKO6OK BHyTpeHHefI CIuTaeTCda Ta, KOTOpasd mMeeT
6oJiee BBICOKHUI MPUOPUTET COTVIACHO CJIEIYIOMIEMY CIIMCKY, COCTABJICHHOMY
B HOpsaKe yObIBanus npuoputeron: —, A, V, —. VHbIMEU cioBaMu, CBSI3KHU
¢ OoJiee BBICOKUM IIPUOPUTETOM CBSI3BIBAIOT CUJIbHEE.

Pagpemaercs Taxk:ke mo6aBUTDL BHEIIHIOW mapy ckobok. Hampumep, 3a-
muck (—P) obosnauaer dopmyay —P. Jobasienne cKOOGOK MPUTOINUTCS, Ha-
puMep, B onpenenennu 1.44.

B. Bsederue mo6bix n02uMeCKUL CEAZOK.

JIOrm4aecKy1o CBSI3KY 9K6UBAAEHMHOCTIU > FACTO OIPEJNIETISIOT KaK CO-
kpamenue. [Ipu srom mrst 10661 popmyst A, B 3anuce A < B noHnMaeTcst
Kak oboznauenue st popmynsl (A — B) A (B — A). Anajoruaabiv obpa-
30M MOXKHO BBECTHU H JPYI'He JIOTUYEeCKHUe CBSA3KH, B YaCTHOCTU:

1 = (PyN—Fy), rtnme Py — dukcuposannas nepeMeHHas;
T = -1

)

NAi = (AiAAp AN Ay);
=1

VA = (A4AVvAv--VA,).
=1



1.3.4 pyrue BapuaHTbl CUHTaKCHCA

[ToMuMO cTaHIAPTHOTO, U3JIOXKEHHOTO BBIIIE, CIIOCO0a 3armmcu (POPMYJI JIOTH-
KI BBICKA3bIBAHUN CYIIECTBYIOT U JApyrue BapuaHTbl. OTMETHM TPU BAXKHBIX
cniocoba mpecTaBeHust (POPMYIL.

A. IToavckaa sanucey. Jlormdeckne B3k (Kak yHapHBbIE, TaK U OHHAD-
HbI€) 3aIUCHIBAIOTCs TPeDUKCHBIM 06pa3oM, Hanpumep, BMecto (A A B) 1u-
mem AAB; mpu sTOM CKOOKH He yrmorpebssitorcs. Tak, dopmyra (A —
(B A C)) moxker 6bITh 3anmcana «Ho-nosibckn» kKak — A A BC. (Ilouemy
JUUIsI TIOJIBCKOII 3allMCh UMeeT MeCTO Teopema 00 OJHO3HAYHOCTH pa3bopa?)

B. Ilpedcmasaenue gopmys depesvamu. C Kaxmoit GopMysot MOKHO
OJIHO3HAYHO CBsI3aTh OWHAPHOE JIEPEBO, HA3BIBAEMOE WHOIJIA JEPESOM Pa3-
60pa, TUCTbsi KOTOPOI'O MOMEYEHBI ITPOIO3UIIMOHAJIBHBIMU IIEPEMEHHBIMHA, &
BHYTPEHHME BEPIIUHBI — CBI3KaMU. BepIuHBI 3TOr0 JIe€peBa HAXOMISATCST BO
B3aUMHO-OJIHO3HAYHOM COOTBETCTBUM CO BXOXKJEHUAMU OAMOPMYJT B JaH-
Hy10 opMyIty (COOTBETETBYIOIIEH KOPHIO JIEPEBA).

Nurepecno orMeTnTh, 9YTO OJHA U3 HEPBBIX (POPMYJIUPOBOK JIOTHKH BbI-
ckazpannii, nannaa B XIX Beke nemernkum yuénbiMm ['. Ppere, ncrnosb3oBasia
BapuaHT rpaduIecKoro n300pakeHns JepeBbeB B KaIeCTBe 3aIucu (POPMYJI.
(Hampammusaercst cpaBHeHHe ¢ HEPONTH(MDUIECKUM THCHMOM. )

B. Ilpedcmasaierue Gopmys opueHmMuUposaHHuMY GUUKAUMECKUMU 2Pa-
pamu. Eciiu oroxkaecTBUTH B JiepeBe paszdbopa (pOpPMyJIbl BEpPINUHBI, COOT-
BETCTBYIOIINE BXOXKJEHUSIM OJHOU U TOH »Ke TMOA(MOPMYJIbI, TO TOJIYIUTCSI
CTPYKTYypa, Ha3blBaeMasi OPHEHTHPOBAHHBIM anukndeckuM rpadom (DAG).
[Ipu TakoM mIpescTaB/IeHUN BEPIIUHBI rpada COOTBETCTBYIOT MOAMOpMYyIaM
JIAHHO (DOPMYJIBI, & CTPEJIKH COEJMHSIOT KarKJble JiBe M0/ IOPMYJIbI, OJTHA
U3 KOTOPBIX SIBJISIETCS] MAKCUMAJIBLHOW COOCTBEHHOM MOMMOPMYJIOi IpPyTOi.
DTOT C110co0 TpeICTaBIeHIST (DOPMYJT ABJISIETCsT HANOO0 16 SKOHOMHBIM M PaC-
ITOCTPAHEHHBIM BAPUAHTOM IIPEJICTaB/IeHUsT (DOPMYJI B IAMSITH KOMIIBIOTEPA.

1.4 Tabaunbl UICTUHHOCTHI
Onpenenenne 1.24. O6oznaunm B = {I1,JI} = {0,1}. Oyukuun f :

B" — B masbiBalOTCS 6YA6bLMU OYHKUUAMU.

Onpepenienne 1.25. Ouenkol nponosuyuonasoHvlr nepemernvoir (I mpo-
CTO ouenkoll) Ha3bIBaeTCs pousBosibHast Gyukims f : Var — B.

Ounpenenienne 1.26. Hemunnocmnoe snauenue (M IIpOCTO 3Haderue) hop-
MYyJIBI IIPH JAHHOI OlleHKe f olpesessieTcst MHIYKIIMed 110 TOCTPOeHU 0 (pop-



MYJIBI B COOTBETCTBUHA CO CJICAYIOITUMN Ta6JII/IL[al\H/I.

A B|AANB|AVB|A—B
A|-A JIJI| JI T "
1|1 JT. 1| I n "
1| JI n | J 1 I
nu| u 1 1

C dopmasbhoit Touku 3penus, orenka f : Var — B nupojomkaercs 10
dyukun [ : Fm — B, onpenenéHHoil Ha MHOXKeCTBE BeeX (POPMYJI, IO CJie-
JIYIOTIAM TTPABUIIAM.

FeA) =T e f(4)=

FANB) =TI = f(4)=Tu f(B) =TI
f(AVB)=U1 << f(4) = I/II/I.HI/If( ) =U;
f(A-=B)=11 «<— f(A)=Jlwm f(B) =1

Ecin f(A) = U, 1o rosopsr, uro dopmyna A ucmunna npu oneHke f.
Nuage dpopmysta A nootcHa TIpu JAHHON OIEHKE.

CuenpajabHO pacCMOTPHUM CJIydail, Korjaa 4uCI0 IepPEeMEHHBIX KOHEYHO,
To ectb Var = {Py,..., P,}. Onenka f onpesensercs HaBOPOM CBOUX HC-
TUHHOCTHBIX 3HAYEHUIl Ha IepeMeHHbIX Pi,...,P,. lannomy Habopy & =
(x1,...,2pn) € B™ comocTaBuM OIEHKY [z, OIpeneaseMyIo Tab/Iumeit

P |P|...| P
l‘l‘l'g“l‘n

Takum 00pazoM, CyIIECTBYeT B3aUMHO-OJHO3HAYHOE COOTBETCTBHE MEXKLY
oreHKaMu u Habopamu u3 B".

Ounpepnenienne 1.27. Tabauuyets ucmunnocmu (Wi ucmunnocmuol mab-
auuetr) dopmynsl A Hax mepemenHbiMu P, ..., P, HasbBaeTcs TabImIa,
yKa3bIBalolias 3HadYeHus (POpMyJbl A MpH BCeX BO3ZMOMKHBIX OIEHKaX TIe-
pementbix Pj, ..., P,. (CymecrByer 2" Takux OIIEHOK, KayK/asl U3 HUX 3a-
[ACBIBAETCS B OTAE/IBHON cTpoKe. OOBIMHO OIEHKU [z YIIOPSIOYEHBI B COOT-
BETCTBHUHU C JIEKCUKOIpaUIECKUM HOPsIJIKOM Ha Habopax Z'.)

IIpumep 1.28.
) | PL e P

el Ee] e

P
JI
n
JI
n

SeHAasE



Taxum 06pasom, Tabyinia HCTUHHOCTH (POPMYJIbl A Haj n epeMeHHBIMEI
3a/1aéT OysneBy MYHKIHUIO @4 : B — B. OyHKnus @4 onpeesisieTcss paBeH-
CTBOM

pA(T) = fz(A),

BEPHBIM IJIsT BceX HabopoB & € B™.

1.5 DyHKIUOHAJIbHAS MOJHOTA

Besikyto i OysieBy (byHKITMIO MOXKHO 33J1aTh HEKOTOpPOil (hopmysioii? OTBer
JaeT cjejyoliasl TeopeMa.

Teopema 1.29 (o dyHkumonanpHOU nmoaHore). /lis 110600 Gynkyuu ¢ :
B"™ — B natidémea maxas opmyasa A om n nepemennvix, wmo p = 4. Ilpu
IMOM MONACHO CHUMAMD, 4mo A codepaicum Auwd C8A3KY = U V.

DTa TeopeMa MOKa3bIBAET, UTO W3BECTHBIX HAM JIOTUYECKUX oreparuit V,
= B IPHUHIAIIE JIOCTATOYHO, YTOOBI OIPEJIEUTDH BCE BO3MOXKHBIE JIOTUIECKHUE
ollepaliu.

JokazarenabcTBo. PaBeHcTBO 0 = 04 03HAUAET, UTO Jijist Beex T € B

o(Z) = pa(@) = fz(A).
s x € B monoxxum

pr_ P, ecmzxz=MU;
P, ecou x = JI.

st npoussosbaoro ¥ = (21,...,2,) € B™ obosnaunm

n

= /\P{T

i=1

Jlerko Buzers, uTo opMmyna Az UCTUHHA JUIIL TIPHU OleHKe fz. Jpyrumun
cJI0BaMu, JIs J1000# onenkn f

f(Az) =1 <= f=fz (1)

Jnsg nannoit GyHKIUK @ IIyCTh CIUCOK I, . . . , Ly ACUEPILIBACT BCE Ha-
6opel & € B™ ayist kKoTopeix ¢(Z) = U, To ecTb

(@) =1 <= 3Jj ¥ =72;. (2)



[TostokuM Tenepnb
m
A= \/ Az,
Jj=1
TOTIA

fz2(A)=1N <= 3j fz(4z)=U
— Jjd=o; mo(l)
— @) =U o (2).

3aMeTuM Ternepb, YTO KOHDIOHKIINST BBHIPAYKAETCS depe3 MU3BIOHKITNIO 1
UMILIIKAIIIO, TOCKOJIbKY dopmyna A A B pasnocuwibha —(—A V —B) (cm.
auke paszen 1.7). Iosromy, dpopmysbr Az MOryT GbITH II€peNUCcaHbl 6e3 M-
rmoJsib3oBanusd 3HaKa A. X

1.6 Bpbmosanmbie (OpMYyJIbl, TABTOJIOTUU, JIOTUYECKOE CJIie-
JIoBaHUe

1.6.1 BemmoaHuMbie (pOPMYJIbI U TABTOJOTUH

Onpenenenne 1.30. [Iponosunmonaibnas (GopMmysia, UCTHHHAS XOTS ObI
[IPY OJHO# OIleHKE IPONO3UIIMOHAILHBIX IEePEMEHHDBIX, HA3BIBAETCS GBITO.A-
numoti. MuoxkectBo dpopmysa [' HazbIBeTCH B8LINMOAHUMDIM, €CTTU CYIITECTBYET
oIeHKa f, IPU KOTOPO# MCTHHHBI OJHOBPEMEHHO BCe (opMynl u3 I,

Onpenenenue 1.31. Ilponosunmonasbuas GpopMysia, HICTUHHAS [TPA KarK-
JIOI OIEHKE TIPOTO3UIMOHABLHBIX MMEPEMEHHBIX, HA3BIBAECTCS Magmono2uell
(mootcdecmserno ucmurnol).

Ba}KHOCTb IOHATHUA TaBTOJIOTUN C TOYKU 3PEHUA OCHOBaHHNII MaTeMaTH-
KU (M JIOTUKH B IIJIOM) COCTOUT B TOM, UTO OHU BBIPAXKAIOT YHUBEPCAALHVLE
3aKOHbL JIOTUKHI, BEPHbIE HE3ABUCUMO OT COIEP>KAHMSI COCTABJISIONINX UX BbI-
cKasbIBaHMii. 3anuch F A BbIpaxkaer ToT ¢akT, uro A — TaBTosorus.

Onpenenenune 1.32. Ilponosurimonabhast GopMyJia, JIOXKHASI TPY KAK IO
OTIEHKE ITPOIO3UIINOHAJILHBIX [IEPEMEHHBIX, HA3BIBACTCS MOACOECTNBEHHO NOIHC-
1od.

IIpennoxxenue 1.33. Caedyrowsue yYcaosus pagHoCUALHDL.
(i) @opmyaa A mostcdecmeenno A0dcHa.

(ii) @opmyaa A ne asasemes 6unoAHUMOU.



(i) Dopmysra A — masmonoeus.

dokazaTesbcTBo. [Ipeamoxkenne HEITOCPEICTBEHHO CJEIyeT W3 OIpeesie-
auit. X

1.6.2 IIpoBepka popMyJibl HAa BBIIIOJHUMOCTDb

B npuioxKeHusiX 9acTo BCTPEUAETCs 3a/lada MPOBEPKU MPOIIO3UITUOHATBHOM
dopMyJIBl Ha BBIIOJHUMOCTb. Hanbosiee mpsMOJIMHERHBIN ajaroputM eé pe-
IIIEHUsI COCTOUT B IIOCTPOCHUH BCeil TabJIUITBI UCTUHHOCTU (DOPMYJIBI, TO €CTh
nepebopa 2" Bcex BO3MOXKHBIX OIEHOK. DTOT aJITOPUTM PaboTaeT SKCIOHEH-
[UAJTBHOE YUCJIO IIAroB OT YHCJIa IepeMeHHBIX UCXOMHON dopmylibl. Cyiie-
CTBYIOT 0oJiee M3OIIPEHHBIE U HECKOJIBbKO 0ojiee 3(hPEeKTUBHBIE AJITOPUTMBI
PEeIeHusT TOH 3a1a9H, OJTHAKO BCE OHU UMEIOT SKCIIOHEHITHABHYO HIKHIOK
OTIEHKY CJIOYKHOCTH.

BazkHoit 0OTKPBITO#T IpOBJIEMOiT SIBJISIETCST BOIIPOC O CYIIIECTBOBAHUU ITOJTU-
HOMMAJILHOTO TI0 YUCTY TIAroB aJrOpUTMa perteHust 3Tol 3agaan. [Tockosn-
KY BBIIIOJTHUMOCTD ITPOTIO3UIIUOHAIBHON (POPMYJIBI SBJISIETCS KJIACCUICCKIM
[IpUMepoM Tak HasbiBaeMoit NP-1mmostHO# 331841, 9TOT BOIIPOC 9KBUBAJIEHTEH
zuameHuToi 1npobsieme P=NP? — omHoit n3 caMbIX BaXKHBIX OTKPBITBIX Ma-
TeMaTUIecKuX mpobjeM. B Hacrosiee BpeMsi JTJOMUHUPYET THUIIOTE3A O TOM,
YTO TAKOTO TOJUHOMUAIHHOTO aJrOPUTMa He CYIECTBYET.

1.6.3 Jlorudyeckoe cjieJoBaHHE

Onpenenenune 1.34. Ilycts I' — HekOTOpOE MHOXKECTBO (POPMYJI JIOTHKH
BBICKa3bIBaHUil 1 A — opMyJia JJOTUKK BbICKa3bIBaHuil. ['oBOpSIT, UTO (hOp-
mysa A nozuvecku caedyem (W cemanmusecky caedyem) u3 MuoxKectsa '
(o6oznavenue I' E A), ecin dopmysna A ucTuHHA IpPU KaxK0ii OIEHKe IPO-
[TO3UITMOHAJIBHBIX [IEPEMEHHBIX, [IPU KOTOPOW UCTUHHBI BCe (DOpMYIbl u3 1.

ITpumep 1.35. {PVQ,R,—-Q} F PAR.

IIpengoxxenne 1.36. {Bi,...,B,} F A mozda u moavko mozda, xozda
dpopmyaa (\;_y Bi) — A asasemes masmonozueti. B wacmnocmu, @opmyaa
A — masemonozua, ecau u mMoavko ecau A aozumnecku caedyem usd nycmozo
MHOIICECTNEA PHOPMYA.

1.7 PaBHocmiibHbIEe (POPMYJIBI B JIOTUKE BBICKA3bIBAHMIT

Ounpenesnienne 1.37. @opmysnst A u B Ha3bIBAIOTCS pasHOCUAbHbMY (9%~
BUBANEHMHBLMUY), 0003HAUeHNe A = B, ecjin Ipu KaxKJ0ii OIeHKe MPOIO3HU-
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IMMOHAJIbHBIX II€PEMEHHBIX 3HaYCHNE A COBIIa/JaeT CO SHaYCHUEM B. ﬂpyFI/II\H/I
CJIOBaMH, €CJIN Y4 = YRB.

IIpumep 1.38. P — Q =-Q — -P; P— Q #-P — Q.
HenocpejicTBeHHO U3 OmpeIeIeHnii BHITEKAIOT ceyronue (hakThl.

VYrBepxkaenue 1.39. (i) Omnowenue = pedaekcusno, cummempuiHo u
MPAH3UMUEHO.

(il) @opmyave A u B pasrocusvro, mozda u moavko mozda, k0204 Gopmyaa
A < B asasemcsa masmonozuet.

(iii) @opmysa A — masmosaoeus mozda u mosvko mozda, koeda A = T.

OcHoBHbIE PaBHOCHUJIbBHOCTU:

ANB = BAA AVB = BVA
AN(BANC) = (AANB)AC Av(BvC) = (AvB)vC
ANA = A AVA = A
AN(BVC) = (AAB)V(AANC)| AV (BAC) = (AVB)A(AV(O)
AV(AANB) = A AN(AVvB) = A
-(AANB) = -AvV-B -(AvB) = —-AA-B
-—4 = A A—-B = —-AVB

VYupaxkuenue 1.40. Pasnocunbusl au dopmyisl P — (Q — R) u (P —
Q) — R? Orser: Her. Paccmorpum takyto onerky g, uro g(P) = g(Q) =
g(R) =JL

Yupaxkuenue 1.41. Pasnocunbnbl jgu dopmysist P — (Q — R) u (P A
Q) — R? Orser: [a.

3ameuanune 1.42. B 3amade Ha ymupornerne GpopMyJibl HEOOXOIMMO HANTH
pPaBHOCHIBHYIO, HO 6oJiee KOPOoTKyIo dhopmysty. Ilpu sTom mmna nonumaercs
Kak 00Ilee KOJIMYECTBO BCEX BXOXKJICHUN CHMBOJIOB B (DOPMYJLY.

Vupaxkaenne 1.43. Ynpocmumo dopmyani:
(i) (P < Q) — P. Omsem: PV Q.
(i) ~P — ~Q. Omeem: Q — P.
(iii) (PVQ)A(PVR)A(QV RV ~P). Omsem: (PV (QAR))A(QV R).
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1.8 IlIpaBmia 11o/icTaHOBKHY U 3aMeHbI NOoA(POPMYJIbI HA SKBU-
BAJICHTHY IO

st moKazaTeIbCTBa PABHOCUIBLHOCTH (DOPMYJI, IIOMUMO OCHOBHBIX PABHO-
CUJIBHOCTEH, TePEYnC/IEHHbIX B TabJ/IuIle, U HPABUJI, COOTBETCTBYIOIIUX pe-
bIAEKCUBHOCTH, CHMMETPUIHOCTHU U TPAH3UTUBHOCTU OTHOIIEHUS =, MBI TI0JIb-
3yeMcsi ITPABUJIAMH [TOJICTAHOBKHU U 3aMEHbI Ha 110/I(DOPMYIIbl Ha SKBUBAJICHT-
HYIO.

Onpenenenune 1.44. Eciu C u D — dopmyiibl, a P — npomno3uuonaabHast
nepementasi, To depes C[P/D] obo3HaunM pesyJbrar HoJCTaHOBKU (hOpMY-
sol D Bmecto P B dopmymny C.

DopmasibHOE OIpeiesieHre JAETCsl ¢ TIOMOIIBIO WHLYKIUH 110 IIOCTPOEHUIO
dopmyisr C.

P[P/D] = D,
Q[P/D] = Q, ecau (Q — nepemenHasi, oTinaHast ot P,
(—A)[P/D] = =(A[P/D]),
(AAB)[P/D] = (A[P/D] A B[P/D]),
(Av B)[P/D] = (A[P/D] Vv B[P/D]),
(A — B)[P/D] = (A[P/D] — B[P/D]).

IIpumep 1.45. Ilycte C = (P — P») — P, u D = P3 — P,. Torna
C[P2/D]) = (P — (P3 — P2)) — (P3 — P»).

Teopema 1.46 (o moxacranoBke). Ecau A — masmonoeus, B — npous-
soavraa popmyaa, a P — nponosuyuonanvras nepemennan, mo A[P/B] —
MABMONOLUA.

HoxkazarenabcTBo. PaccMoTpum mmpounsBosibHyio oreHkKy g. Obo3nadnm de-
pe3 ¢’ OUEHKY, HOJIyYeHHYIO M3 ¢ IPUCBOEHUEM IepeMeHHoi P 3nauenus
g(B). Unaykiwmeii mo nocrpoernto C' MOKHO Joka3ars, uro g(C[P/B]) =
g (C) mnsa moboit dbopmynsr C. Tlomoxum C = A. Tak xak dopmyna A
ucTuHHEA 1pu onenke ¢, To dopmyna A[P/B| ncrurna npu onenke g. X

IIpumep 1.47. Jna moboit dopmynbt B dbopmyia B V - B daBisercs Tas-
tostorueii. Hampumep, dopmyna (P < Pp) V —(P3 < P)) sBisercss TaBTO-
JIOrAei.

Teopema 1.48. [lycmv A, B, C — dopmyan, a P — nponosuyuonasvras
nepemennan. Ecau A = B, mo A[P/C] = B[P/C].

12



Hoka3zareascTBo. [lycth A = B. B cuny 1.39 A < B — Tasrosorus. Ilo
reopeme 1.46 (A « B)[P/C| — rasronorus. 13 onpesenenuit cieayer, 9To
(A < B)[P/C] coBuanaer ¢ A[P/C| < B[P/C]. B cuny 1.39 A[P/C| =
B[P/C]. K

IIpumep 1.49. Ilycte A= (P, —» P) = P, B= PV P, C = P3 — Ps.
Tak kak (Py — P3) = Po =P,V Py, 10 (P, — (P53 — P)) — (Ps — P2) =
PV (Pg — Pz)

Jlemma 1.50. Ecau A = B, mo ~A = —B. Ecau A1 = By u Ay = By, mo
AiNAy =By ANBy, Ay VAys =BV By, A1 — Ay = B; — Bs.

Teopema 1.51 (o 3amene noadopmMyabl HA SKBUBAJIEHTHYO). [Tycmo
A, B, C' — gopmyani, a P — nponosuyuonasvhas nepemernas. Ecau A = B,
mo C[P/A] = C[P/B].

JlokazaTesbcTBO. Teopema J10Ka3bIBAETCS MHIYKITHE 110 TTOCTPOEHUTO Hhop-
myaisl C. X

ITpumep 1.52. Ilyctb A=QVQ,B=0Q,C=PAR. Tak kak QV Q = Q,
0 (QVQ)ANR=QAR.

ITpumep 1.53. CymiecTByOT Jid TaKue BBITOJIHIMBIE (hopMyIbl A u B, aTo
dbopmyna A[P;/B] ue siBasiercst Bbinosinumoii? Orser: Ja. Hanpumep, A =
P, B=P,V P,

1.9 Hopmanababie (popMbI

1.9.1 JIu3bIOHKTUBHbIE U KOHbIOHKTUBHbIE HOPMAaJIbHbIE (POPMBI

Onpenenenue 1.54. Jlumepanramu HA3bIBAIOTCS IIEPEMEHHBIE U UX OTPH-
ITaHUS.

IIpumep 1.55. @opmyabt P3 u =P gaBASIOTCS JiTepajaMu, a (POPMYJIbI
P3; VvV Py u == P3 — He SIBJSIIOTCS.

Onpegenenne 1.56. Daemermapnoti konsonkyuet HaspiBaeM GOPMYITY BU-
na Ai—q Li, tne Ly — marepaiisi.

ITpumep 1.57. @opmysa (PA—-Q)A—P sBisiercs 3ieMeHTapHONH KOHbIOHK-
mueit, a popmyna P A (—Q A —P) He sBIsieTCsT 9JIeMEHTAPHOM KOHBIOHKITHET.
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Onpepenienne 1.58. Jlussronkmueholi nopmasvrol gopmot (JH®P) ua-
m
sbiBaeM Gopmyiy Buja \/ =1 Cj, rne C; — a/1eMeHTapHble KOHBIOHKIIH.

ITpumep 1.59. @opmyasr (PA-R)V (QAR)u (PAQAR)V-PV-R
SIBJSIFOTCS. M3 bIOHKTUBHBIMI HOPMaJIbHBIME (hOPMaMH.

VYapaxkuneuue 1.60. [Ipusecmu x dussronkmueHot HOpmasvHot gopme dop-
myay (PV Q) — R. Omsem: (-P AN =Q) V R.

AHaJIOTUIHO OIPEIEISIIOTCS d/IEMEHTAPHBIE U3 bIOHKIMYA U KOHBbIOHKTHB-
Hble HOPMaJIbHBIE (DOPMBL.

Onpenenenue 1.61. Saemernmaproti dussronryueli HazbiBaeM hbOPMYJTy BU-
na \/i_, L;, tne L; — nurepassl.
Konsronkmuenots nopmarvnot gopmot (KHP) nazpisaem dbopMyrty BuIa
m
A j—1Dj, e Dj — sjeMeHTapHbIC AU3bIOHKIUN.

Yupaxkaeuune 1.62. [Ipusecmu x KOHBHOHKMUBHOU HOPMAALHOU dopme Pop-
myay (PV Q) — R. Omsem: (-PV R) A (-Q V R).

Teopema 1.63. Kaotcdas npono3uyuorasbhan opmyia pasHOCUNDHE HEKO-
mopoti JUSBIOHKMUSHOT HOPMANOHOT POPME U HEKOMOPOT KOHBIOHKMUEBHOU
HOPMANLHOT POPME.

Hoka3zarenbcTBo (mepBbiii BapuaHT). Eciim A TOXIECTBEHHO JIOXKHA, B
kadectse eé JIHD moxkuo B3aTH popmyny PA—-P, rae P — yobas mepeMen-
Hast. B IpoTUBHOM cjiydae JOCTATOYHO 3aMETUTh, UTO (POPMYJIa, TOCTPOEH-
Has B JIOKA3aTeJIbCTBE TEOPEMBI O (DYHKITMOHAILHON MOJTHOTE i (DYHKIUH
p4 ecto JIHD.

Hoka3zareabcTBo (Bropoii BapmuaHT). Boipasum — uepes - u V. Jasee
npeobpazyem opMyity, TpuUMeHsis TaOJ/IUILy OCHOBHBIX SKBUBAJEHTHOCTEH
U AaKUBHO TOJIb3YSCh IPABUJIOM 3aMEHBI MMO(DOPMYJIbl Ha SKBUBAJEHTHYIO.
CHavaJjia IpOHOCUM BCE OTPHUIAHUS MaKCHUMAaJIbLHO BIVIYOb (hOPMYJIbI U yiia-
JisieM MHOT'OKPATHBIE OTPUIAHUS. 3aTeM, HOJIb3YsCh JIUCTPUOYTUBHOCTHIO,
BBIHOCHM BCE IU3BIOHKIINA MAKCUMAJBLHO HapPyXKy. llob3ysch accomumaTus-
HOCTBIO A U V PaccTaBjsieM MPaBUILHO CKOOKM.

Ocrajoch 3aMeTUTh, 9TO ecau A — JU3bIOHKTUBHAST HOpMAaJibHasi hop-
Ma, To popmyia —A mpeBparnaeTcss B KOHbIOHKTHBHYIO HOPMATLHYIO (DOPMY
1ocJjie IepeHoca BCeX OTPHUIAHUI BIVIYOb U YIAJIEHUS JBONHBIX OTPUIIAHUI.
3Ha4YUT, A7 TOTO ITOOBI TOJYUUTH KOHBIOHKTUBHYIO HOPMAJIBHYIO (HDOPMY
dopmynsl A, 10CTATOYHO TPUMEHUTH ITOT TPOTECC K TU3HIOHKTUBHONW HOP-
MaJjbHOM dopme dopmysibr —A. K
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1.9.2 Cosepuiennnie TH® u KH®

B srom maparpade cunraem (hUKCHPOBAHHBIM KOHEUHBIM HAOOP II€PEMEH-
ueix Var = {Pj,..., P,} u 6yaem paccMaTpuBarh Jniib GOPMYIIBI OT STHX
IIepeMEHHBIX.

Onpenenenune 1.64. Qopmyna A HaseiBaeTcst cosepwennoti JHD, eciu A
— JIHO® u

o Kaskast sjeMeHTapHast KOHbIOHKIM uMeeT Bug Az = Al P s
HeKoToporo ¥ € B™.

o A= \/T:1 Ag,, vne T1, ... Ty, € B" nomano pasimiHb U B3ATH B JIeK-
cuKOrpadUIecKoM IOps/IKe.

Omnpenenenne cosepusennoti KH® aHagorm4dHo, ¢ 3aMEHON A3 bIOHKIINIA
Ha KOH'BIOHKIINM W HA0OOPOT.

Sameyanne 1.65. Yi00HO pacHMpuUTbh MHOXKECTBO (POPMYJT KOHCTAHTAME
1 (nmoxp) u T (ucruna). Tem cambiM, HOpMyIaMu CIUTAIOTCS U BCE BbIPa-
JKEHUsI, TIOCTPOEHHBIE C TOMOIIBIO OYJIEBBIX CBA30K U3 IEPEMEHHBIX W ITHX
koHcTaHT. Cumraem | coeepmrennoit JIH®, a T — coeepmennoit KHO.

3ameuanmne 1.66. Cosepriennbie JIH® u KH® nepecraior ObITH coBep-
MIEHHBIMU, €CJIN PACCMATPUBATH X Kak (GOPMYJIbl OT HoJjiee MMPOKOro Ha-
bopa mepeMmeHHBIX. [0o9TOMY MMeeT cMBIC/T TOBOPUTH O coBepiineHHbIX JTHD
u KH® jiuib oTHOCHTETBHO HEKOTOPOTro (DUKCHPOBAHHOIO HADOPA ITepeMeH-

HbIX.

Teopema 1.67. Bceakasa gopmyaa A pasHocusvHa HEKOMOPOTL cO8EPUEHHOT
JHO.

JokazarenscTBo (mepBblit BapuaHT). Eciin A TOXKIECTBEHHO JIOXKHA, B
KadecTBe €€ JTH® moxkHO B34ATH 1. B IpoTuBHOM cilydae JOCTATOYHO 3aMe-
TUTh, 9TO (POPMYJIa, IOCTPOCHHAA B JOKA3ATE/IHLCTBE TEOPEMBI O (PYHKITUO-
HaJIbHOM 1osTHOTE JIJist (DyHKINU @4 ecTh coBepiinennas JIHO. X

HokazarenscrBo (Bropoit Bapmant). CHauana npuseiéMm (opmyiy K
JH®. VYimanum mpoTUBOPEYHMBBIE KOHBIOHKIIUN, BOCIIOJIb30BaBIINCH PABHO-
CUJIBHOCTAMMN:

AN-A=1, 1NA=1, 1LVA=A.
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[Tpu sTom dopmyiia ubdo npuBoauTcs K Bumy L, 1ubo B popMysie ocTaHyTCs
JINIIIb 3JIEMEHTapHbIEe KOH'BIOHKIINN 06€3 BXOXKIEHU Iap IIPOTUBOIIOIOKHBIX
JiaTepasioB. B ocraBIImxcst KOHBIOHKIUSIX YAAJAM IIOBTOPBI JINTEPAJIOB C IO~
MoIIbIo paHocwibHOoCTH A A A = A. Jljnsa KaxkKIoil KOHbIOHKIUKA 100aBUM
HeJIoCTaoIe 10 MoJaHoro Habopa Pi, ..., P, mepeMeHHble, TIOJIB3YSACh PaB-
HOCHJILHOCTBIO

A=(AANB)V(AN-B).

C mOMOIIBIO0 ACCOMMATUBHOCTH M KOMMYTATUBHOCTH JTOOBEMCSI TPeOYyeMOro
VIIOPSIAOYEHHSI BCEX YJIEHOB M IIPABUJIbHONI pacCTaHOBKH CKOOOK. X

Sameyanne 1.68. (ANB)V(AAN-B)=AAN(BV-B)=AANT =A.

Teopema 1.69. Cosepwernvie JHDP sxsusarenmuoz gopmya (epaduvecku)
cosnadarom.

lokazareabcTBo. . /st copeprennoit JITH® kaxkmas smeMeHTapHAS KOHD-
FOHKIIUS OIIpe/iesisieT HEKOTOPYIO BBINIOJIHAIONLYIO OIeHKy, a cama JHD —
MHOZKECTBO BCE€X TaKHNX OIICHOK. IZ

Caencrsue 1.70. Cosepuwennas JHD nioboti popmyave A eduncmeeria.
AHaJIOrIYHbBIE TEOPEMBI UMEIOT MECTO U Jjisi coBepiineHHbIx KHO.

YopaxkHeHue 1.71. [Ipusecmu % cosepuiertoti KOHBIOHKEMUBHOT HOPMAAD-
woti popme popmysry —(P «— Q). Omsem: (PV Q) A (=P V =Q).

1.9.3 TlosHOTA MCYMCIEHUs] IKBUBAJIEHTHOCTEMN

Ciietytommast TeopeMa siBJISIETCST TPOCTHIM AHAJIOTOM TEOPEMBI O MOJIHOTE UCIHCIIe-
HUsl BBICKA3bIBAHU, JIOKa3biBaeMoil Huke. CMBICJI TOrO pPE3yJibTaTa B TOM, 9TO
MBI cBOJiUM (6e3 morepu MHMOPMAIMN) IPOBEPKY IKBUBAJEHTHOCTH (DOPMYJI K K-
CTO MEXaHWYEeCKUM CHMBOJIBHBIM IpeobpaszoBanusiM. Vcuucjienne 3KBUBaJEHTHO-
creit, hurypupymoiiee HeSBHO B JAHHON TeopeMe — IIPEJICTABUTE/Ib KJIACCA TaK Ha-
3BIBAEMBIX IKGAUUOHAAOHHLL UCHUCACHUT, W UCHUCAEHUT TodHcIecms, KOTOPhIe
pacmocTpaHeHbl B ajreope.

Teopema 1.72. Bcsakas pasnocuavhocms A = B wmooicem 6uimsb evieedena us oc-
HOBHBLL pasHocuabHocmel (dannbir 6 mabauye) u JONOAHUMENDHHT PABHOCUAD-
noavrocmett oas konwemarnm 1 u L

AN-A=1, AV-A=T

2Heobs3aTeTbHELT MaTEPHAL.
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no npasuny 3aMeHDl TLO()diOpMy./L?)L HA IKBUBANEHMHYIO U NPABUAAM

B=A A=B B=(C
A=B, A=C

Hoka3zareabcTBo. [lo teopeme o CIIH® pasHOCHIBHBIE (DOPMYJIIHI TPUBOJISATCS
K rpadwudeckn pasabiM C/IH®. Ilpu sTOM J0OCTATOYHO TMOJB30BATHCS JIAIIL OC-
HOBHBIMU U JIOTIOJIHUTE/IbHBIMU PABHOCUJIBHOCTSIMU U YKA3aHHBIMU [TPABUJIAME JIJIsI
BBIBOJIA HOBBIX PABHOCHJILHOCTEH (CM. BTOPO#i CIIOCOO JIOKA3aTEIbCTBA TEOPEMBI O
CIH®). HaM Hy>KHO JIMIIb BBIBECTH CJIEIYIOIIUE UCIOIb3yEeMbIE B JIOKA3ATE b
crBe TeopeMbl 0 CIIH® pasaocuibaOCTH mjist KoHCTaHT: L AA =1, 1 VA= A,
ANT = A. lonyuaem:

e ANL=ANAN-A)=(ANAN-A=AN-A= 1.
e AV1I=AV(AA-A)= A 10 3aKOHY NOTJIONIEHMNS.
e ANT =AAN(AV-A) = A, aHajoruyHo.
Taxum o6pazom, 0T A K B MOXKHO IIepeiiTh 10 HEernovYKe SKBUBAJIEHTHOCTEH
A=Ag=A1=---=A=B=---=B =By=B,
rne A’ u B — CIH® dbopmyn A n B, COOTBETCTBEHHO, a KaxKJIblii iepexon, A; =
A;y1 n By = B; nostygaercst 3aMeHON HEKOTOPOi TI0(hOPMYJIbI Ha SKBUBAJICHT-

HYIO B COOTBETCTBUU C OJHON M3 M3BECTHBIX HAM OCHOBHBIX MJIU JOIOJIHUTEHHBIX
3KBUBaJIeHTHOCTEI. X

1.10 /Ipyrue BapuaHTbl (pOpPMaJIbHOU CEMAaHTUKM
1.10.1 TeopeTUKO-MHO>KECTBEHHAsI CEMAaHTUKA

IIycte U — memycroe muoxkectso; P(U) — MHOXKECTBO BCEX €ro HMOJMHO-
2KECTB.

Oupenesnenne 1.73. Ouenkoti nasvBaercs dyuknus f : Var — P(U).
Snauenue f(A) C U dopmynbl A npu orieHke f onpeJesisiercss WHIYKTUBHO
10 MTPABUJIAM:

o (A =U\F(4)

o f(ANB) = f(A)N f(B)

e f(AVB)= f(A)U [(B)

o f(A—B)=(U\f(A)U[(B)
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Bameuanne 1.74. Ecin B3sare U = {0}, TeopeTnKo-MHOXKECTBEHHAs Ce-
MaHTHKA CBOJUTCA K CTaHJIapTHON jaBy3HauHO: JI =&, U =U.

Bameuanue 1.75. Eciu s3are U = R? u ey aisr P € Var f(P) — xpyru
Ha IIJIOCKOCTH, TIOJIydaeM Juazpammos Berna, 13BeCTHbIE U3 ITKOJIDL.

1.10.2 Axare6pamyeckas cEeMaHTHKA®

Onpenenenue 1.76. Muoxectso B ¢ 3amannpivu na ném xoncrantamu 0, 1 u
omepanusaMu -, A, V, —, KOTOPbIE y/IOBJIETBOPSIIOT PABEHCTBAM

aN—-a=0, aV-a=1

7 PABEHCTBAM, COOTBETCTBYIOIIMM TabJINIE OCHOBHBIX SKBUBAJIEHTHOCTEN, HA3BIBA~
ercs 6y.ae6otl anzebpotl.

B rabauiie ocHOBHBIX SKBHUBAJIEHTHOCTENH 3aMeHsIeM = Ha = U OOJIbIINE JIaTHH-
ckue 6ykebl A, B, C (o3HAuaIOMMe IPOU3BOJIbHBIE (GOPMYIIbI) Ha MaJeHbKHE a, b,
¢ (o3HAUAIONIME JIEMEHTHI MHOXKeCTBa B), mojydaem crmcok mosicdecms 6yaesoti
anzebpoL:

aANb = bAa aVvVb = bVa
an(bArec) = (anb)Ac aV(®dVve = (aVb)Ve
aNa = a aVa a
an(bVe) (anb)Vianc)| aV(bAc) (aVb)A(aVec)
aV(aNb) a aAN(aVb) a
—(anb) = -aV-b =(aVb) = -—aA-b
——a a a—b = -aVvb
aN-a = 0 aV-a = 1

IIpumepsl OyaeBbIX ajredp.
e B={0,1};
e P(U) pnsa moboro U;

e Fm/= (aneebpa JIundenbayma), To €CTh MHOKECTBO KJIACCOB PABHOCHIIBHBIX
dopmyir ¢ cuHTaKCHYECKH OlLIpeJeJeHHbIME oliepalmamu A, V, —, —. Bosee
dbopmasbHo, ecsn [A] 0603HaMAET KIIACC IKBUBAJIEHTHOCTH GOPMyYIbl A, TO
omepanus A Ha KJaccax OIpeZeseTcs ciexyiomuM obpasom: [A] A [B] =
[A A B], 1 aHAJIOTUYHO ONpe/JieJieHbl ocTaibHble oneparuu. Jlemmva 1.50 ra-
PAHTHDYET KOPPEKTHOCTD ITUX OIPEJICICHUI.

3Heobs3aTenbHEIT MaTEPHATL.
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Onpenenenune 1.77. Ouenkxoti Ha OyseBoii ajrebpe HasbiBaeTcs (pyHKIus f :
Var — B. 3nauenue f(A) € B dopmysnsl A upu oreske f BBIUHCISAETCS B CO-
OTBETCTBHUH C 3aaHHbIMU Ha B onepanusivmu, B wactroct f(AA B) = f(A) A f(B)
u T

Hemnocpencrsenno ciemyer u3 onpeseienuii ciaemayer

JlemmMma 1.78. Jlas aobot oyenku f : Var — B na 6yaesoti anzebpe, ecau A = B
— 00HA U3 OCHOBHVIT UAU JONOAHUMEALHUT dKsuBasenmuocmet, mo f(A) = f(B)

6 B.

Ciremymomast TeopeMa IIOKa3bIBAET, YTO KaXKJasl U3 YKA3AHHBIX CEMaHTUK 3a1a8T
OJIHO U TO K€ MHOYKECTBO TaBTOJIOTUA.

Teopema 1.79. Jlas ar06020 muooicecmea U u a1060% 6yaesoti arzebpu, B pasro-
CUNDHDL CACOYIOWUE YMBEPHCIEHUA.

(i) A — masmonoeus;
(ii) f(A) =U das moboti oyenku f : Var — P(U);
(iii) f(A) =1 daa moboti ouenxu f : Var — B.

HokazaresnbcTBo. Yreepxenue (iii) siaeuér (i), mockonbky ecam f : Var — B
— onenka, npu koropoit f(A) = JI, Mbl MOXKEM OIIPEIEUTH COOTBETCTBYIOILYIO
onenky f’: Var — B na Gynesoii anrebpe B otoxnectsnaa Ncl e BuJlc0 € B.
[Ipu sTom myrst r060it hopmyser C' nmeem

f(C)=1 = [f(C)=1

u tem cambiM f'(A) = 0. Anamornano, (ii) Biedér (i).

Hokazkem, urto (i) Breuér (iii). Jomycernm, uro A tasrosnorus. ITo Teopeme o
[IOJIHOTE UCUUC/ICHUS SKBUBAJIEHTHOCTEl, PABHOCHILHOCTD A = T BBIBOAUTCH U3 OC-
HOBHBIX U JIONOJTHUTEIBHBIX SKBUBAJEHTHOCTEH MO M3BECTHBIM IpaBuIaM. HIyK-
nyeil 1o JJIMHe LEeMOYKH BhiBoga A = T Ha OCHOBE JieMMbI 1.78 JIErKO yCTAHOBUTD,
aro f(A) = f(T) =1 upu moboit ornenke f.

Ormernm, uro (i) Breuér (ii) mockonbky P(U) ects Gymnesa anrebpa. X
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2 HWcuuciieHnune BbICKA3bIBAHUIMN

B sTom pazgesne 6yksbr A, B u T. 1. 0603Ha9a0T (POPMYJIbI JIOTUKU BHICKA3BIBAHUIA,
a 6yksol ['; A u T. 1. 0603HAYAIOT MHOXKECTBA (POPMYJI JIOTUKHU BBHICKA3BIBAHMUIA.

2.1 AKcuombl U IIpaBUJia BbIBOJIa MCYMNCJIEHUS BBICKA3bIBa-
HUil

OHpeﬂeJIeHI/Ie 2.1. Kaaccuueckoe ucuucaerue 8uickasviearull SaﬂaéTCH CJIe1y10-
UM aKCUOMaMU U IIpaBUJIaMU BbIBOJA:

Axcuombr: 1. A— (B — A),
2. (A= (B—=0)—(A—B)—= (A=),

3. ANB — A,
4. ANB — B,
5. A— (B— AAB),
6. A— AV B,
7. B— AV B,
8. (A—-C)—=((B—-C)— (AVvB—C()),
9. (A= B) - ((A— B) — ~A),
10. =——A — A.
IIpaBujo BeIBOIA: AAT_)B (modus ponens, MP).

Ounpenesenne 2.2. Buigodom 6 ucwucaenut 6vicka3vaiull (WM IPOCTO 66160~
Jdom) HA3BIBAETCS KOHEYHAs II0CJIEIOBATEILHOCTH (DOPMYJI, KarKJasl U3 KOTODBIX
SIBJISIETCST aKCUOMOM WJIH TIOJTY9aeTCsl U3 HEKOTOPBIX MPEIbIILy X GOPMYII IO Ipa-
BUJIY BBIBOJIA.

ITpumep 2.3. Cremyromas M0C/IeI0BATETLHOCTD (POPMYJI SIBJISIETCS BBIBOIOM:

P—-QVP

Q—-QVP
(P=>QVP)=((Q—-QVP)—(PVQ—QVP)
(@—QVP)—=(PVQ—QVP) (MP)
PVQ—->QVP (MP)

Onpenenenune 2.4. @opwmyia A HA3BIBAETCS 6b,600UMOT B UCIUCTIEHUH BBICKA3bI-
BaHWI WK Meopemoti NCIUCIIeHNs BbICKa3biBaHuii (o6o3Havenue - A), ecan cyrme-
CTBYET BBIBOJ, B KOTOPOM IOC/Ie HsAsT (hOopMyJia ecTh A.

IIpumep 2.5. FPVQ — QV P.

IIpumep 2.6. - A — A.
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HokazaresnbcTBo. B akcnome 2 BosbMéM B = (A — A) u C' = A.

(A= (A—A4)—A4) - (A—- (A= A) = (A= 4))
A—((A—-A) — A

(A= (A—A) - (A— A (MP)
A—(A— A

A— A (MP).

X

2.2 BpIBOoANMOCTH U3 TUIIOTE3

Onpenenenune 2.7. Ilycrs ' — HekoTOpOoe MHOXKeCTBO popmyJ1. Buisodom us I Ha-
3bIBAETCS KOHEYHAsI [10CJIe/I0BATEIbHOCTD (POPMYJI, KaXK jiasi U3 KOTOPBIX JINOO IIpH-
HaJIeXKUT MHOXKeCTBY ', ubo sIBJISIeTCsT aKCHOMOI, JTUOO IMOIydaeTcss U3 Ipeibl-
Aymux (POPMYJI IO MPABUJIY BBIBOJA. DJIEMEHTHI MHOXKeCTBa | HA3BIBAIOTCS 2UNO-
me3amu.

IIpumep 2.8. Crexyromas IOC/IEIOBATEILHOCTL (BDOPMYJL SIBJISETCA BBIBOLOM H3
MmuoxecTBa runore3 {P A Q}:

PAQ@ (rumoresa)
PAQ— P

P (MP)
PAQ—Q

Q (MP)
Q—(P—=QAP)
P—-QAP (MP)
QNP (MP).

Onpenenenue 2.9. @opmyna A HA3BIBAETCA 6b1600UMOT U3 MHONHCECNBA POD-
mya T (obosuauenune I' - A), ecsin cymectyer BbiBOJ U3 I, B KOTOPOM TIOCJIETHSST
dopmyita ectb A.

Sameuanwne 2.10. Bmecro {By,...,B,} F A o6brubo mumyr Bi,..., B, + A.
Breipazkenne I' - A, B osnauaer ' Au '+ B.

ITpumep 2.11. PAQF QA P.
3ameuanue 2.12. BeBogumocTs U3 rumnore3 06/1a1aeT CIIeAYIONMMI IPOCTHIMI
CBOIICTBaMU.

e Ecm ACTuAF A o'+ A (monomornocms).

e Ecmu I' F A, To cymecrByer Takoe koneanoe muoxkecrso A C I') ato A F A
(komnaxmmocmo).

e Eciu I' H A u ana xaxnoit dopmyssr B € T' umeer mecto A+ B, to AF A
(mpansumusrocmy).
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2.3 KoOppeKTHOCTh MCYUCJIEHUS BbICKA3bIBAHUI

IIpennoxkenue 2.13 (KOPPEKTHOCTD). Beakas 6vi600umas Gopmysa A6AAEMCH
masmono2uet.

HokaszarenbcTBo. Teopema q0Ka3bIBaeTCS WHIYKITUEH 110 JJIMHE BHIBOJA (DOPMY-
gl A. X

Amnajiornasno JIOKa3bIBa€TCA HECKOJIbBKO boJiee 06Luee YTBEpXK/AEHNE, CBA3bIBAIO-
mee CMHTaKCUYIeCKOEe U CeMaHTHYeCKOEe OTHOINECHUA CJICJOBaHUA.

IIpennoxenune 2.14. EcauI'H A, mo T E A.

2.4 Teopema 0 JeayKINU JIJId UCYUCJIEHUsSI BHICKA3bIBAHUI

Crenymolast TeOpeMa CyIIEeCTBEHHO YIIPOIIAET IIOCTPOEHNE BBIBOAOB B MCUUCIEHUN
BBICKa3bIBAHUI.

Teopema 2.15 (o megyxkuuu). EcauT'U{A}+ B, mo T+ (A — B).

HokaszarenbcTBo. Teopema J0Ka3bIBaETCH WHIYKITUEH 10 JJIMHE BBIBOJA (DOPMY-
sl B u3 muOxKecTBa runores I'U {A}.
Eciu B sBisiercst akCHOMOI UJTH TIPUHAJJIEXKUAT [, TO MCKOMBIN BBIBOJ, BBITJISI-
JIAT TaK:
B
B— (A— B)
(A — B) (MP).

Eciu B coBnasaer ¢ A, To ucnosb3yeM npumep 2.6.

Ecaun B nosyveHa u3 HEKOTODPBIX HPEABILYIUX (HOPMYJ 110 IPABUJIY BBIBOJIA
modus ponens, To 3t dopmysisl umeior Bug C' u C' — B. CoryiacHO Ipearooxke-
amio uaaykpn ' (A — C)uT'+ (A — (C — B)). Vckomblit BeiBoz, dbopmyiist B
u3 muOKecTBa runore3 I'U{A} cocronT u3 3TUX ABYX BBIBOJIOB U CJIeLyIOIMX GOp-
MYJI:

(A=C)— (A= (C—B))—(A— D))
A— B (MP).

X
3ameyanne 2.16. Bmecto I'U {A} + B o6brano numyr I'y A - B.
ITpumep 2.17. U3 npumepa 2.11 u Teopemsr 2.15 ciemayer, uro - PAQ — Q A P.

Caencrue 2.18. ITycmv I' — nexomopoe mmoorcecmeo gopmya. Tozda T+ (A —
B) 6 mom u moavko mom caywae, xoeda I' U {A} - B.

HoxkazarenbcrBo. JlocraTounocTs jgoKkasaHa B Teopeme 2.15. HeobxomqumocTts 110-
Ka3bIBaETCs OJIHAM IpUMeHeHueM mpasmia modus ponens. X
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2.5 IloJsie3Hble BBIBOJUMbIE IpaBUJjIa

IIpuBeéM HECKOIBKO TIOJIE3HBIX TPUMEPOB BBIBOJINMBIX ITPABUI, 0OOCHOBBIBAEMBIX
C IIOMOIIIBIO TE€OPEMBI O JIe/IYKIUU.

IIpumep 2.19. (cuanrozusm) A— B,B—-CF A — C.

JokazaTeqbcTBo. [IBaxk/pl 110 IpaBuly modus ponens BLIBOIIM
A/A—-B,B—CFC.

Orcrona noydaeM TpebyeMoe 10 TeopeMe o jeayKinuu. X

IIpumep 2.20. (kowmpanosuyus) A — BF =B — —A.

JokazareabcTBo. [1o MOIy/II0 TeopeMbl O JEAYKIUU JTOCTATOYHO BbiBecTH A —
B, =B+ = A. Crpoum cjieytomuii BbIBOJ;:

A—B

-B

(A — B) = (A —=B) — ~A)

(A— -B)— A (MP)
-B — (A — —B)

A—-B (MP)
-A (MP).

X
IIpumep 2.21. (ex falso) A,—~AF B.
ex falso sequitur quodlibet (j1at.) «u3 JIOXKHOTO CyleAyeT BCE, YTO YTOIHO»
okazaresbcTBO. BoiBomnM, onupasich Ha akcuoMbl 1 (rBaxasr), 9 u 10:
A, -AF-B— A -B— -AF-—-BF B.

X

2.6 HenporuBopeunBbie MHOXKeCTBa (pOPMYJT

Omnpenenenue 2.22. MuoxkectBo hopmyst I’ Ha3bIBaETCS NPOMuUBOPeUUGHIM, €CITH
st HekoTopoit popmyibl A umeem I' H A u I'  —A. B nporusuom ciayuae I’
HA3BIBAETCS HENPOMUBOPEUUBHIM.

3ameuanune 2.23. Eciau I' nporusopeunso, to I' = B mis sr060it hopmysner B B
cuty BeiBoJMMOcTH A, A F B.
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3ameuanue 2.24. [’ 1poTUBOPEYNBO, €CJU U TOJBKO €CJIU CYIIeCTBYeT KOHETHOE
mpoTuBOpednBoe moaMHoKecTBO ['g C T'.

JIemma 2.25. T'U {B} npomusopeuuso <= T'F —B.

HokaszaresnbcrBo. Ecau I' - — B, o I' U { B} nporuBopeunBo, IOCKOIBbKY B Kade-
cTBe A MOXKHO B34Tb B.

Ecmu T',B - A,—A, To no teopeme o aenykiuu I' - B — A B — —A. Tlo
akcuome (B — A) — ((B — —A) — —B) orciona caeayer I' - =B, K

Onpenenenue 2.26. [' Ha3BIBAETCS MAKCUMAALHBIM HENDOMUBODEUUSHIM MHOXKE-
cTBOM, ecau ' HenporuBopeunso u s Jiroboit dopmynst A ¢ T'T'U {A} nporuso-
peuunBo.

IIpumep 2.27. Ilycrs f — dbukcupoBaHHas oIeHKa, TOraa MHOXKecTBO I'f = {A :
f(A) = I} — MakcuMaIbHOE HEMPOTHBOPETUBOE.

Teopema 2.28 (JIungenbayma). /Jlis 6CAK020 HENPOMUBOPEUUBO20 MHONHCECTNEA
popmys L'y natidémea maxcumanvroe nenpomusopevwusoe I' D T'y.

Hoka3zaresnbcTBo (Ui CHETHOrO 4mcJia nepeMeHHbIx). [lycrs Ag, Ay, ... —
epecyéT Beex Gopmyit st3bika. OIpeieinM moCIeI0BATeIbHOCTh MHOYXKECTB, HAMU-
HAIOIIYIOCS ¢ JIAHHOTO MHOXKecTBa [y,

[CTyC---CT,C...
110 CJIEAYIONIEMY IIPaBUILY:

r I, U{A,}, ecsiu T, U {4,,} HEIpoTHBOpEUINBO;
n+1 —
T',,, unaqe.
Tlonoxum I' = Un>0 I',,. YTBepxkaenne TeopeMbl BHITEKAET U3 CJIETYIOIIe TeM-
MBI.

JIemma 2.29. (i) Jaa awbozo n muoocecmso Iy, nenpomusopeuugo.

(ii) T — makcumaavroe HENPOMUBOPEUUBOE MHOICECTNEO.

HokasaresnbcTBo. YTBepKaeHue (i) mokaswisaercss maayknuei o n. U3 (i) Bbl-
TeKaeT HeNPOTHBOpPEYNBOCTh I (B cmily CBOWCTBa KOMIIAKTHOCTH). IloToMy JJIst
JIOKa3aTeIbCTBa, yTBEPKIeHus (ii) 10CTATOYHO yCTAaHOBATH MAKCUMAJBHOCTS.

Honycrum A ¢ T'. IlockobKy B UCXOJHOM Iepecuére BCTpedaroTcs Bce (op-
MyJibl, Jyisi Hekoroporo k dopmyina A ectb Ay. Iockonsry Ay ¢ I, muOXKecTBO
Ty, U{Ax} nporusopeunso (uHave Mbl npucoeguauu 0b1 Ay Ha mare k). 3HaunT,
npoTUBOPEUNBO U obbeMomee MHOXKecTBO I' U {A;}. K

24



3ameuanue 2.30. [lnsa smecuérHoro s3bika Teopema JInmHgenbayma JIOKa3bIBAETCsI, OIM-
pasch Ha jemMmy llopHa (SKBHBaJEHTHYIO akcmome Bbibopa). Kak HETpyIHO IOKa3aTh,
o0beIMHEHIEe BO3PACTAIOIIEH el HEIIPOTUBOPEYMBBIX MHOXKECTB HENpOTHBOpednBo. Or-
CIOJIa HEIIOCPEJICTBEHHO BBITEKAET TPEeOYeMbIil pe3ysIbTarT.

Ipeamoxkenne 2.31. ITycmv I' — makcumasvhoe Henpomusopesugoe MHodice-
cmeo. Tozda dasn mobvix popmys A, B

(i) "Ael < A¢T;

(ii) (ANB)eTl <= AeT uBeTy

(iii) (AVB) el <= A€l uwu BeTy
)

(iv) (A=B)el <= A¢T uw Bel.

Hoka3zaresbcrBo. (1) Paccyxmaem or nporussoro. Ecin 06e dopmynbr A, —A €
T, ro I’ mporusopeunso. Eciu ke A, ~A ¢ ', To IpOTHBOPEYUBHI, COOTBETCTBEHHO,
muoxkectBa I'U{A} u I'U {-A} B cuny makcumasnsHoctu. OTciona no jgemmve 2.25
noiaydaeMm ' —A, =—A, t.e. I' nporusopeuunso.

(ii) Iycts (AAB) € ', A ¢ T. Torna, B cuny makcumasbaocTu, I' U {A}
nporueopeunso, orkyaa I' b —A. C apyroit croporsl, o akcuome (A A B) — A
umeem A A B+ A. 3Buauut, I' F A, T.e. I’ nporusopeuuso.

Ananornuno paccmarpusaeM ciydait (AAB) €T, B¢ T.

ITycrs Teneps (AAB) ¢ T'u A, B € T'. Torna no makcumaiasaoctr I' = =(AAB).
C npyroit croponsl, mo akcuome A — (B — (AAB)) umeem I' F AA B, te. T
IPOTUBOPEUUBO.

(iil) mokaseiBaeTcs anasgoruyaso (ii).

(iv) Homyctum (A — B) € I', A€ T, B ¢ T'. Torga I' U { B} nporusopeunso,
orkyma I' = —=B. C apyroit croponsl, mo npasumwity modus ponens I' - B, te. T’
IIPOTUBOPEIHBO.

Honyernm (A — B) ¢ T, A ¢ T'. Torma B cuity MakcuMasbHocTH I —A,
T —(A— B).

Bamerum, uro —(A — B) b A. [eiicteurensuo, us A, —~A b B nonyaaem —A -
A — B, oTciofia ¢ IOMOIIHIO KOHTPAIIO3UIIUY U CHSITHs JBOAHOrO orpurianus —(A —
B)F——AF A.

IMockonbky I' - (A — B), orcioga noiygaem I' = A, r.e. I' uporusopeuunso.

Cayuait (A — B) ¢ T', B € T’ paccMaTpuBaeTCsl aHAJIOTMIHO, € UCIIOJIb30BaHIEM
BoiBogumoctu (A — B) - —B. Tlociequsis BBITEKAET ¢ IOMOIIBI0 KOHTPAIIO3UIUK
u3 ouesugHoro B+ A — B. X

2.7 Teopema 0O ITOJIHOTE MCYUCJIEHUS BbICKA3bIBAHUIA

Teopema 2.32. Mmnoowcecmeo I' nenpomusopeuuso moada u mosvko moezda, xo2da
I' swnoanumo.
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JokazaTenbcTBO. BBIIOJHUMOCTD BJIEYET HENPOTUBOPEYUBOCTD. Ilycts f — Ta-
Kasi oneHka, uro f(A) = W aus scex dopmyn A € T'. TIpocroit nsyKimeit mo
[IOCTPOEHHUIO BIBOJA yoemumcest, uro f(B) = U mia moboit hopmyssl B Takoii, 9ro
I' - B. Tem cambiM, B He MOXKeT OBITH TPOTHBOPEYINEM.

HenporrBopedanBOCTD BJIEUIET BBIMOJMHUMOCTD. Jlomyctum I HempoTuBOpedInso.
ITo teopeme JIunpenbayma pacmupuM [ 10 MAKCUMAJIHLHOTO HEIIPOTHBOPEIUBOTO
MHOXKecTBa, gopMmyn IV, Oupenenum oneHky f ciemyiomum o0pasoM: Jist 00t

nepeMeHHoit P

fP)=1 &L per.

Y TBepKIeHNE TEOPEMBI BHITEKAET U3 CJAEIYIONMEN JTeMMBI.

JlemmMma 2.33. Jlasa w0600 dopmyave A
f(A)=H < AeTl".

JokazareabcTBo. NHpayKiws 110 mocTpoeHnio (hopMysibt A.

Ecmu A — nepemennasi, T0 yTBepKJeHUE BEPHO HEIOCPEJCTBEHHO IO OIpejie-
JIeHuio f.

Ecin A = =B, T0 10/1b3ysICh TOCJIEI0OBATEIBHO OIPEIeJICHIEM OIEHKH, IPe/I-
OJIOXKEHWEM WHIyKIMA U TIpejioxkennem 2.31 (1) umeem

f(-B)=U < f(B)#U < B¢I' < (-B)el".
Eciu A = (B — (), 1o aHajoru<Ho 1o npemjoxkenuio 2.31 (iv) mosydaem
J(B—C) =T > (f(B)£Mum f(C)=T)
— B¢l'mwmCel') < (B—-C)el'.
OcraBunecs: cirydan paccMaTpPUBAIOTC aHAJIOTHIHO. X

IMockombky I' C TV, mst mo6oit A € T momyaaem f(A) = U, aro n TpeGoBaIocs.
X

Teopema 2.34 (HOJ‘IHOTa). Beakasa masmono2us 6v1600UMG 8 UCHUCAEHUY Sbi-
CKa3vL8aAHUT.

TTostHOTA MCYMC/IEHNST BHICKA3BIBAHUIL CJie/IyeT 13 60jiee 00IIEero CBOMCTBA CUAb-
HOT NOAHOMDL.

Teopema 2.35 (cunbHas monHoTa). Jas 06020 muosrcecmaa gopmya T u aro-
60t gopmyave A
'rAd = I'+ A.

JokazareabcTBo. 3ameruM, 9r0 [' E A Bje4éT HEBBITOJIHUMOCTH MHOXKeCcTBa [ U

{—A}. IIo reopeme 2.32 muoxkecrso I' U {—A} nporusopeunso u tem cambiv I
—AFAK

Taxum 06pa30M, CeMaHTHU4YeCKoe cJjieZloBaHue B JIOTUKeE BbICKa3bIBAHUI paBHO-
CHUJIBHO BBIBOJUMOCTHU U3 T'UIIOTE3:
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CaencrBue 2.36. 'F A «— T+ A.

CaencrBue 2.37 (komnakTHocTb). I'F A <= Ty F A daa wobozo xonewnozo
nodmmoorcecmea I'g C T

3 Jloruka mpeauKaToOB MEPBOTO IOPAIKA

3.1 Moaenn.

Aurrebpanyeckue CHCTEMBI WIH MOJIEJIH SBJISAIOTCS €CTECTBEHHOM CEMAaHTHKON JIOTH-
KU TIEPBOTO MOPSIIKA.

IIycte M — Hemycroe MHOXKECTBO. Nn-apHbim npedukamom wa M HasbIBaeT-
csl TIPOM3BOJIBHOE TOAMHOXKecTBO Q C M™ = M X M x --- x M (n pa3s). n-
aprotl Pynrkyuetd na M naswiBaercs dyukius f: M" — M. Ecau (Q — n-apHbiii
npeaukar, To 4acto mumyT Q(z1,...,Ty,) BMECTO (T1,...,Tn) € ; AHAJOTUIHO,
f(z1,...,x,) oznavaer f((x1,...,2T,)). Koncmanmamu Ha3bIBAEGM IPOM3BOJIBHBIE
9JIEMEHTHI MHOXKecTBa M.

Cuenamypoti HA3bIBAETCS HEKOTOPAs COBOKYITHOCTH MMEH (DYHKIN, Ipe/InKa-
TOB 1 KoHCTaHT. CurHaTypa > 3aaéTcs TpeMsl HEelTePECEKAIOMUMIUCs aJihaBUTaAMU
Predy, Funcy u Consty npeduxamuvix, GyrnKyuoHasoHOT CUMEBOA08 U CUMBOAOE
KOHCMAHM, COOTBETCTBEHHO, U (DYHKITUEH 8AAEHMHOCTU

arity : Preds, U Funcy, — N\ {0},

COTIOCTABJISIONIEN KayKIOMY IPEIUKATHOMY M (DYHKIMOHAJILHOMY CHMBOJLY YHCJIIO
€ro apryMeHTOB.

Aunzebpauneckan cucmema (W modeav) cueHamypv, X €CTh HEIyCTOE MHO-
xkecTtBO M BMecTe ¢ OTOOpaXKEHUEM, COMOCTABJISIONIAM KaXKJIOMY I[IPEIUKATHOMY
cumBosy P u3 Y mekoropsrit peankat Pys Ha M Toi »Ke BAJEHTHOCTH, KaXKIOMY
dyHKIMOHAIBHOMY cuMBOLY [ dyHKIu0 [y Ha M TOH »Ke BaJIEHTHOCTH, U KaK-
noit cumBosty ¢ € Consty, KoHcTanty ¢y € M. Takoe orobparkeHrne HA3BIBAETCS
unmepnpemayuet ¥ na M. MuoxkectBo M Ha3bIBAETCS YHUBEPCYMOM HIH HOCU-
meaem NaHHON uHTeprperaruu (Momesu). Mozgens curnarypsl X ¢ Hocuregem M
oboznauaercs (M;X).

3ameuanue 3.1. B maremaruke HCHOJB3YIOTCS MHOTOYHCJIEHHBIE CTAHIAPTHBIE
VWMeHa, JjIs TIpeukaToB u GpyHKuii. Hanpumep, Ha MHOXKECTBe IEJIbIX YUCeT «—+»
O3HAYAeT OOBIYHYIO (DYHKITHIO CJIOXKEHUsI, «=» O3HAYAET IpeIrKaT paBeHCTBa, «0»
koucranry 0. Tak, (Z;=,+,0) o3HauaeT MOJE/b C YHUBEPCYMOM 7 U 3aJaHHBIMU
Ha HEM OMHADHBIM OTHOXKEHWEeM =, OmHApHON dyHKmmeir + u koHctanToir 0. Mbr
TaKXKe UCIOJIb3YeM JIPYTUe CTAHJIAPTHDBIE COMJIAITHUS 00 0003HAYEHUSIX, HATIPUMED,
UIIeM a1 = as BMecTo dbopmaabHoro =(a1,as) u a1 + as BMecto +(aq, ag).
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3.2 Ilpumepsl

IIpumep 3.2. [Crangapruas moznens apubmeruxu| (N; =, 5, +, x,0)
Baecy S(z) = x+ 1 ecTb onHoMecTHAA DYHKIUS ciefoBanus HA MHOXKecTBe N,
a BCe OCTAJIbHBIE (DYHKIIUU U TPEIUKATH UMEIOT CTAHIAPTHBIA CMBICII.

ITpumep 3.3. [Kosbno nensix ucen| (Z; =, +, —, x,0,1)
31ech «—» ecTb oJHOMecTHas (PYHKIUS, OTOOpayKalomas T Ha —I.

IIpumep 3.4. Jlro6oe Apyroe KOJblo (C eIUHUIIEH) MOXKET PACCMATPUBATHLCS KAK
MOJIEJIb TOM K€ CUTHATYPBI, HAIIPUMEDP

e Q[X] — kosbo MHOrOWIEHOB HaL oJaeM Q.

® 7, — KOJIBIIO BBIYETOB 0 MOJLYJIIO N.

e M, (R) — xoubIlo MaTpury nopsiaka n Hag R.

IIpumep 3.5. [Dnemenrapras reomerpus miockoctn| (R?; =, B), rae
e R? — MHOMXKECTBO TOUEK eBKJIMIOBOMH ILIOCKOCTH;

e B(a,b,c) — TPEXMECTHBII IPEIUKAT «MOUKG b Aescum na npamot ac mexncoy
MOYKAMU G U C»

e & — yernIpEXMeCTHBII npeaukar (3anucbiBaeMblii ab & cd) «ompesxu, sada-
saemuvie napamu movex ab u cd, umerom pasHvle OAUHDL.
IIpumep 3.6. [Mogems [Tyankape reomerpun Jlobauesckoro| (H?; =,2 B), rye

e H> = {2 € C:Im(2) > 0} — MHOXKECTBO TOYeK BepXHeil eBKIHIOBOI MOy~
[JIOCKOCTH;

e B(a,b,c) — TPEXMECTHBI HpeauKaT «mouka b aescum Mexncoy moukamu
a U C HA NOAYOKPYACHOCTIU (UAU NOAYNPAMOTL), nporodawel wepes a, ¢ u
0PMO20HAALHOT BEUWECMBEHHOT, OCUY;

e = — yerbIpEXMeCTHBIN npejukar (3anucbiBaeMblii ab 2 cd) «ompesku, 3ada-
saemble Napamu movex ab u cd, umerm pasHovie OAUHDL 8 CMBICAE MEMPUKU
Ilyanxapes, TO ecTh

def la—0] |e—d
ab = cd —_— =
o= " Je—dl
e b o3HaYaeT KOMILIEKCHO CONPSI?KEHHOE K b.

Ipumep 3.7. [Yuopsiouenunie muoxkectsal (N; <), (Z, <), (Q; <), (R; <).

ITpumep 3.8. [HacTUuHO yHOPSIOUEHHBIE MHOXKECTBA]

(i) (P(U);C), rae U — moboe MHOXKECTBO;
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(ii) (Z;|), tne a | b — 6GuHAPHOE OTHOIIEHUE «OBITH JIETUTEEM>

(iii) (Sub(Q);C), rue Sub(G) — MHOXKeCTBO BCeX HOArpyHIl rpymis! G.

IIpumep 3.9. [YuopsimoueHHbIE OIS PAIMOHAIBHBIX U JIfICTBUTEJIbHBIX TUCEJ|

(Q;=,<,4,—, x,0,1) u (R;=, <, +, —, x,0,1)

EcrectBenno 661710 661 060TaATUTHL CATHATYPY IOJISI OTlepaliieil B3ATuss 06paTHO-
ro sjieMenTa (WM onepalueil JeeHus ), HO 9Ta Olepalys He OIPEIEIeHa B HYJIE.
OpHaKO, 9Ty OMEPAINI0 MOYKHO BBIPDA3UTH U3 Y2KE UMEONINXCsT CPEJICTBAMUA JIOTUKHI
[IepBOro IOpsiKa (CM. HUXKE), IOITOMY BKJIOYATH €6 B CUCHATYPY HET HeobXOIu-
MOCTH.

ITpumep 3.10. [Bysuesa anrebpal (B;=,A,V, -, —,0,1)
IMoauépKHyThIE CUMBOJIBI 37€Ch O3HAYAIOT onepanuu OyseBoil ajrebpol (a He
JIOTUYECKHe CBHA3KHU), TO eCcTh QyHKIMU Ha B.

3.3 CuHTakKCcuUC JOTUKU IIEPBOTO MOPSIKA

Hszwix sozuru nepsozo nopadka Ly, onpejesiercs ero curaarypoit 3. [Tomumo Beex
CHMBOJIOB CUTHATYDBI, B ajpaBuT s3bIKa, Ly BXOIAT J1Ba (PUKCUPOBAHHBIX CIETHBIX
asiaBuTa C80000HHIT U CBAZAHHDBIL NEPEMEHHBLL

FrVar = {ag,a1,a9,...},
BdVar = {wvg,v1,v2,...},
U clelyIolye clleluajbHble CUMBOJIBIL:
Byaesv ceasku: —, =, A, V;

Kearnmopoi: V (KBaHTOD OBIIHOCTH, «IJIsl BCEX» );
3 (KBAHTOD CYIIECTBOBAHMUSI, «CYIIECTBYETS );

3naxu nynkmyayuu:  «(», «)» (ckoOKm) U «,» (3anaras).

IIpousBobHOE CJIOBO B OMHUCAHHOM aJi(haBUTE HA3BIBAEM Guvipadicenuem. Heko-
TOpBIE BBIPAYKEHUST HA3BIBAIOTCS mepmamu U dopmyramu. MHOKECTBA TEPMOB U
dopmyit s13bika Ly, ONPENEIISIIOTCS HHIYKTHBHO.

Onpenenenune 3.11. MuoxkectBo TepmoB Tmy, ecTh HaMeHbIIIEE MHOXKECTBO, 38~
MKHYTOE OTHOCUTEJIHHO CJIEAYIONINX IIPaBUIL:

1. CBO60,ILHI)I€ nepeMeHHbIe 1 KOHCTaHThI CYTh TE€PMBbI.

2. Ecm f — dyuKnuoHaabHBIN CHMBOJI BaJE€HTHOCTH 1 U t1,...,t, — TEPMBbI,
To Bbipaxkenue f(t1,...,t,) €CTb TEPM.

IIpumep 3.12. Ecin f € Funcy, — 6unapHbiii GyHKIMOHAIBHBIN cuMBodI, TO f(ag, a1)
— 1epM, a f(vg,a1) — HE TEpM.
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Onpenenenune 3.13. MuoxkectBo dopmysn Fmy ecTh HanMeHbIllee MHOXKECTBO,
3aMKHYTO€ OTHOCUTEJIFHO CJIEIYIONINX MTPABUII:

1. Ecau P — npeanKaTHBIM CUMBOJI BAJEHTHOCTH N U t1,...,t, — TE€PMBI,
To P(ty1,...,t,) ectb dbopmysa (HazbiBaeMast amomaproti Gopmyaot).

2. Eciu A, B — dopmyisl, To GopMyIaMu SBJISIOTCH Tak:Ke Bbipaskenus (A —
B), A, (AANB), (AV B).

3. Eciim A — opmyna, u a — cBOOOIHAS TIEPEMEHHAS, TO JIJIsI JIFOOOI CBI3aHHOM
HepeMeHHOH z, ne 6xodawed ¢ A, Boipaxenus (VxAla/z]) u (IxAla/x]) —
dopmyinbl. (Baech Afa/x] o3HavaeT pe3ynbraT 3aMeHbI BCEX BXOXKJIEHUI a B
Awnax.)

Ipumep 3.14. f(ag,a1) = f(ao,a1) u (Yuo(Vuif(vo,v1) = f(vo,v1))) — Pop-
MyJsbl (C y96TOM COIVIAIIGHUS O HAIMCAHWM LpeiukaTa =), a g(ag) = g(v1) — He

dopwmyia.

@opMmysibl, B KOTOPbIE HE BXOHAT KBAHTODPBI, HA3BIBAIOTCH OECKBAHIMOPHBIMU.
PopMyJIbI U TEPMBI, B KOTOPbIE HE BXOJSIT CBOOOJIHBIE MEPEMEHHBIC, HA3BIBAIOTCS
3AMENYMBIMYU. 3AMKHYTBIE (POPMYJIBI TAKXKE HA3BIBAIOTCS NPEOAOHCEHUAMU.

Tak ke KaK U B JIOTUKE BBICKA3bIBAHUMU, B JIOTUKE TPEINKATOB JICHCTBYIOT CTaH-
JAapTHBIE COTJIAIEHUS 00 OIYCKAHUU CKODOK, COKPAIIEHHUS [IJTsl JIOTUIECKUAX CBA30K,
U JIpyTHe cokpailenus. B gacraocTH,

e nuinyT OYKBHI @, b, ¢ BMeCTO ag, a1, G2 U T.J.; X, Y, Z BMECTO Vg, U1, Uy U T.JL.;

o mumyT V... 2, A BMecto (Vg (Vaa(. .. (V2,A) ... ))) 1 aHATIOTHYHO I 110~
CJIEJIOBATEJILHOCTE KBAHTOPOB CYIECTBOBAHNS.

3.4 CemaHTuKa JIOTUKH II€PBOTO MOPSAKA

IIycrs M — momens curHatypbl L. O6o3HaunMm uepes (M) curHaTypy, mosyda-
eMyo U3 % J06aBJIeHHeM HOBBIX CHMBOJIOB KOHCTAaHT {c : ¢ € M}. Jljis KaxkK0ro
astemenTa ¢ € M mobaBiisieTcss pOBHO OJHA KOHCTAHTA C, U BCE ITH CUMBOJIbI OTJIMY-
HBI IPYT OT [IPyra W OT CUMBOJIOB CUTHATYPHI 2.

Onpegnenenue 3.15. Ilycrs ¢ — 3amMKHyTBIE TepM A3bIKa Ly ar). SHauerue mepma
t 6 modeau M ectb ssieMenT ty; € M, oupenessieMblii HHAYKIUAEH 10 IOCTPOEHUIO
t.

(i) Ecom a € M, 10 ay; = a.
(ii) Ecau ¢ € Consty, 1o cpr € M ecTb JaHHAsi HAM UHTEPIIPETAILUS C.

(iii) Ecau t ects f(t1,...,t,), toe f € Funcy, 1o tar = fa((E1)ms- -, (En)ar)-

Omnpenenenne 3.16. Ilycts A — samxuyTas dopmyna asbika Ly(a). Hemun-
HOCMHOE 3HaueHUE Popmysvs A 6 modeau M onpenensiercss MHAYKIMEH 10 TIOCTPO-
ennio A (oruomenue M E A uuraercsa «dopmyna A ucrunna B mogeau M ).
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1. M E Pt ty) <L Py((t)ar, .. (ta)ar), ecmn A = P(ty, ... t,) —

aToMapHas hopmyJia;

def

2. ME(B—C) < (MEB wm MEFC);

def

3. ME-B < M ¥ B,

4. ME(AANB) &4 (MEAuME B);

5 M (A\/B)g(MhAI/mHMhB);

6. M E (VxAla/x]) &L s scex x € M M E Ala/z];

7. M E (3zAla/z]) PN cymecryer © € M M E Ala/z].

Eciu criucok by, ..., b, comep:kut Bce cBODOIHBIE IIepeMeHHbIe OpMyJIbl A, a
Ziy...,Tn € M, 10 M E Alby/24,...,bs/2,] cokpam@uHo 3anuceiBaeM kak M F

Alby/x1, ..., by /] mim naxe M E Alzy, ..., z,].

3ameuanue 3.17. Hejb3si roBopuTh 00 HCTUHHOCTH WJIN JIOXKHOCTU HE3AMKHYTHIX
dopMyJ1, IIOCKOJIBKY UX UCTUHHOCTHBIE 3HAYEHUs 3aBUCSIT OT BBIOOPA 3HAYEHMUI T1a-
paMeTpOB — BXOAAINX B GOPMYJTy CBOOOIHBIX EPEMEHHBIX.

IIpumep 3.18. ®opmyna a + 1 = b B cranmapTHON Mojie/ i apUMOMETUKNA MOKET
OBITH KAK MCTUHHA, TAK U JIOYXKHA, B 32BUCUMOCTU OT 3HAYEHUN a U b.

IIpumep 3.19. B momenn (N;=,5, 4+, -,0) ucrunna dopmyia
Jz,y,z(rx=0A-y=0Az-x+y-y==2-2)
7 JIO2KHA POPMYIa
Jz,y,z(rx=0AN-y=0Az-z-x4+y -y -y=2-2-2).
IIpumep 3.20. B moznemu (R?; =, B) ucrunna dopmyna
Vo,y.y' 2 (B(z,y,2) A B(z,y',2) = B(z,y,9') V B(z,y,y)).

2 ~

Ara ke dopmyna BepHa u B Mozenn (H?; =, B).

3.5 Ompepenumbie TpeANKATHI 1 DYHKIIAU

IIycrs by, . . ., b, — ynopsodennblii Ha6op cBOGOAHBIX HepeMeHHbIX. 3anuch A(b, ..., by,)
03HAYAET, YTO BCE CBODOHBIE ITepeMeHHble (hopMysibl A BxousT B HAOOD by, ..., by,.

Jia bukcuposannoro Habopa nepeMenubix jobas popmyia A(by, . .., by,) onpe-
JIeJIsieT N-MeCTHBIH npegukar Ay B Mogesun M:

An(z1, .. zn) S5 ME AD /21, ... bo/zn].
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Onpenenenue 3.21. Tlpeaukar P(xy, ..., T, ) HA3BIBAETCS ONPEOCAUMBM (UAU BbL-
pasumvim) 6 modesu (M; X)), ecim P = App nist Hekoropoit bopmysst A(ag, ..., an)
B a3bIKe Ly.

Onpenenenue 3.22. Oyukius f HasblBaeTcs onpedesumoti 6 modeau M, eciu
orpejieIuM eé rpaduK, TO €CTh IPETUKAT

def
Gy, Tnyy) & f(T1,...,20) = ¥.
IIpumep 3.23. B modeau (Z; <) npeduxam as = a1 + 1 onpedesum opmyaot
a1 < ag AVug (Vg < ag — (vg < a1 Vaz < vp)).

Caedosamenvro, Pynryus nocaedosamenrs s(x) = x + 1 onpedesuma 6 modesu
(Z;<).

ITpumep 3.24. (Axkcuoma 0 HapauIe/bHBIX )
Omnpeniermm cretyronue npegukato B (R?; =22 B).

saFb=-a=b
e ccab «c nexur Ha UpAMOil aby:
c€ab= (B(c,a,b) VvV B(a,c,b) V B(a,b,c)).
e ab|lcd «upsimble ab u cd napasIeIbHbL :
ablled = (a #bAc#dAN—-Tx(x € ab Az € cd)).

Akcuoma 0 mapaJuIesIbHbIX

«Yepes mouky z 6He npamoti TY MOHCHO nposecmu He boaee 00HOT
npAMOT Napasresvroti dannot.»

MOXKET OBITH BBIPA2KEHA CJICIYIOMUM 00Pa30M:
Vr,y,z (x £y ANz € zy — Yu,v (zul|zy A z2v||lzy — v € zu)).
D10 yrBep:kaenne sepro B R?, no ne 5 H?.

ITpumep 3.25. B momenn (R;=,+,-,0,1) BoIpasuMbl HOPSJIOK U JIeJIEHHE.
e a<b=3x(b=a+ (z-x))

e Ilpenukar «a/b = ¢» BbIpasumM dhopMmyIioii

D(a,b,c) = (b#0Ac-b=a).
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3.6 W3omopdusm mojesieii.

Iycrs M u M’ — monenu curarypbl 3.

Onpenenenune 3.26. Tomomoppusm @ : M — M’ ectb orobpaxkenue u3 M B M,
coxpaHsollee Bce IMpeJuKaThl, (PyHKIMKA 1 KoHcTaHThl Y. To ectb, o : M — M’ —
romoMopdusM, eciu i Bcex P € Predy, f € Funcy u ¢ € Consty, BajlenTHOCTH
N, JJI BCEX T1,...,Tn € M

Pry(ay,.. @) = Pur(p(@1), ... 0(2n))
Qp(fM(xh'"vxn)) = fM’(@(xl)w"?@(xn))
elem) = cmr

ITpennoxxenue 3.27. Komnosuuyus 20MoMOPHUIMOE — 20MOMOPPUSM.

Onpenenenune 3.28. Hzomoppusm @ : M — M’ ectb romoMopdu3M, y KOTOPOTO
ecTb 06paTHBIi, TO ecTb romoMopduam v : M’ — M Taxoii, uro

potp =idy, oy =idy,
rpe idpyr : M — M — roxecrBeHHBI ToMoMopduaMm idys(x) = .

Onpenesnenne 3.29. M u M’ usoMopdHBI, €cIM CyIECTBYeT U30MOpdusM ¢ :
M — M.

Teopema 3.30. Ecau ¢ : M — M’ — usomoppuszm, mo das 1060t dopmyam
A(ay, ..., an) uw moboix c1,...,cp € M

ME Aler, ... cn] <= M E Alp(c1),...,p(cn)]-
JokazareabcTBo. Nunykius no nocrpoennio A. X

CiencrBue 3.31. B u3oMopHovixr MOOEAAT UCTNUHHDL OOHU U TE HCE NPEDAOIHCE-
HUA.

3.7 Jloka3aTejbCTBO HEBBIPA3MMOCTHU C MOMOIIBIO aBTOMOP-
dbus3mos.

Onpenenenue 3.32. Asmomoppusmom p : M — M HasbiBaeTcss n30MOpGPU3M
MOJIEIA Ha ceOsl.

ITockombKy Bce ompesemMble TPEIUKATHL U DYHKITUH COXPAHAIOTCH IIPU aBTO-
MOpU3MaX MOJEINH, JJIsi JOKA3ATEIHCTBA HEBBIPA3UMOCTH JIOCTATOYHO ITOCTPOUTH

aBTOMOPGMU3M, He COXPAHSIONINI Ty WK UHYIO (DYHKIMIO WA IPEIUKAT.

IIpumep 3.33. B momenu (Z; =, +) He BbIpasuM npeauxar <.
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HokazaresnbcrBo. Orobparkenne ¢ : & — —x ecTh apToMopdusm (Z;=,+), He
coxpansioxkmit <, mockosbky ZE 0 <1, Ho Z ¥ ¢(0) < o(1). X

IIpumep 3.34. B momenu (Z; <) ne Boipazuma QyHKIUA +.

Hoxka3zaresnsctBo. Orobpaxkenue ¢ : x +— x + 1 ecrb aBromopdusm (Z; <), ze
coxpanstoruit +. X

IIpumep 3.35. Asromopdusmavm mozemu (R?; =, B) asnsiorcst Bee B3AUMHO O/T-
HO3HAYHBIE aduHHBbIE TPeOOPaA3OBAHUS TIJIOCKOCTH W TOJIBLKO OHU.

DTOT (haKT BHITEKAET U3 CJIELYIOIINX COOOPAKEHUIA.
e Bcskuit aBTroMOpdU3M 1€PEBOAUT OTPE3KU B OTPE3KHU.

o Bcesknit aBTOMOPOU3M COXPAHAET HAPAIIETBHOCTD IIPSAMBIX, TOCKOJIBKY IIpe-
JIUKAT HapajulebHocTu abl|cd BbIpa3uM B 9TOH MOJEJIH.

e [l sroboro aBromopdusma ¢ cymecrsyer addurHOE peodbpazoBanue h
Takoe, 4TO h O ( COXpaHsieT TPU Pa3JUdHble TOYKH. JlefiCTBUTEILHO, BbI-
OGepeM MPOU3BOILHO TOYKH a, b, c, He Jiexkalue Ha OJHON mpsimoii. x 00-
pas3bl pu aBTOMODGdU3ME (Y TAaKXKe He JeXKaT Ha OfHoi mnpsamoit. Kaxmoe
addbunnoe Mpeodpa3oBaHme ONPEIETISIETCS OJHO3HAYMHO 00pa3aMu TPEX Bep-
IIUH TpeyroJibHUKA. Boibepem h Takum ob6pasoM, arobsl p(a) — a, p(b) — b,
p(c) —c.

e Ecim aBroMopdusm ¢ mMeeT Tpu pas3IUIHbIC HEIOIBU2KHBIE TOUKHU, TO { =

id.
HokarkeMm niocsiesiaee yrBepKienne. Cirelyonuii puCyHOK MTOKa3bIBAET, ITO €C-
JIN (p COXPaHseT BEPIIUHBI TPEYTOJIbHUKA, TO COXPAHAIOTCS U CEPEJIMHBI €70 CTOPOH.

A

.
/’
K
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IToBTOpsist 3Ty KOHCTPYKIIMIO JIJIsT KasKJ0TO U3 TPEeyroJbHUKOB, 00pa30BaHHLIX
pasbreHneM CTOPOH JAHHOIO, HOJIydaeM, 9TO Ha KaxKJ0# U3 CTOPOH TPEYrOJIbHUKA
€CTDb BCIOMLy INIOTHOE MHOYKECTBO HEMOABUKHBIX To4ekK . OTCIoNa CIeayerT, 4To Bee
TOYKH CTOPOH TPEYTOJIBHUKA JOJZKHBI OBITH HETIOJBUZKHEL: €CJn T # (), paccMoT-
PUM HEIOJIBUYKHYIO TOUKY, JIEXKAILYIO MEXy T U ¢(T), U JIErKO NPUJIEM K [IPOTH-
Bopeunto. Ho eciu HemoJBUKHBI BCe TOYKH CTOPOH TPEYTOJIbHUKA, TO HElOBUIK-
HBIMHU JIOJZKHBI OBITH U BCE ero BHYTPEHHHE TOYKH U JarkKe BCe TOUKH GOJIBLIIEro
TPEeyToJIbHUKA, 00Pa30BAHHOIO MPAMBIME, IIPOXOIAIIAME YepPe3 BePHIIMHBI JIAHHO-
rO TPEYTONbHUKA W TAPAJUIETLHBIMA €T0 TTPOTHBOMOIOKHBIM CTOPOHAM (KarKIast
TOYKa 6OJIBIIEro TPeyTOMbLHAKA OMPeeaeTcs CBOMMI TPOEKIUAMI Ha, Tapy CTOPOH
JIAHHOTO TPEYTroJIbHUKA). VITepupyst 3Ty KOHCTPYKIIMIO MbI 3aMOCTHM BCIO ILIOC-
KOCTb TPEyTOJbHUKAMHU, TOUKH KOTOPBLIX HEHOIBUKHEL.

Cnencreue 3.36. B wmodeau (R?;=, B) ne onpedeaumoi:

o HUKAKAA KOHKDPETHAA MOYKE;

® HUKAKAA KOHKDEMHAA Puypa (MHOMCECMBO MOYEK), 30 UCKAIOUEHUEM 6Cell
NAOCKOCMAU;

e npeduxam =;

® PUBEHCMBO Y2408, MO €CMb Wecmumecmuudl npedukam Zabe = Laybicy.
IIpumep 3.37. Asromopdusmbr mogenu (R?; =, B, %) cyTh Bce npeobpasoBaHus
IJIOCKOCTH, SIBJISTIOIIAECS KOMIIO3UIMEN TOMOTETHN U JIBUYKEHUS.
st mokazaTembecTBa 9TOro pakTa OTMETHM, ITO

e IIpemukarsl B u & COXPAHSIOTCS TIPU JIBUYKEHUSX U TOMOTETHUSIX.

o Addunnoe npeobpazoBanme, COXpaAHSIONIEE JJINHLI CTOPOH HEKOTOPOTO Tpe-
YTOJTbHUKA, €CTh JIBUZKCHUE.

e Jlio6oit aBToMOPGU3M  IEPEBOAUT PABHOCTOPOHHUIT TPEYIroJbHUK B (110106~
HBIl €My) PABHOCTOPOHHUIA.

e Jlist mekoTopoit romoreTnn h aBToMOpdu3M h 0 ¢ COXpaHdaeT JJIUHBI CTOPOH
3a/IAHHOTO PABHOCTOPOHHETO TPEYTOJIHHHUKA.

3uaqnrt, h o  — JBUKEHHE.

Caencreue 3.38. B modeau (R?; =, B,2) ne onpedeaumoi:
® HUKAKAA KOHKPEMHAA Guaypa, 36 UCKAOUERUEM B6CET NAOCKOCTU;
o ciunuya daurbl, Mo ecmov npedukam «dauna ompeska ab pasHa 1»;

® OPUEHMAUUA, O eCTND NPEOUKAM «BEPULUHBL MPEY2oabHuKa abc 06x0damces
NPOMUB 4aco80YT CMPEAKUS;

® HANPaABAEHUE «8004b 0CU T ».
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3.8 BBIMOJIHUMOCTB, OOIIE3HAYNMOCTD, JIOTUYECKOE CJIeJOBa-

HUue.
Onpenenenune 3.39. @opmyna A(by,...,b,) curHaTypnl X 66inosnuma 6 Modeu
(M, X)), ecn Jyisi HEKOTOPBIX KOHCTAHT C1, . . ., ¢, € M mpejgioxkenne Alby /¢y, ..., bn/c,]

curarypbl 2(M) ucrunno. Popmysa A CUIHATYPBL X 6LINOAHUMA, €CJIU OHA BbI-
[IOJIHUMA, B HEKOTOpoit Mozpesu (M;3).

Onpenenenue 3.40. MuoxkectBo dopmyst [ curHATYPBI 3 66N0AHUMO 68 MOJEAU
M, ecnu cymecrByer dyukius f : FrVar — M rtakas, ITO IPH II0/ICTAHOBKE BMe-
CTO KaxKJIOi nepeMenHoll a; KoucTauThl f(a;) curaarypst (M) Bce dopmynsr I’

ucruaHbl B M. Takyio dyHKmuio f OyaeM Ha3bIBATH 6bNOAHAOWET OUeHKOU IJIs
r.

MmuozxkectBo dopmyit I evinoanumo, eciiu [ BBITOJHUMO B HEKOTOPOI MOJIEJIN.

Ounpenenenune 3.41. Popmyna A obuwesnanuma (mootcdecmeenno ucmunna), ec-
Jin - A He BBIIIOJHUMA.

Onpenenenune 3.42. @opmyna A moorcdecmserno aootcHa, eciii A He BBITIOJIHU-
Ma.

IIpumep 3.43. ®opmyast P(a)V-P(a), JzVyA(z,y) — VyIz A(x, y) obiesnadn-
mbl. Popmyia P(ag) — P(a1) BeinonanMa, HO He obIie3HavnMAa.

Omnpenenenne 3.44. Ilycrs I' — HeKOoTOpOE MHOXKECTBO (DOPMYJI CHUTHATYPHI X
u A — dopmyna Toii ke curnarypel. [oBopar, aro A woeuuecku caedyem (uwam
cemanmurecku caedyem) u3 MuoxkecTBa I' (o6osHadenue I' F A), ecim st mo6oit
momesn M curHarypbl X dopmysia A ucrtunHa B M 1upu Jiio00il BBITOJTHSIOIIEH
OlleHKe JIJIsI MHOKecTBa, 1.

IIpumep 3.45. {P(a) — Q(b), P(a)} E P(a) A JzQ(z).
IIpumep 3.46. P(a) ¥ VzP(x).

CooTHomreHus MeXK/1y NOHATUAMA BBIIIOJTHUMOCTH, O6HL€3H&‘—II/I1\/1OCTI/I n Jioruve-
CKHM CJIeJOBaHHUEM B JIOTHUKE IIPpEJUKATOB TaKne Ke, KaK U B JIOTHKE BBICKA3BaHUM.

IIpenmoxenne 3.47. (i) A — obwesnawuma <= F A.
(ii) T' swnoanumo <= T ¥ L.

(iii) TE A < T U{-A} ne sunoarumo.

IIpennoxxenne 3.48. {By,...,B,} F A < (A\]_, B;) — A obwesnavuma.
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3.9 DOKBUBaJIEHTHOCTb (POPMY.JI.

Onpenenenne 3.49. @opmyint A u B curnarypbl ¥ paBHOCUIBHBI (0603HAYEHTE
A = B), ecin ayig mo6oit mogenun (M;X) u onenkn f wa M

ME f(A) < Mk f(B).
IIycrs cuucok by, ..., b, comep:KuT Bce cBOOOIHBIE ITepeMeHHble A, B.

YrBepxkaenue 3.50. A = B, ecau u moavko ecau 6 210600 modeau M dopmyant
A u B onpedeasrom odun u mom oice npeduxam, mo ecmv ecaw Ay = By (0as
danro20 HAbOPA NEPEMEHVIT).

VYrBepxkaeHue 3.51. (i) Ommuowenue = pedaercusno, CUMMEMPULHO U MPAH-
3UMUBHO.
(il) A = B, ecau u moavko ecau dopmyaa A < B obuesnavuma.

(iii) Dopmyaa A obwesnavuma mozda u moavko mozda, xoeda A= T.
[Tepedncyimm OCHOBHBIE PABHOCUJIBHOCTH C KBAHTODPAMU.

JIemma 3.52 (3ameHa cBsi3aHHOU nepemeHHOit). Ecau x,y € BdVar ne sxo-
dam 6 dopmyay A, mo Vz Ala/x] = Vy Ala/y] u Jz Ala/x] = Iy Ala/y].

dokazaTebCcTBO.

M EVz Ala/z] <= ME Ala/c] nnsBcex c€ M
— M EVyAla/y].

s KBAHTOpA CyIIECTBOBAHUS PACCYXK/IEHAE aHAJOTTIHO. X

JlemMma 3.53. Ecau x € BdVar ne exodum 6 gopmyave A, B, mo
(Vx Ala/x) V B) =Vz (Ala/z] V B).

Hoxkazaresabcrso. IIpexke Bcero 3aMeTuM, 4T0 IpaBas 9aCTb SKBUBAJICHTHOCTH,
TaK JKe Kak WU JeBas JacTh, sBjsercs dbopmyioi. B camom jere, BeiGepem a’ €
FrVar, e Bxoggsmyo B A, B. Torga Bla'/z] = B, Ala/x] = Ala/d’][a’/x] u Tem
cambiM Vz (Ala/x] V B) conanaer ¢ Yz (Ala/a’] V B)[a'/x]. Tlonyuaem

M EVz (Ala/z] V B) M E (Ala/c)V B) nmust Becex ¢ € M
(M E B wm ayig Becex ¢ € M M F Ala/c])
(M E Bwm M EVz Ala/x])
M E (Vz Ala/x] V B).

rree
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AHajiornyHo 060CHOBBIBAIOTCSI OCTAJIbHBIE PABHOCUIBHOCTH, BXO/ISIINE B CJIEJLY-
101y 10 Tab/uiy (ri1e IpemnoJIaraeTcs, 9To NepeMeHHbIe T, Y He BXOAAT B (POPMYJIbI

Au B).

Va Ala/x] = Vy Ala/y] dz Ala/z] = 3y Ala/y]
(Vz Ala/z])V B) = Vz(Ala/z]V B) | 3z Ala/z]Vv B) = 3z (Ala/x]V B)
(Vo Ala/z]ANB) = Vz (Ala/z]AB) | (3z Ala/x)AB) = 3z (Ala/x] A B)
~VzAla/z] = 3Fz-Ala/z] —JzAla/z] = Vz-Ala/z]

3.10 IIpaBuja MOJ/ICTAHOBKM U 3aMeHbI MOAMOPMYJIbl HA K-
BUBAJIEHTHYIO.

Omnpenenenne 3.54. O60raTuM si3bIK JIOTUKHU IEPBOTO TOPSIJIKA IIPOTIO3UITNOHATb-
HOI1 1repeMenHO P. MoxkHO cunTarh P HyJIBMECTHBIM IIPEIUKATHBIM CHUMBOJIOM.
PacriocTpanuM Ha pacIIupeHHBIH 3K BCe CHHTAKCUIECKIE ITOHSITUsI, BKJIFOYasl 10~
Hsitre dopmysel (P canraercst aromaproil dbopmyioit). 3amucs C[P/A] o3nadaer
pe3ysbTaT 3aMeHbl Bcex Bxoxaenuit P B dopmyny C na A.

Bamernm, uro C[P/A] He Beerna siBasiercst hopmyatoit. Jjist 3TOro J0CTaATOUHO, ITO-
OnI cBsi3aHHbIE TTepeMenHble A He Bxommim B C'. Heobxoqumoe u 10CcTaTOYHOE YCII0-
BHE (DOPMYJINPYETCsT CIIE Ly IOINUM 06PA30M.

JIemma 3.55. C[P/A] — dopmyaa, ecau u moavko ecau aroboe sroscdenue P 6
popmyay C ne naxodumcs 6 obaacmu deticmeus K8AHMOPa No nepemernot T €
BdVar, exodawet 6 A.

HoxkazarenbctBo. Heobxomnmocts 3T0r0 yeioBusi odeBuana. JloctaroqHOCTh 10~
Ka3bIBAETCS IIPOCTON MHIYKITHeH Mo mocTpoenuio dpopmyist C. X

Onpenenenue 3.56. [opopum, 4T0 paspewera nodcmaroska gopmyav, A emecmo
P 6 C, ecyin BBIIIOJTHEHO YCJIOBHE TIPEILIAYIIEH JIeMMBbI.

JIlemMma 3.57. (i) Ecau A = B, mo ~A = —B. Ecau A1 = By u Ay = By, mo
Al/\AQEBl/\Bg, Al\/AQ EBl\/BQ, Al —>A2 EBl —>BQ.
(ii) Ecau A = B u x € BdVar ne exodum 6 A, B, mo VrAla/x] = VzBla/z] u
dzxAla/z] = 3z Bla/x].

Teopema 3.58 (3ameHna 1moadopMyJIbl HA SKBUBAJIEHTHYIO). Fcau A = B u
pazpewena nodcmanoska gopmya A, B emecmo P 6 C, mo C[P/A] = C[P/B].

JokazarenbcTBo. Teopema J0Ka3bIBaeTCsS WHIYKIUEH 110 TIOCTPOEHUIO (DOPMYJIBI

C' ma ocHOBe OYEBHIHON JeMMbI 3.57. PaccMmorpuMm jnimb oanH HamboJiee HHTEpEeC-
HBINA CIIydail.
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Honycrum C' umeer sug VeD[a/z]. lockosnsky C' = VzDla/a'|[a’/z], nepexons
B ciryuae Heobxogumoctu K dopmysie Dla/a’] MBI MOXKeM CUUTATH, YTO IE€PEMEH-
Hasi a He BxoquT B A, B. Ilo npennonoxenuto nunyknuun D[P/A] = D[P/B]. Tak
Kak nozcranoBka dopmynr A, B B C' pasperiena, nepemennas x He BxoguT B A, B.
Orcioza no gemme 3.57 (ii) momyvaem

VaD[P/A][a/x] =VxD[P/B]la/x].
Tockonbky a He BxomuT B A, B Mbl umeem D[P/A][a/x] = Dla/x][P/A], orkyna
(VxDla/z])[P/A] = (YaD[P/Al[a/x]) = (Ve D[P/Bl[a/z]) = (VzD|a/x])[P/B].
X

KoMmbunupyst 3Ty Teopemy BMecTe C JIeMMOH 3.52 MBI MOJyYaeM CJIEIYIONee
YTBEpXKJIeHE O TIePEerMEHOBAHNN CBSI3aHHBIX IIEPEMEHHBIX B (hopMyJIe.

Jlemma 3.59. IIycmo y € BdVar ne exodum e gopmyay B. Toeda Blz/y] ecmo
gopmyaa u Blx/y| = B.

JokasaresbcTBo. IIpuMeHsieM HHIYKIMIO 110 YUCJIy BXOXKIEHUI KBAHTOPOB VI B
B. Ecsin Taknx BXOXKJIEHHI HET, TO yTBep:KaeHue odepujno. nave B = B'[P/C],
rue C = Ve Ala/x] aynsa nekoropsix dopmys B’ u A. 1o 1npeaiioioKeHuio nuyKiun
B’ = B" = B'[z/y]. Ilo nemme 3.52 C' = C’ = VyAla/y], nosromy

B'[P/C)= B"[P/C] = B"[P/C'].
Ho dopmyna B”[P/C’] cosnanaer ¢ Blx/y]. K

IlonsaTre Mozen Tak2Ke pacrocTpanseTcs Ha GOPMYJIbI sI3bIKa, PACIIHPEHHOTO
[IPONO3UIMOHAJIbHOI Tepemennoii P. IIpu stom P B Mmojenu M uHTEpPIpETUDYETCs
KakK JIOrmJeckasi KoHcTauTa, To ectb Pyy € B. Cunraercsa M F Py, eciiu Py = U n
M ¥ Py, eciu Py = JI. Tlpu 9mux coryiarmeHnsix moHSTHE OOME3HATUMO (POPMYJIBI
7 PABHOCHJIBHOCTU (POPMYJT PACHOCTPAHSETCA HA PACITUPEHHBIN SA3BIK.

Teopema 3.60 (o moacranoBke). ITycmo gopmysa A obwesnauuma u paspewe-
Ha nodcmanoska popmyan, C emecmo P 6 A, mozda obusesnavuma dopmyaa A[P/C].

Hoxka3zaresnnbcrBo. Paccyxkmaem or nporussoro. Homycrum, M ¥ A[P/C] upwu
HEKOTOPO# MOJACTAHOBKE /IeMeHTOB M BMECTO CBOOOIHBIX MEPEMEHHBIX 3TOM dop-
myJibl. [Tockosbky dopmysa C' He COAEpKUT JIPYyTUX CBOOOTHBIX IEPEMEHHBIX, TTPH
JIAHHOI II0JICTAHOBKE OHA UCTUHHA MK JIoyKHA. [Tosoxkum

Py =1 «— MEC.

Tem cambiM MBI foonpeieuyim Mogeab M J10 Mojiesd a3bIKa C MPOIO3UITNOHAI b
ot mepemenuoit P. Mnnyknueit mo mocrpoennio hopMysibl B 3TOro s3bIKa JIETKO
IpOBepAeTCs, YTO

ME B[P/C] <= MERB
Jtst Ji00oit hopmynnsl B, B KoTopyio pasperiena mojictanoBka C' Bmecro P. Orcioza
nostygaem M E A. X
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3.11 IIpeaBapénnbie HdOPMYJIbI

Omnpenenenne 3.61. Popmyna A HazwiBaeTcsa npedsapénnoti, ecmu A uMeer BUT
Qz1Qzs ... QrpAplbr /1, ..., by/xy], tne Q o3uavaer kBauTop V wim 3, a hopmyia
Ap GeckBaHTOpHAasI.

Teopema 3.62 (o npeaBapéuHoit dopme). Jas kaxncdol gopmyave A mosrcHo
YKa3amo sKeuearenmuyto et npedsapénnyro gopmyay A’ om mex sice c60600HbLT
NePeMEHHDIT.

Takyto dopmyny A’ maseiBaem npedsapénmoti gopmoti hopmymasr A.

JokazareabcTBo. [IpuMenssi OCHOBHBIE SKBUBAJIEHTHOCTH C KBAHTOPAME TTOCTE-
MIEHHO BBIHOCHM BCE KBAHTOPBI Hapy:Ky. BoJsiee (hopMasibHO, TOKA3BIBAEM TEOPEMY
MHJIYKIUEA 110 IIOCTPOeHIo A.

Vi106HO BBecTH cienymoilee obosnadenue. [lycts a, 0 03HAYAIOT IPOU3BOJIBHBIE
IOCJIeTOBATENILHOCTH KBAaHTOPOB Buja QriQxs ... Qw,, a oA o3HauaeT pesyabrar
NPUMEHEHUsI TOCJIEJ0BATEILHOCTH KBAHTOPOB v K hopmye A.

JIemma 3.63. /las aobvx o, B u aobwxr gopmys A, B, ne codeporcauur nepe-
MEHHBIT U3 Q, (3, UMeem:

(i) aANB=a(AANB); AV B =a(AV B);

(ii) ~ad = a—A, 2de & noayuaemces u3 o 3amenoli ecexr cumeoros 3 na ¥V u
naobopom.

HokasaresbcTBo. YTBepkaeHue (1) mokaswiaercs: nHAyKImeit o qymue «. lar
WHJYKIUA €CTh BTOPasi U TPEThbsl CTPOKa TADJIMIbI OCHOBHBIX SKBHBAJIEHTHOCTE.
Vreepxkaenue (ii) mosydaercs 10 UHIYKIMU U3 TOCIEIHENl CTPOKU Tab/IUIbI IKBU-
BajenTHocTeil. X

JlokazaTeJabCcTBO TeopeMbl. MoKeM CUuTaTh, 9T0 (hopMyJia A He COIEpKAT CBA3-
KU AMILTAKATIAN.

Ecmu A aromapna, To MOxKHO B3aTh A’ = A.

Ecin A = VaB[a/x], nycts B’ — npenpapénnas dbopma B. Ilepexosns K sKBuBa-
senTHoit dopmysne B = B'[x/x’], rne &' — HOBasi nepemeHHasl, 100UBaeMCsl TOTO,
uro z ue BxoauT B B”. Torna A’ = VaB"[a/x] — Tpebyemasn dopmya.

Ecmm A = =B n B’ — npenpapénnas ¢popMa B, TO IpuMeHsieM yTBEpPKICHUE
(ii) npeapiaymieil JeMMBbl.

Ecim A = (B V C), no Teopeme 0 3ameHe HOA(GOPMYJIbI HA SKBUBAJICHTHYIO
nonyuaeM A = (B’ vV (), tne B’ = aBy u C' = 3Cy — upensapénnbie GbOpMBIL
B u C, coorsercrienno (dbopmynnl By u Cy 6eckBanropubie). IIpoussensa samemy
CBSI3QHHBIX TIEPEMEHHBIX, BXoaamumx B C/ ) Ha HOBBIE, MOXKHO CUNTATDH, UTO MOCIIEI0-
BATEJILHOCTH (v U [3 COMEPKAT HE MEPECEKAIONIECs MHOKECTBA, IepEeMeHHbIX. Torna
JBaXKJIbl IPUMEHUMO yTBep:KAeHue (1) IpeblayIieil JeMMbI U MBI IOJIyYaeM

A= OZBQ \Y ﬂco = O[(Bo V ﬂc’o) = Ol/())(BO \ 00),

49TO U TPeOOBAJIOCH JTOKA3aTh.
Ciy4dail KOHBIOHKIINA PACCMATPUBAETCS aHAJIOrndHo. X
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3.12 Teopum u ux Moaei

Onpenenenue 3.64. Teopueli CUTHATYPBI Y HA3BIBAEM [TPOM3BOJBHOE MHOYKECTBO
T 3amMKHYTBHIX HOpMyT g3biKa Ly. DiaemeHTHl A € T HA3BIBAEM HEA02UHECKUMU
axcuomamu T'.

IIpumep 3.65. Teopus OTHOIEHUST SKBUBAJIEHTHOCTA B CUTHATYPE C €JIMHCTBEH-
HBIM OMHAPHBIM MIPEINKATHBIM CUMBOJIOM R 3a1aéTcst CJIeIyIONMMHI TPeMsl HeJIOTH-
YECKUMHU aKCHOMaMU:

1. Vz R(z,x);
2. Va,y (R(z,y) — R(y, x));
3. Va,y,z (R(z,y) A R(y, 2) — R(z, 2)).

Ounpeznesenne 3.66. Mogens (M;X) ectb modeav meopuu T (obosuauenue M F
T), ecam nyst ymoboit A € T M E A.

IIpumep 3.67. R ecTb OTHOIEHWE SKBUBAJEHTHOCTU Ha MHOXKecTBe M, eciu u
rosibko eciu (M; R) E T, rue T — Teopusi OTHOIIEHUsI S9KBUBAJEHTHOCTH.

IIpumep 3.68. Moueus (M; <) ectb cmpozut wacmuunvil nopsdoxk, ecan B (M; <
) MCTHHHBI CJIEJIYIONIHE TPeII0KEHNUSI:

1. Ve,y,z (e <yAhy<z—x<2)

2. Ve-zx <z
DTO MOXKHO CYUTATH ONPEIEJICHUEM CTPOIMX YACTHYHBIX HOPSIKOB. AKCHOMBI 1 1

2 3a1a0T MeoPUIo CMpo2uxr 4YacCmuvHvblr nop,ﬂ(%coe.

IIpumep 3.69. IIpocmoi epagp — 310 Monesn suga (V; E), tne V — MHOXKeCTBO
(Ha3bIBaEMOE MHOXKECTBOM BepinuH rpada), a £ — GUHADHBIN IPEIUKAT CMEHCHO-
cmu, TpudéMm oTHoIenne E cumMerpudHo u nuppedIIeKCUBHO:

1. Vz - E(z,z)
2. Va,y (E(x,y) — E(y,x))

AxcuoMmbl 1 1 2 331a10T Mmeopuro Npocmuir 2pagos.
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IIpumep 3.70. (M;=,-,1) ectb epynna, eciu M ecTh MOZIENb CIIEIYIONIEN TEOPUN
(mpu ycstoBum, 4T0 «=» B M IIOHMMAeTCsi KAk PaBeHCTBO):

L Yo,y oo (y2) = (@y) 2
2. Ve(l-z=aAhz-1=21)
3. Vedy(x-y=1Ay-x=1)

Ilox meopueti epynn, omHAKO, OOBIYHO HMOHUMAKT HECKOJIBKO WHYIO TEOPUIO,
dopMyIIpyeMyI0 B sI3bIKE C JOMOJHATEIHHBIM (DYHKITHOHAJIHHBIM CHMBOJIOM IIJIsI
omeparuu B3sATHA OOPATHOIO 3JjIEMEHTA. B TakOM S3bIKE aKCHOMBI TEOPHH TPYIII
BBIPA3UMBI IIPEIBAPEHHBIMU (DOPMYJIaMU, HE COIEPKAIUMU KBAHTOPOB CYIIECTBO-
BaHUS.

3.13 Teopuu c paBeHCTBOM

IIycts ¥ — curnarypa, cojiepKainas BbIJIEJTEHHBI MPETUKATHBI CUMBOJT «=».

Onpenesienne 3.71. Hopmaavhoti modeavro HasbiBaeM Mojenb (M; X)), B KoTopoit
«=» HMHTEpIpeTHpyeTcs Kak paseHcTBo {(z,z) | © € M}.

Onpenenenne 3.72. Axcuomovs pasencmea Ui ¥ CyTh YHUBEPCAIbHBIC 3aMbIKa-
HUA creayomux Gopmyir:
1. aKCHOMBI OTHOINEHHST SKBUBAJIEHTHOCTH JIJISA <=5 ;
2. ap=biNag=ba A---Na, =b, — (Pla,...,an) < P(by,...,by));
3.ar=biNag=baA---Na, =b, — (f(a1,...,an) = f(b1,...,bp)).

st Beex f € Funcy and P € Preds.

Cieytoree mpeiozKeHne BhITEKAeT HEIIOCPECTBEHHO U3 OIPEIe/ICHHIA.

IIpengioxxenne 3.73. Ecau (M;X) — nopmaavhas modeav, mo 6 M ucmurmo
8CE AKCUOMDL PABEHCTNEA.

Onpenenenue 3.74. Teopueti ¢ pa6ercmeom HA3BIBAEM TEOPUIO B SI3bIKE C PABEH-
CTBOM, COJIEPKAIILYIO BCE AKCHOMBI PABEHCTBA.

Teopema 3.75. Ilycmo T — meopus ¢ pasencmsom. Ecau T evinoanuma, mo T
UMEEM, HOPMAALHYIO MOOJEND.

HokazarenbcTBo. Ilycto M F T. Ilpeaukat =j); ecTb OTHOIIEHNE SKBUBAJIEHT-
Hoctn Ha M. Tonoxum M’ = M/=); — MHOXKeCTBO KJIACCOB SKBUBAJEHTHOCTH
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u nyctb ¢ : M — M’ conocrasiager mobomy x € M ero Kiacc SKBUBAJEHTHO-
ctu @(x) € M'. Bee DyHKIMI U IIpeKATHI CUTHATYDBI Y €CTECTBEHHBIM 00pa30M
nepenocaTea ¢ M na M': nmonaraem

PM'((P(‘rl)v'“v(P(xn)) — PM(xla”-vxn)
far(p(z), . op(@n) = e(fu(z, ... 20))

cyr = w(enr).

3aMeruM, YTO B CUJIy MCTUHHOCTU aKCHOM paBeHcTBa B M Bce QpyHKIUU U
IpeIuKaThl KOPPEKTHO omnpeesnensl Ha M, u M’ — nopMmasbHas MOIeNb.

Wnaykinueit mo nocrpoenuio popmysbl A mposepsieMm
ME Alxy,...,x,) <= M'E Alp(z1),...,0(zn)]-
Orcrona caenyer M’ ET.

YupaxkHenue 3.76. Bunuweme akcuomsv, Mmeopul, KOMMYMAMUSHBIT KOAEY, ¢ e0U-
Huyed 6 cuenamype =,+,—,-,0,1.

YapaxkHenue 3.77. Bounuweme axcuomv, meopuu noaett 6 mot sce cugHamype.

3.14 DaemeHTapHasi reoMeTpus

TloHast cucTeMa akCHOM JIJTst dJIEMEHTAPHOM reoMeTpun ObLIa ocTpoena /lasuaom
T'unbbeprom. B nanbheiimem akcuomaruka ['uapbepra ObLIa ONTUMA3APOBAHA, TIe-
JIBIM psiZioM mccienosareseil. Ilo-suaumomy, Haubosiee mpocras akCUOMaTuKa (Ha
OCHOBE IIOHATUS TOYKHU M OTHOWmIeHWH B,2) Gpuia npeoxena Asbdpesom Tap-
ckuM. VM ke ObLIN 10Ty YeHbl (byHIAMEHTAIbHBIE PE3YJIBTATHL O MIOJHOTE W pa3pe-
[IMMOCTH 3JIEMEHTAPHOM TeOMEeTPHH.

DieMeHTapHasi reoMeTpust Tapckoro mpejcrasisier cobo0if TEOPUIO IEPBOTO TI0-
psiika ¢ PABEHCTBOM B cHTHaType =, B, 3a/1aBaeMyo CJIIyIONIMI AKCHOMAaMU

G1-G11.

Axcuomaruka Tapckoro:

G1. ab=ba

G2. ab=pgNhab=rs—pqg=rs
G3. ab=cc—a=0

G4. Babd N Bbed — Babc

G5. 3z (Bqaz A ax = be)

Ha mpsmoit ga B cTOpOHY OT TOYKH @ TPOTUBOIIOIOXKHYIO ¢ MOYKHO OTJIOKUATD
OTPE30K 3a/IaHHOMI JIJIMHBI.
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G6. (akcmoma O IATH OTPE3KAX)
(a # b A Babc A Ba'b'd’ A ab = a'b' A be

A ad

-5

OTPE3KOB.

«yToJI» B aKCUOMaX IreoMeTpuun.

~

Ecmm pamnr weTsipe Toukm abed m cooTBercTBytomue num Toukn a'b'c’d’ Takme,

YTO JJIMHBI COOTBETCTBYIOMIUX PUCYHKY YeThIPEX (HOMEYEHHBIX YEPHBIM IIBE-

TOM) OTPE3KOB DABHBI, TO PABHBI U JUINHBI NATHIX (IIOMEYEHHBIX KPACHBIM )

b

add ANbd=Vd)—cd=cdd

DTa akcHoMa 3aMeHsieT MPU3HAK PABEHCTBA TPEYTOJBHUKOB IO JBYM CTOPO-

HaM M YTIJIy ME>K/1y HUMH N II03BOJIAET I/I36e)KaTb HNCIIOJIB30BaHUA IIOHATUA
G7. (akcuoma ITama)

Bapce A Bgeb — Jx (Baxg N Bbpx)
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Caenyromue akcuombl G8 u G9 HaspiBaroTcst akcuomamu pasMepHocTu. G8
BJIEUET, UYTO Pa3MEPHOCTb IPOCTPAHCTBA He MeHee JBYX, a G9 — uTo oHa He

6oJtee IBYX.

GS8. (dim > 2)
Jdz,y,z (nBxyz A ~Byzx A ~Bzzy)

CyIecTByIoT TpU TOYKH, HE JIeXKAIHE Ha OIIHOM IPSIMOIA.

G9. (dim < 2)
(p1 # p2 N ap1 = apa A bpy = bpa A cpr = cpa) — a € be

Toukwu, HaxoAIIMECT HA PABHOM PACCTOSTHUU OT JBYX JIAHHBIX TOYEK Pi, P2,

JexkaT Ha OJHOI IPAMOM.
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G10. (akcuoma Eskimnia)

Badt A Bbde A a # d — Jx,y (Babx A Bacy A Bytx)

OTa aKCUOMa, SIBJISICTCS O‘ZLHOIZ N3 39KBUBAJICHTHDBIX (l)Opl\’I AaKCHUOMBI O IlapaJi-
JIeJIbHDBIX.

G11. (cxemMa akCHOM HENPEPLIBHOCTH )

st siiobbix popmyst C, D umeeM akcHoMy

JuVz,y (Cla/x] A D]a/y] — Buzy) —
JuVz,y (Cla/z] A D]a/y] — Bzvy)

Ilepemennsnie x,y, u, v ue Bxogar 8 C, D.
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Eciu Toukn, ynosnersopsioniue csoiictBy C', JiexKatT Mexk, 1y (pUKCHPOBAHHOM
TOYKON u U JIFOOOI M3 TOUEK, YAOBIETBOPAIONINX CBOHCTBY D, TO HaliéTCs
TOYKa v pasuessitomast Touku u3 C' u D.

Takum 06pasoM, 3Ta aKCHOMA SIBJISAETCS PA3SHOBUIHOCTHIO U3BECTHON U3 KYyP-
Ca aHaJan3a aKCUOMBI ITOJHOTHI (;Lﬂﬂ JIEACTBUTEbHONI HpﬂMof/’I). ITpunmumnu-
aJIbHO, UTO 3J1eCh Pedb HJIET JIUIIb O MHOXKECTBAX TOUYEK 0npedesumvbit pop-
mysnamu C' u D s3bIKa 3JIeMEHTapHONU T€OMETPHH.

B nosizoM cBoéM 00bEME, TO €CTh JJIsl TPOU3BOJILHBIX MTOJIMHOYKECTB IIPSIMOM,

9Ta AKCHOMa HE BBIPA3MMa B JIOTMKE I1EPBOrO MOPsiiKa (6e3 MCIIoab30BaHMsl
HOHATUS MHOYKECTBA).

3ameuanue 3.78. B reomerpun BTOpOro mopsijika Hapsay ¢ T€PEMEHHBIMH 110 TOY-
KaM IIPOCTPAHCTBA UMEIOTCs rtepeMeHHble X, Y, ... 10 MPON3BOJILHBIM MHOXKECTBAM
TOYEeK U OMHAPHOE OTHOIIEHNE € MEXKJIy TOYKAMU M MHOYKECTBAMHU. 3aMEHa CXEMbI
G'11 Ha HMIKeCJIeIyONYyI0 aKCMOMY HenpepbIBHOCTH BTOporo nopsiaka G117 maér
MTOJTHY IO AKCUOMATUKY MeOMETPHUH €BKJINIOBOI IIJIOCKOCTH, YKBUBAJIEHTHYIO U3BECT-
HO#l akcmomaruke ['mapbepra. ITa cucrema akcroMm 00JIa1aeT CBOMCTBOM Kamezo-
PUMHOCTAU, COCTOAIIAM B TOM, 9TO JII0Gas MOJEIb cucTeMbl akcnoM G1 — G117 uso-
MOPPHA €BKIMIOBOI MI0OCKOCTH. Hike MBI yCTAHOBHM, YTO HHUKAKOE MHOXKECTBO
AKCHOM II€PBOI'0 IOPsIIKa He 00JI1a/1aeT ITUM CBOHCTBOM.

G11'. (akcmomMa HEPEPBIBHOCTH 2-TO TOPSIIKA.)
VXY (GuVz,y (x € X Ay €Y — Buzxy) — FoVz,y(x € X Ay €Y — Bawy)).
3.15 Teopembl Tapckoro o mojHOTe U Pa3pPeNIUMOCTHU 3Je-

MEHTapHOI reoMeTpun

IIpuBeném Ge3 joka3aTeIbCTBA CIIEIYIOINIME JBA BaXKHBIX pe3yJsbTaTa, IIPUHAJIJIE-
xamux Asnbdpeny Tapckomy.

Teopema 3.79. Jlas 4106020 npedrosicenus A A3bIKA IAEMENMAPHOT 2e0MeEMPUL,
ecau (R%;=,B,2) E A, mo A noeunecku caedyem us axcuom G1-G11.

Teopema 3.80. Cywecmsyem arzopumam nposepku npouseosvhots gopmyavt A a3vi-
Ka 2AEMEHMAPHOT 2COMEMPUL HA ELINOAHUMOCTD 6 RZ.

4 HcuucjaeHue npeankKaToB

4.1 AkcuomMbl 1 IpaBuJjia BbIBOJAa

Hcuucnenue npedurxamos CUTHATYPBI ¥ 33Ia€TCs CJIEAYIONUMU CXeMaMU aKCHOM U
MIpaBUJIaMU BBIBO/IA.
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AKCHUOMBI:

Al. aKCHOMBI UCYNCJIEHUs] BBICKA3bIBAHMUIA,

A2. VzAla/z] — Ala/t],

A3. Ala/t] — JxAla/x).

Cxemy akxcuom Al Goslee aKKYpATHO MbI MOHUMAEM CJIEIYIONTUM 00Pa30M.
Eciu A(Py,...,P,) — akcuoma uc4ucjaeHusl BbICKa3biBaHuii, To ¢dhopmysia

A[P,/C,. .., P,/C,] ecrb akcnoMa UCUUCIICHUS TIIPEIUKATOB JIJIsT JIOOBIX hop-
mya Cy,...,C), curHarypsr 2.

B akcuomax A2 u A3 A — mobas popmysa curaaTypsl X u t — J1000i Tepm
(nepemennasi  He BXoAuT B A).

IIpaBusia BeIBOAA:

R1. AAT—}B (modus ponens)
_ A—B
A — VzBla/x]
R3. _ B—A
JxBla/x] — A

B npasunax R2 u R3 nepemennas a we sxoaut B A (1 © me sxomur B B). IIpasuia
R2 n R3 naspBatorca npasusamu Bepratica.

Omnpenenenne 4.1. Bwigodom 6 ucuucaeruu npeduramos Ha3bIBAETCsS KOHETHAsT
MTOCJIEIOBATEIHLHOCTD (DOPMYJI, KaXKIasl N3 KOTOPBIX JIMOO SBJISIETCS aKCHOMOiA, OO
[TOJIy9aeTCs U3 MPEIbIIyIX (OPMYJI IO OJHOMY U3 mnpaBuii BeiBoga R1 — R3.

IIpumep 4.2.
VzAla/z] — A (A2)
VzAla/x] — VyAla/y] (R2)

Onpenenenune 4.3. @opmysna A Ha3bIBAETCs 8b1600UMOT B UCIUCIEHUN [IPEIUKA-
TOB WJIM Meopemoti NCIUCIIeHNs npeauKkaToB (0bo3Havenne  A), ecan cymecTByer
BBIBOJI, B KOTOPOM TOCJeIHsIs (hopmysa ecTh A.

IIpumep 4.4. F VzAla/z] — VyAla/y] nnst so6oit bopmyssr A.

4.2 BbIBOIUMOCTHb B T€OPUM

st ucauciieHnst MpeIMKaTOB Mbl PACCMATPUBAEM IOHSATHE 6bl800UMOCTU 6 MEO-
PUU, KOTOPOE SIBJISIETCsT aHAJIOTOM ITOHSATHUSI BBIBOAMMOCTH U3 TUIIOTE3 JIJIsi UCUUCTIE-
HUs BeICKasbiBaHuil. Ham Oyner yio0HO cunTarh, YTO TUIOTE3bI SIBJISIOTCS 3aMKHY-
TBIMU (POPMYJIAME, YTO COOTBETCTBYET IOHSITUIO TEOPUN KAK MHOYKECTBY 3GMKHY-
muxr HOPMYII.
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Omnpenenenne 4.5. Boisodom 6 meopuu T HA3bIBAETCS KOHETHAS TOCJIEI0BATE b
HOCTB (DOPMYJI, KarKasi U3 KOTOPBIX JIMOO IMPUHAJIEXKUT MHOXKeCTBY 1, JinbO siB-
JIsieTcsl JIOrmueckoit akcuomoit Buga Al — A3, nubo mosydaercst U3 MpeablLyIiux
dopmyst o ogHOMY U3 mpaBmwi BeiBoga R1 — R3.

Ounpenesenne 4.6. Gopmysa A HasbiBaercs 6w60dumoli (dokasyemotil) 6 meo-
puu T wnun meopemot; T (obosnauenne T + A), ecim cymecrByer BbiBOJ B T,
B KOTOPOM TIOCJeIHsIsE (hOPMYJia €CTh A.

Onpenenenune 4.7. @opmyna A onposeporcuma B T, ecoiim T F —A.
Onpenenenune 4.8. @opmyna A nezasucuma or T, ecoiim T ¥ A u T ¥ —A.

HpOCTeIU/IIHI/Ie CBOMCTBa OTHOIIIEHUS BbBIBOAUMOCTHU B TECOPpHU JIsd HMCYHCJICHUA
IPEeaINKAaTOB aHAJIOTUYIHBI CBOIICTBaM OTHOIIIEHUS BBIBOOAVMMOCTH U3 THIIOTE3 JJIA MC-
YUCJIEHUST BHICKA3bIBAHUN.

e Eciu TCUu TFA to Utk A (monomonrocms).

e Ecsim T+ A, To cymecrByer Takoe KoHeuHOe MHOXKecTBO Ty C T, uro Ty FH A
(Komnaxmmocms).

e Ecsm T+ A u s kaxoii akcuombl B € T umeer mecro U F B, 10 UF A
(mpansumusrocms).

IIycts T, U — Teopun curHaTypsl X..

Onpenenenue 4.9. Teopus U codeporcum T, ecom jyist moboit A € T U + A
(obozuauenue U F T)).

Onpenenenne 4.10. Teopuu T u U (dedyxmueno) sxeusanrenmnw, ecom T F U
u U+ T (o6oznavenne T = U).

4.3 Teopema o TaBTOJIOTUU

IIpennoxkenue 4.11. Ecau A(P,...,P,) 6b600uma 6 UCHUCACHUYU BHICKA3bIGA-
Hutl, mo das aobvix gopmys Cq, ..., Cy, cusnamypvt 3 dopmyara

A[P,/CY, ..., P,/Ch]
emeoduma 6 ucHucaAerHuu npeaunamoe.

HokazarenbcTBo. VHayKius 10 mocTpoeHuio BbiBoga dpopMyssl A. Ecom A —
AKCHOMa WMCYUCJIEHUSI BBICKA3BIBAHUIN, TO PE3YJILTAT MOJCTAHOBKHU SIBJISIETCS aKCH-
omoii Buga Al. Eciu A nonydena us3 B u B — A no npasmwiy modus ponens,
TO IO TIPEJIIOJOKEHNIO UHIYKIIMA B UCIUCJICHUH TPEIUKATOB BBIBOJUMBI (hOPMY-
ast B[P /Cy,...,P,/Cy]u B[P1/Ch,...,P,/Cy] — A[P/CY, ..., P,/C,]. Orciona
AP, /C,. .., P,/C,] BeiBoguTCs 10 mpaBmity modus ponens. X
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3ameuanue 4.12. D10 npeJioXKeHne yI100HO IPUMEHATh B KOMOUHAIIUH C Teope-
MO O TOJHOTE JJIsI MCUMCJICHUS BbICKa3biBaHUil. IToCKOIBKY Jr00ast TaBTOJIOIHs
BBIBOJIIMA B MCYUCJIEHAN BBICKA3BIBAHMIN, AaHAJOTUIHOE YTBEPIKJICHUE NMEET MECTO
B upesnosoxkenuu, yro A(Py, ..., P,) — TaBrosorus.

ITpumep 4.13. s sr060ii popmysibl A curaarypst X popMmysibl A — Au AV—-A
BBIBOJIUMBI B UCYUCJIEHUY TIPEIUKATOB.

4.4 Teopema o JeayKnuu
Kak o6brano, mumem T, A = B Bmecro T U {A} - B.

Teopema 4.14. las b0t meopuu T u 3aMKHYTOR gopmyav, A

T AFrB <— T+HA— B.

HoxkaszarenbcrBo. Nuaykimus no jguHe Boioga 1, A F B. Pazbupaem jiniib HOBbIE
cJiydau, oTHOcAmuMecd K nmpasuiaam R2 u R3.

Honycrum B = (C — VaDla/z]) nonydena n3 C — D o R2. ITo npesmomnoxke-
HUTO UHJTYKITUI

THA— (C— D).

Hao mocrpouts BBIBOA,
THA— (C—VaDla/x)).
PaccMoTpuM TaBTOJIOIHIO
(P—=(Q—R) < (PANQ— R).
[Mogcrasisis A Bmecto P, C' Bmecro @ u D BMecTto R nosydaem, 9to Gopmysia
(A—-(C—- D))~ (ANC — D)

BBIBOJIUMA, B UCUUCJIEHUN TIPETUKATOB.
Takum o6pasom, BoiBog, A — (C — D) B T MOXKHO IPOJIOJIKUATD:

A— (C— D)

(A= (C—=D))— (ANC — D) (raBrosnorus)
(ANC)— D (MP)

(ANC) — VzDla/x] (R2, A 3amkHyTA)
A — (C = VzDla/z]) (amasormIHO)

IIpasuio R3 paccmarpusaerca anagornyno. X
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4.5 HemnpoTnBopevYnBOCTh 1 KOPPEKTHOCTH

Omnpenenenne 4.15. Teopust T' npomueopeuusa, eciu cyiectsyer dopmyna A
takast, uro T'F A u T F+ —A. B nporusnom citydae Teopusi T HA3BIBAETCS HENpo-
mueopeuusot.

W3 Teopembl 0 ey KIHH [IOIy9IaeM CJIELYIOIIEee CAeICTBUE.

Caencrue 4.16. ITycmwv gopmyaa A zamxnyma. Tozda meopus TU{A} npomu-
sopevusa <= T F —A.

Creyromas TeopeMa HA3bIBACTCA MEOPEMOTE 0 KOPPEKMHOCTIU UCHUCAECHUS Npe-
Jduxamos.

Teopema 4.17. Ecau M ET w T F B(by,...,by), mo M E B[by/x1,...,bn/xy]
ONA AI0OVIT T1,. .., Ty € M.

HoxkazarenbcrBo. Uaayknust o jjuue BoiBoga dopmysist B 8 T. Ecom B € T,
t0 M F B, nockonbky M E T.

Pacemorpum coayqait, korma B — jormdeckas akcuoma Buga A3, To ecth B =
(Ala/t] — FzAla/z]). Moxnuo cuntars B (HOCTE MONCTAHOBKN KOHCTAHT BMECTO
CBOGOJTHBIX TIEPEMEHHBIX) 3aMKHYTOH (GOPMYIIOit, a t — 3aMKHYTBHIM TEPMOM CHTHA-
Typsl L(M).

Honycrum M E Ala/t]. Ilycts ¢ = tpr, Torma M F Ala/c], a snaunt u M F
Jdx Ala/z] (cm. oupenenenne uctunaocTH hopmyi). Tem cambim Jrokazano, aro M
Ala/t] — JzAla/x].

Akcrombr Bujia A3 paccMaTpHBAIOTCS AHAJIOIMIHO.

Pacemorpum ciry4aii, korma B — akenoma Al, To ectb B umeer Bug Bo[Py/Ch, . . .

rue Bo(Py,...,P,) — akcuoma ucuucienus sbickazbianuii. Cauraem C1,. .., Cp,
3aMKHYTbIME bopMmysamu curHaTypsl L(M) u nokaxkem M E B.
Homnycrum M ¥ B. PaccMmorpum oneHky f IPOIO3UIMOHAJIBHBIX IIePEMEHHBIX
Pi,..., P, Takyio, 910
def
Torma jyis 10601 pono3uronanbHoil dopmyist D( Py, ..., P,) nHuyKiweii mo no-
crpoennio D JIerko JOKa3bIBaeTCsl SKBUBAJIEHTHOCTD

f(D)=W < MED[P,/Cy,...,P,/Ch].

B wacruocru, mis D = By nonyuaem f(By) = JI, nockonsky M ¥ B. D10 nporu-
BOPEYUT IMPEIIOJIOXKEHUIO O TOM, 9T0 By — TaBTosorus.

Paccemorpum Temeps cirydaii, korga B mojiydeHa 1Mo OIHOMY U3 MPABUJI BBIBOJIA
R1-R3.

Eciu B noisyuyena u3 A u A — B no npasuiay modus ponens, Mbl HMEEM IO
npeosoxkenuto uaaykuun M E Au M E A — B (cunrass A u B 3aMKHYTBIME
dbopmynamu curaaryper X(M)). Torma M E B B cuily onpejiesieHusl HCTHUHHOCTH
JIJIST UMILTAKATIAN.
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Honycrum B = (A — VaCla/x]) nonyuena uz A — C 1o npasmiy R2. Cunraem
B zamknyTO# dopmynoii B currarype X(M). Tlo upennonoxennto uaaykimu M E
A — Cla/c] nnst Beex ¢ € M. Ecom M ¥ A, to ouesugo M E A — Va Cla/x].
Nuave M F Cla/c] mns Becex ¢ € M u tem cambim M E Vz Cla/z]. IIpasnno R3
paccMaTpuBaercs aHaJorudHo. X

Caencreue 4.18. Fcau b A, mo A obwesnavuma.

TeopeMa 0 KOPppPEKTHOCTU HCUUCTEHUST TMPEINKATOB UT'PAECT POJIb IPHU JOKA3a-
TeJbCTBE HETPOTUBOPEUYMBOCTU TEOPHUN M JOKA3aTeIbCTBE HE3aBUCHUMOCTHU YTBED-
2KJIGHUH OTHOCUTEJILHO JJAHHOI TEOpUM.

Caencreue 4.19. Ecau meopus T umeem modeav, mo T Henpomusopenusa.

ITpumep 4.20. Cremyroriye TeOPUU HEMTPOTUBOPEUUBHIL:

® JICYHCJIeHUE IIPpEJINKaTOB ,HaHHOfI CUTHaATYPbI (C IIyCTbIM MHOXKECTBOM HEJIO-
I'MY9eCKUuX a,KCI/IOM);

® TeOopUsl OTHOIIEHUS KBUBAJIEHTHOCTH;
e Teopus I'PYIII;
® 3jleMeHTapHasd IeOMeTpHUs.

Jist moKa3aTeIbCTBa HE3aBUCUMOCTH YTBEPXKIACHUI TIOJIE3HO CJIEIYIOIIEee CIIe]I-
CTBHE T€OPEMBI O KOPPEKTHOCTH.

Caencreue 4.21. Ecau cywecmseyem modeav M meopuu T das xkomopot M E A,
mo T ¥ A.

IIpumep 4.22. Mozens Ilyankape H? nokassiBaer, uTo aKcuoMa EBKJIIIa He BbI-
BOJIMMA U3 OCTaJIbHBIX aKCHOM 3JIeMeHTapHOi reomerpun. Monens R? nokassisaer,
9TO OTPUIAHUE aKCHOMBI EBKJIM/Ia HE BBIBOJMMO U3 OCTAJBHBIX aKCHOM.

5 TeopeMbl O IIOJHOTE M KOMIIAKTHOCTH

5.1 Teopema I'énesiss o mmoiHOTE

Teopema 5.1. 1. Bcakas nenpomusopenusas meopus T 6vnoanuma, mo ecmov
umeem modeav M ET.

2. Ecau TV A, mo natidémes modeav M E T das xomopot M ¥ A.
3. TE A gaewém T F A.
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Mur me JIOKa3bIBaeM T€OpeMy Fé,[LeJ'IH O ITIOJTHOTE, HO YCTaAaHOBUM PaBHOCUJIbBHOCTDH
ITUX yTBep)KILeHHfI.

(1= 2): Eciu T ¥ A, 1o no reopeme o nexykuyn I'U{—A} menporusopedunsa.
Caenosaresnbro, T U {—A} umeer moness M.

(2 = 3) : oueBnzHO.

(3=1) : Bozpmém A = (BA—B). Torma T ¥ A, caenoBarensio T F An'y
reopun T noskHa 6bITH MOJEIb (onpoBepraomasn A).

5.2 Teopema MaJjibieBa 0 KOMIIAKTHOCTH

Teopema 5.2. 1. Teopusa T evnosnuma <= a1000€ KOHEUHOE NOOMHOINCE-
cmeo Ty C T evtnoarumo.

2. TE A < cywecmsyem makroe xKoneunoe mmoxcecmeo Ty C T, umo
T F A.

Teopema 0 KOMIIAKTHOCTU BBITEKAET M3 TEOPEMBI O IIOJHOTE U CBOWCTBA KOM-
[AKTHOCTY OTHOIIEHUsI BEIBOAUMOCTU. OHAa sIBJISI€TCS II0JIE3HBIM HHCTPYMEHTOM IIPU
IIOCTPOEHUN MOJIesIell TeopHil mepBOro MopsiKa. B KatecTBe Ba2KHOTO IIpUMepa, MbI
pacCMOTPHUM HECTAHIAPTHBIE MOJEN apU(pPMETHK.

5.3 Hecrangaprable Mmogesiu apudMeTuKn

IIpumep 5.3. Ilycrs (N;=,5,+,-,0) — crangapruaas mouesns apudmeruku u T'h(N)
€CTh MHOYKECTBO 6CeT UCTUHHBLIX B N IIpeIoXKeHnii.

JloGaBuM K CUTHATYpE HOBYIO KOHCTAHTY C U PACCMOTPHM TEOPHIO
T =Th(N)U{=c=0,-c=50,-¢c=850,...}.

Tepm it = SS...50 (n pa3) nazsiBaeM nymepasom. Hymepasnbl ciayzxkar ume-
HAMHU HATYPATHHBIX THCEJL.

YrBepxkaenue 5.4. Kaowdas koneunas nodmeopus Ty C T evinosruma.

HokazarenbcTBo. T( COMEPKUT JIUITHL KOHYHOE YHMCJIO aKCHOM BHUIA C 7 71, - ..,
¢ # fy. MnrepnperupyeM KOHCTAHTY ¢ B CTAHJIAPTHON MOJEJN KAk JII0DOE JIUCJIO
m>ng,...,ng X

ITo Teopeme 0 KOMIAKTHOCTH CymiecTByer (HopMmasbHas) mopens M E T. Mo-
nesb M obnajiaer Ce Iy oMy CBONCTBAMMT:

e N uzomopdHna HadajgpHOMY cermenTy M Biuoxkenune N — M zajmaéres pyHK-
nuet ¢ :nm—— npy.
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e M ETh(N);

e M %N, Buacraoctu ¢y € M ecTb «BGECKOHETHO DOJIBIIIOE YUCIIO», TOCKOIBKY
Cpf OTJIMYIHO OT BCSAKOro n € N.

0 1 2 CM
Dopmyna a < b = Jz(z # 0Aa+x = b) oupenessier nopsok B N. [jia manHoit
dopmysibl B N BBITIOTHEHBI AKCHOMBI CTPOTOrO JIMHEHHOTO MOPSJIKA W CJIEJ YOI
[IPeJIOYKEHHUSI:

o Vr (0<zV0=ux);
e Vrdy(x <yAVz(z<y—z=zVz<zx));
e Vy(y#A0 -z (x <yAVz(z<y—z=zVz<zx))).

CirenoBare/ibHO, Te Ke aKCHOMbI BhIoHEeHb U B M. Tlosromy npemukar < s
Ha M mpencraBisieT coOOit CTPOrnii JMHEHHBIN MOPSI0K ¢ HANMEHBIIINM 9JIEMEHTOM
0. IIpm sTOM KaXKABII JI€MEHT MMEET IMOCIeI0BATENsI, U KaXKIbIi 9JIEMEHT, KPOMe
0, mMeeT HEIOCpPeCTBEHHOTO TIPEIITIECTBEHHUKA.

rz—1 T z+1

Onpenenenue 5.5. Djementsl x,y € M 6ausku, eciu 1ajs HekoTroporo n € N
BoiosHeno y = SS... S(z) wm . = 55 ... S(y) (n cumBosoB 5).

Kiracchl 5KBUBAJIEHTHOCTH 110 OTHOIIEHUIO OJIM30CTHA HA3BIBAEM 20AGKMUKAMU.

YrBepxkaenue 5.6. FEcau G — zanaxmuka 6 M, G # N, mo nopadox (G, <nr)
usomoppen (Z,<).

IIycts G ecth mMHOXKecTBO Beex rajgakTuk B M. Omnpemenum G <pr Ga, ecin
Juist moobx © € G1, y € Go © <pr y.

Teopema 5.7. Ilopsadox (G, <pr) ecmv naommuwidi nopadok 6e3 nauboavuwezo ane-
MEHMA, HAUMENDUWUM INEMEHMOM KOMOPO20 Aeasemca N.

JokazarenbcTrBo. Ecin Gy < GG, Bo3bMéM uérhble £1 € G u x9 € G5 1 pac-
cMotpuM Y = (1 + 22)/2 (byskuns g(x) = x/2 onpejenuma B N, a 3HAYUT U B

Eciu y € Gy, 1o (21 +x2)/2 = x4+ 71 ayia wekoroporo n € N. Toruna 21 + 20 =
T1 + Ty, OTKyIa T1 + 2 = X2, TO ecTb Lo € G1.

Ananornuno nokaspiBaeM y ¢ Ga.

Jloka3aTebCcTBO OTCYTCTBHS HAUOOJIBINErO JIEMEHTa OCTABJISEM B KAdeCTBE
yrnpaknenus. X

VYanpaxnenue 5.8. Jloxazamv, wmo oaa a10600 2araxmuruy G1 6 M natidémesn
2araxmura Go maxas, wmo G < Ga.
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5.4 DieMeHTapHas 3KBUBAJIEHTHOCTbD

IIycts Sty;, — MHOXKeCTBO IIpeIOKEHH CUTHATYPLI %

Ounpenesenune 5.9. Daemenmapras meopus modeau M ects muokecrso Th(M) =
{AGStEZM':A}.

Onpenenenue 5.10. Mogenu M u N CUTHATYDBI X2 94EMEHMAPHO IKEUBAAEHITIHDL
(M = N),eciu 8 M u B N UCTUHHBI OJIHU ¥ T€ YK€ HPEIJIOKEHUST X, T.€. €CJHU

Th(M) = Th(N).

YrBepxkaenue 5.11. M = N saeuém M = N. Obpamnoe, 60obue 2060ps, Hesep-
HO.

5.5 Ilommonenn

Onpepestenne 5.12. (N;X) ectb nodmodeas mopenu (M;X), ecnu N C M u st
Bcex P € Predy, f € Funcyg, ¢ € Consty, umeem Py = Pyy | N, cpy € N, N
3aMKHYTO OTHOCUTeJbHO fry u fnv = far [ V.

IIpumep 5.13. Ecim (G;=,-,1,(-)"!) — rpynmna, To noamosemu G cyTh TOArpyTI-
uet rpynnbsl G. Eciu ke G pacemarpuBaerca kak mouenb (G5 =, -, 1), To eé moamo-
JIeTSIMA Oy Ly T OOy TPYIIIBI ¢ eUHATEH Tpynsl G.

5.6 DJieMeHTapHBbIE MOAMOJIEJIN

Ounpenesnenne 5.14. Ilommonens (N;X) monenu (M;Y) anemenmapna (0bozua-
yenne N < M), ecam jyist Bcex A € Fmy,

vZ e N (N E AlZ] < M E AlZ)).
YrBepxkaeHue 5.15. N < M eaewém N = M.

IIpumep 5.16. Eciiu M — moznens Th(N), to N g M.

Hoxka3zaresbcrBo. Bioxenue ¢ : N — M neiicryer no dopmyie o(n) = (7).
Hokazxkem, uaro ¢(N) ects mogmomens M.

Hcno, uro mogmuOKecTBO (N) C M 3aMKHYTO OTHOCUTEIBHO DYyHKIMA Sy U
Sa(p(n)) = o(Sn(n)). Paccmorpum reneps dyuknuio cioxenus +. Hamo ycrano-
BUTH, 4TO ¢(N) 3aMKHYTO OTHOCHTEIBHO + ) 1

o(n) +um p(m) = p(n +m).

DTO BBITEKAET U3 PABEHCTBA T + T = M + 1M, KOTOPOE sIBJIsieTCsl UICTUHHBIM B N 1
noromy BxoauT B Th(N). OyHKIMS yMHOXKEHUs] PACCMATPUBAETCS AHAJIOTHIHO.
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DJIeMEHTAPHOCTD BJIOXKEHUS CJIEAYeT U3 HENOYKN 3KBUBAJEHTHOCTEH, BEPHO
JIsL JTIOOBIX N, ..., Nk € N:

NE Any,...,n;] < NE A(nq,...,7x)
<— MEA(m,...,nx) < ME A[ny,...,ng).

Bropast sxkeuBasenTHOCTD coenyer u3 M F Th(N). K

5.7 Teopema JIéBenreitma—Ckosema

[Iycts ¥ — cuérHas curHarypa.

Teopema 5.17. Bcesakxas modeav (M;X) umeemn (konewnyro uau) cuémmuyro ane-
MEHMAPHYIO NOOMOEND.

JlokazaTebcTBO. 110CTpONM TI0C/IeI0BATEIBHOCTE CISTHEIX OJIMHOYXKECTB MOJIe-
aa M
NoC N CNyC ...

CJIETYIOTIIM 00Pa30M:

e Ny — j0060€e HemycToe CIETHOE TTOAMHOXKECTBO M.

o st kaxk 1ol hopmysiet Ala, 5] n Habopa § € Ny, ecitu M E JvA[v, 3] BBIGEpEM
x € M rakoit, uro M E Alx,y]. lobaBum Bce Takue & K Ny 1 HoxyauM Ny 1.

TMonoxum N = k>0 Nj. ITo mocTpoenuio MuoxkectBa N moOJIydaeM CJIeIyIoee
CBOHCTBO.

Jlemma 5.18. Jlas w0600 popmysve A u ecex § € N
M E A, Y] <= Jz e N ME Alz,y].
Jlemma 5.19. N ecmv nodmodeav M.

Hoxka3zaresnscrBo. [Iycrs £ € N, f € Funcy. [ockonsky M E v f(Z) = v, umeem
y € N rakoii, uro M E f(Z) =y, re. fp(Z) € N. K

Wupykiueit o mocTpoeHuio A renepb MoKaykem
Vi e N (NE Aly] < M E Aly)).

e JIna aromapubix dopmyn A ciegyer u3 Toro, uro N — mogmonens M.
o /Ina A=-B, BAC, BV C BbITeKaeT U3 MpeIooKeHUs HHYKIIUH.

e Jonycrum A = JvB[a/v]. Torma

M ¥E JuBla/v,y] < Jr € N M E Bz,
<= Jx € N NE Blz,j] < NF FvB[a/v,q].
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X

Caeacrsue 5.20. Bcakas HENPOMUGOPEUUBAA MEOPUA 6 CUEMHOTI CULHAMYPE UME-
em (KoHewHy1o uau) cuémmyio modens.

Caencrue 5.21. (i) Cywecmsyiom cuémnvie modeau Th(R) u Th(C).
(ii) Cywecmsyem cuémmuas modead dAEMEHMAPHOT 2EOMEMPUL.

(iii) Eeau meopus muoocecrne ZFC nenpomusopenusa, mo cyuecmeyem u cHém-
Has modeav ZFC.

Ciremyrolee yTBep:K IeHIEe, HECKOJIBKO 0000IIAIoIIee Ipe bl Iy 0 TEOpeMy, HHO-
rIa Ha3bBAIOT TeopeMoil JIéBenreiima—CKoreMa O MOHMZKEHIN MOITHOCTH. *

Teopema 5.22. ITyemv (M;%) — beckoneunas modeav 8 cuémmuoli cuzramype u
A < |M| — 6eckoneuwnas mowrocms. Toeda natidémes nodmodeas N < M maxas,
wmo |N| = .

JokazarenbcTBo. Ta Ke KOHCTDYKIUs, HO HAUMHAEM C JIFOOOTO ITOIMHOXKECTBA
Ny € M wommaoctr A. ITockosrbKy curarypa ca6éTHa, HETPYIHO MOKA3aTh 110 WH-
JIYKIIIH, 9TO BCe MHOKeCTBa Np, Tak »Ke KakK U nx obbeannenue N, UMEIOT MOIII-
HOCTH A. X

5.8 Teopema JIéBenreiima—CKoJiemMa O MOBBIIIIEHUN
MOIITHOCTH

[Iycts ¥ — cuérnas curnarypa.

Teopema 5.23. /[las 410600 Geckoneunot modeau (M;X) u mowmocmu A > | M|
natidémea modeav (N; ) makas, wmo M < N u |[N| = A

Hoxka3zaresnbcrBo. Bosbmém X DO M, |X| = A. Paccmorpum curnarypy YLy =
Y U{c:ce€ X} u reopuio

T:=Th(M;Xx)U{c#d:c,de X, c+#d}.

Kazk1as KOHEIHOE MOAMHOXKECTBO Teopur 1 coBMecTHo. IIo Teopeme 0 KOM-
nakraoctu T mmeer nHopmasbhuyo moiesab N. Ho dyukuusa ¢ : ¢ — (¢)n uib-
ekTHBHA B cuiy akcuoM T, cienosaresnsio |[N| > | X| = A. T.k. N E Th(M;Xx),
T0o @(M) ectb nogmozeny N usomopduas M u (M) < N. Dr1o paccyxieHue
COBEPIEHHO aHAJIOTHIHO y¥Ke pa3obpaHHOMY HaMu 0osiee JeTajabHO npuMepy H.16.
X

CaenctBue 5.24. FEcau meopus T umeem beckoneuryro modeav, mo T umeem
Mmodeau 210601 beckoretHotll MOUHOCTN.

CaencrBue 5.25. Muoowceecmso Th(N) scex npedaoorcenut, ucmunrmr 6 cman-
dapmmot modeau apupmemuru, umeem Modeau A1060T beCKOHEYHOT MOULHOCTU.

49’1‘0 IpeajozKeHnue mnpeatiojiaraeT 3HaKOMCTBO C IIOHATHEM MOIITHOCTU MHO2KECTBa U He
BXOOUT B 06513aTeJ'ILHyIO nporpamMmmy.
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5.9 Ilosiable Teopun
Onpenenenue 5.26. Teopus T noana, ecamn
e ' HEIPOTUBOPEYNBA;
e Jlja siroboro npesoxenuss A B si3pike T’
THAwmTF-A.

IIpennoxkenue 5.27. [las 110600 modeau M meopus Th(M) noana.

HokaszaresnbcTBo. [eiicrBurensro, Th(M) HeNpoTHBOpEUNBa, TOCKOIBKY UMEET
mozesib M. Tak kak Jjro6oe npepjoxenne A jubo uctuHHO, OO JIOKHO B M,
nosydaeM, 4o A € Th(M) nim —=A € Th(M). K

IIpennoxenue 5.28. Ecau T noana u M ET, moT = Th(M).

Hoka3zaresbcrBo. Yeaosue T = Th(M) o3Hauaer, 9T0 MHOXKeCTBO TeopeM T’ coB-
nagaer ¢ Th(M). ockonbky M E T umeem Th(M) F T. Ecoiu A € Th(M) u
T ¥ A, ro B cuny nosaoTel T H —A. Orciona M F —=A u M ¥ A, aro nporuBopeduT
AeTh(M). K

Teopema 5.29 (JIungenbaym). Besakas Henpomusopenusas meopus umMeem noi-
HOE PACUUPEHUE.

OTa TeopeMa TOKA3BIBAETCS COBEPIIEHHO AHAJOTMIHO Teopeme JImHmenOayma
JIJTsT JIOTUKU BBICKA3BIBAHUI.

5.10 AxcuomMaTu3MpyemMoCTb

Omnpenenenne 5.30. Teopus T sffexmusho axcuomamusupyema, €Ciu CyniecTBy-
€T aJICOPUTM, PACIIO3HAIONIUH aKcuoMbl 1.

3ameuanune 5.31. B ciemyromeit ritaBe Mbl JaAuM TOYHOE IMOHATHE AJITOPUTMA.
Ceityac MbI 0JIb3yeMcst HepOPMaIbHBIM IIPeACcTaBJIeHneM 00 aJropuTMax.

Omnpenenenne 5.32. Teopus T' pagpewsuma, eCiid CyIIECTBYET aJTOPUTM, PACIIO-
3HAIONMUNi TeopeMbl 1.

Teopema 5.33. Ecau T noana u apexmusno arxcuomamusupyema, mo T paspe-
WUME.

HoxkaszarennscrBo. [lycts nano npejoxenne A. [lepebupaemM Bce BO3MOXKHBIE BbI-

Bozbl B T' JI0 TeX TOP, MOKa He BCTPETHM JIOKA3aTeJIbCTBO A MM JIOKA3ATEIHCTBO
—A. TlogHOTA TApaHTUPYET, 9TO OJHO U3 ITUX JBYX COOBITHH Tpom3oiaéT. X
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5.11 IIpumepsbl MOJAHBIX 3(PHEKTUNBHO aKCHMOMATU3UPYyEMBbIX
Teopuii

Inemenmapras zeomempus. st ciiydasi pasMEPHOCTH J[Ba, 9Ta TEOPHs 3a1aETCst

~

axcomamu Tapckoro (G1-G11) u sksusanentna Th(R?; =, B).

Teopusa ACFy anzebpauvecku samrnymur noiet rapaxmepucmury 0. DTa Teopust
sxpuBasienTHa Th(C;=,4,-,0,1) u 3amaércs OOBIYHBIME AKCHOMAMU IIOJIsl BMECTe
¢ iByMsi GECKOHEUHBIMU CEPUSIMU aKCUOM:

Cp: 0#(1+1+---41) (p pa3), [yt KaxKIOr0 IPOCTOrO P.
At VYo .o Yn_132 (Yo + 1T + . Yn_12" L + 2™ = 0), aaa xazkgoro n > 1.
IlepBast cepusi aKCMOM BBIPaskKaeT TOT (PaKT, 9TO XapaKTEPUCTUKA IIOJIs PABHA

Hys0. Bropasi ceprsi akCHOM BBIpaXKaeT aaredpandecKkyio 3aMKHYTOCTb.

Teopus RCF seuwecmeenio 3amEnymols ynopadoueHtsir noiet. dTa Teopus IKBH-
asientna Th(R; =, <, +,-,0,1) u 3amaérca akcuoMaMu 10J1sl, AKCHOMAMU JIMHEHHO-
r'O TOPSJIKA JJIsT OTHONIEHNsT <, a TaKXKe CJeIYIOMUMEA (hOpMYyTaMu:

1. Ve,y,z (e <yA0 <z — xz < yz);
2. Ve,y,z (e <y—ax+z<y+2);
3. V23y (0 <o — y? = 2);
4. A,, ns kaxmgoro Heaétaoro n € N.
Kak u Bbime, akcuoma A, BbIpazkaeT TOT (PaKT, 9TO MPOU3BOJIBHDINA IIOJUHOM CTe-

ImeHn n HaJ JaHHBIM II0JIEM NMeeT KOPEHb.

Teopus DLO naommoix aunetnnr nopadkos 6e3 nepeozo U nociednezo sNemMenmos.
Ora Teopus sxsusasenTHa Th(Q; =, <) u 331a8TCa AKCHOMAMU JIMHEHHOTO MOPSIIKA
BMECTEe C JBYMS JIOMTOJTHATEIbHBIMUA aKCHOMAMU:

L Ve,y(z<y—3z(z<zAz<y));
2. VaTy,z (z <z Az <y).

5.12 IIpuMepbl HEIIOJHBIX TEOPUt

TIpuMepbl HEMOTHBIX TEOPUil JIETKO IOy IUTh, YIAIAsS aKCHOMBI U3 U3BECTHBIX TEO-
puii (He MeHsId IPU ITOM CUTHATYDBI).

IIpumep 5.34. PaccmoTpum curHarTypy ¢ OMHAPHBIMU TIPEINKATHBIMU CAMBOJIAMU
=, <. HemosinbiMu TeopusiMu B 3TOIl CUTHATYDE SBJISTIOTCS:

e IIycTas TeOpHusd;

® YNCTad TEOPpUdA PABEHCTBA;

99



® Teopus YaCTUYHBIX MOPSJIKOB;
® TeopHusl JUHENHBIX MOPS/IKOB;
® Teopus IJIOTHBIX JUHEHHBIX OP:/IKOB.
Bee ykazannble Teopun cojepzkarcs B mosiHoi reopun DLO n10THBIX JIMHEHAHBIX
[TOPSIJIKOB 0€3 IIePBOTro U MOCJIeIHEr0 JIEMEHTOB. Y Ka3aB COOTBETCTBYIOIINE MOJIEIH,

HETPY/IHO yOeUTHCSL B TOM, 9TO BCE STH T€OPUH HONAPHO PA3JINIHBL U, TEM CaMbIM,
HeroJHbI (yIparkKHeHue).

IIpumep 5.35. PaccmoTpum curHaTypy 3JIeMeHTApHOI reomerpuu Tapckoro: =,
B, =. HenosiHBIME T€OPUSME B 9TON CUTHATYPE SIBJIAIOTCS, HAIIPUMED,

e «be3pasMepHas» IeOMETPHs, MoJydaeMas BhIOpachbIBAHUEM aKCHOM pa3Mep-
noctu G8 u G9.

e abcomommas eeomempus, oJrydaeMas ynajaeraunem akcnombl Eskimma G10.

Jlpyroii Kyiacc coCTaBJISIOT TeopuH, chOPMYJINPOBAHHBIE C IIeJIbI0 (DOpMAaIN3a-
MY BCEll MATEMATHKM B IEJIOM WMJIA JOCTATOYHO Oorarhix e€ uacreit. [ljis Taxmx
Teopuil HeT — U He JIOJI?KHO OBITh — OYEBUIHBIX IIPUHIIAIIOB, «IIPOIYIIEHHBIX» N
«3a0BITHIX» IIPY BBHIMUCHIBAHUNU CIIICKA nX akcuoM. HanboJsiee BayKHbIe, C TOYKHI 3pe-
HUs OCHOBAHUI MAaTEMATUKHU, TEOPUHU TAKOIO YHUBEPCAJIBLHOI'O THUIIA — ITO apudme-
tuka [leano u teopusi MHOKecTB [lepmeno—@penkens (¢ akCMOMOil BHIGODA).

Apugpmemura Ileano PA. Drta Teopus (opMaym3yeT MaTeMaTHKy KOHEIHOTO, TO
€CThb Ty YaCTh MATEMATHKW, JIJIsl PA3BUTUsI KOTOPO# He TpebyeTcsl UCIOIb30BAHNE
GeckoHeUHBIX MHOXKecTB. Apudmerunka [leano ocHoBaHa Ha aKCHOMaxX JJisi HATY-
paJbHBIX dnces B curaarype =, 0, S, +, -, IPUBOJMMBIX HUXKE.

Axcuombl apudpmeruku Ileawo:
AKCHOMBI DABEHCTBa, It S, +, -;
=S(a) =0, S(a)=S5(b)—a=0b,
a+0=a, a+S(b)=S(a+b),
a-0=a, a-Sb)=a-b+a,

A A

(Cxema akcHOM UHLYKIUHK)
Ala/0] ANVz (Ala/z] — Ala/S(z)]) — Yz Ala/z],

Jutst J1000it hopmyser A.

Teopus mnoorcecms Llepmeao—Dpenkeasn (¢ axcuomotls svbopa) ZFC. dra reopus
dopmasmsyer BCio «0ObIIHY0» MaTemaTuky. OHa OCHOBaHA HA aKCHOMAX JJIST MHO-
JKECTB U OTHOIIEHUSI IPUHAJJIEXKHOCTA €. B 9TOM Kypce MbI He OyjeM paccMarpu-
BATh aKCHOMBI TEOPUU MHOXKECTB.
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T'iybokwuit (pakT HEMOTHOTHI TAKUX TEOpUit KaK (popMaabHast apudPMETUKa U TEOPHUs
MHOKECTB, U Jlazke OoJiee CHIIbHBIN (DaKT UX, B OIPEJIEIEHHOM CMBICIIE, HENONOAN.A-
eMOCMU, COCTABJISIET COEPKaHNe 3HAMEHUTHIX TeopeM [€ess o HemoHOTE. 3/1€Ch
MBI NIPUBEIEM TEPBYIO Teopemy lé€mesns o HemosHOoTe B hopmysmpoBke Poccepa.
JlokazaTeabCTBY 9TOIl TEOPEMBI IOCBAIIEHA OT/IeJIbHAs TJIaBa KypCa.

IIycto s3b1k Teopun T comepKuT apudMeTuIecKuii.

Teopema 5.36. Ecau T codeporcum PA, nenpomuesopevwusa u apexmuero axcuo-
mamusupyema, mo T nenoana.
CaencrBue 5.37. (i) PA nenoana.

(ii) ZFC menoana npu ycaosuu €€ HenpomueopesucoCmu.
3ameuanue 5.38. PopmasbHO rOBOPS, sI3bIK TEOPUU MHOXKECTB HE COIIEPIKUT apud-
Merndeckuii. OHAKO, MHOYKECTBO HATYPAJbHBIX YUCEJ BMECTE C OIEPALUSIMU CHUI-
HATYDPBI apU(PMETUKH MOXKHO OIIPEJIEJIUTh B sI3bIKE TEOPHUH MHOXKECTB, YTO 0bec-
[eYnBaeT MPUMEeHNMOCTh TeopeMbl [€nens k ZFC. Onpenenenust Takoro poja Ha-

3BIBAIOTCS (0mHocumenvromu) unmepnpemayuamu. OHU OyIyT PacCMOTDEHBI B
CJIeIyIONIEM pa3JieJie.

6 HWMurepruperarun

Onpenenenne 6.1. Mogenn (M;Q) unmepnpemupyema ¢ (N;X), eciu eé nocu-
ress M 1 Bee npesukaThl, (pyHKIME U KOHCTAHTBI CUrHATYPLI € Ha M orpepeuMbl

B N.

Boutee siBHO, 5TO OIpejiesieHre MOXKHO BBIPA3UTh C ITOMOIIBIO ITOHSITUSI TIEPEBO-
Ja.
Onpenenenue 6.2. Ilepesod I curtarypsl §) B CUTHATYPY X 3a1a6TCH:

e dopmymoit Dr(a) € Fmy, onpenesnstromeit Hocutens M;

® COIOCTABJISIET KAaXKJIOMY CUMBOJIY ) (DOPMYJLy CUTHATYPBI Y COOTBETCTBYIO-
el BaJ€eHTHOCTU:

P +— Prlay,...,a,)
f — Fi(ar,...,an,b)
¢ +— Cfa)

Mot nannoro nepesoia I u momesu (N; X)) 1mosioKum

MI\:‘{SCGN:N':DI[x}}.
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Onpenenenune 6.3. IlepeBos I ectb unmepnpemayus M 6 N, eciin
(Myp; P, fryer) = (M; P, f,c),

rne Py, fr m ¢; — npenukar, GyHKIms u KoHcTanTa Ha M7, onpenenmmmbie B N dop-
mysiamu Py, Fr u Cj, coorBercrBenno. (st poCTOTHI Mbl PACCMATPUBAEM CUTHA-
TYpy € €JUHCTBEHHBIM MPEIUKATHBIM, (DYHKIIMOHAJIHHBIM U KOHCTAHTHBIM CHMBO-
JIAMHL. )

3ameuanue 6.4. st HopMmasbHO Mogesn M ycioBue m3oMopduzma
(Mp;=r) = (M;=)

TOBOPUT O TOM, YTO =; €CTh OTHOIIEHUE PABEHCTBA HA MHOXKecTBe M, T.€. MOXKHO
CYUTaTh, YTO =] €CTb =.

IIpumep 6.5. (Z; <) unrepuperupyema B (N; +,=).

WNurepupernpyem 4€THbIE HATYPAJIbHBIE YUCTIA KAK OTPUIATEIbHDBIE, & HEIET-

. " def
HbIE KaK [OJIOXKHATEJNbHbIe. TETHOCTL uncia a Bbipaxkaercs dopmyroii E(a) <

(3z 242 = a), a TOPAZOK HA HATYPAJIBHBIX dnciaax HOpMyJIoi a < b PN (Fz b=

a+x A—(zr+x=u2x)). Torma nepeBox I MOxKHO 3a1aTh HOpMyJIaME
Di(a) &L (a=a)
a<ib &L (B(a)AEB)Ab<a)V
(E(a) A= ( )) v
(ﬁE(b) )/\a<b).

Ha mpakTuke, TpeboBaHme OMPEIETMMOCTH ¢ TOUYHOCTHIO 0 M30MOPGMU3IMA, STB-
JISIETCST CJIUIIKOM KECTKUM U MaJIoyrnorpedburesbubiM. OO00IUTD Ope ieieHie HH-
repuperaiun M B N MOKHO HECKOJLKMMU €CTECTBEHHBIMU CIIOCOOaMU (MU BCEME

cpagy):

e JlomyckaeTcs MHTepIpeTanus OJHOTo 00bekTa 13 M HaGopoM 00bLEKTOB 13
N (mHozomepHbie UHMEPNPEMAUUL).

e PaccmarpuBaercs mazkoe (IR HeabCoA10mHoe) IOHATHE PABEHCTBA.

e Jlomyckarorcst mapaMeTpsl (napamempuieckue UHMePnPemauu).

Mpur pazbepém atu yciaoBus no odepemu. OKoHUYATETbHOE O0ITEe OMpeIeIeHne
WHTEpIpeTayu OyJIeT UCI0JIb30BATH BCE TPH YCJIOBHUSI.
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6.1 MHuoromepHble UHTEPIIPETAIINN

Quiementy a € M conocrasisgem Habop d = (ay,...,a,) € N™ agementoB N.
B srom ciayuae nepesogy I 3amaéres dopmyioit Dy (@) u nepeBogoM CUMBOJIOB
Q) cileyIoero BUia;
P +— PI(Eil,...,a'n)
f A FI(alv"';anab)
¢ — Cra@
ITomoxxum
M;={Ze N": N E D;[Z]}.
Kak o6brano, I — uHTEpIIpeTanys, ecian

(My; Pr, fr,cr) =2 (M; P, f,c),

a Pr, fr u c; — npemukar, pyHKIust 1 KoHCTaHTa HA M|, onpemesinvbie B N dop-
vynamvu Pr, Fr u Cf, cCOOTBETCTBEHHO.

IIpumep 6.6. Mosens (R?; =, B, =) unrepuperupyema B (R; =, +,-,0,1).

DTa MHTEPIPETAINS — KJIACCUIECKOE CBEIEHUE JIEMEHTAPHON T€OMETPUHU K TE€O-
pun JIefiCTBUTEIbHBIX 9UCe]I, Bocxonsmee K Jlekapry.

Cuadajta ornpejiesiuM Ha MHOXKecTBe R oTHOIIEHNE TIOPsi/iKa U (DYHKITUIO PA3HO-
CTH:

a<b &b (Jza+z-z=0)

def,
a-b=c & (c+b=a).
ITocse 9TOro mMEpeBOs MOXKHO 334aTh (bOPMyJIaMu

D[(al,ag) e (a1 = a1 N\ a :ag)
Bi(@,b,8) <= AN (0<AAO<S puAA+pu=1A
Abi = a1 + pci A by :)\ag—f—MCQ)

<d:ef> (a1 —b1)2—|—(a2 —b2)2 = (61 —d1)2—|—(C2 —dg)Q.

b =y éd
6.2 Msarkoe paBeHCTBO

Ounpenesnenune 6.7. Ilycrs (M;=, P, f) — nopmasbhas Mozaenb, I — nepeso.
Bwmecro uzomopdusma (Mr; =y, Pr, fr) = M Tpebyem:

e Qopmyna d =; b ynosierBopsier B N aKCHOMAaM PaBEHCTBA JJIsl CUTHATYPBI
), B 9aCTHOCTU =] €CTh OTHOINEHUE SKBUBAJIEHTHOCTUA 1

N EVE,§ (Dr(Z) AD1(§) NT =1 § — (P1(Z) < Pr(9)));

U aHAJIOTUYIHO it F7.
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o (M;=,P,f)=(Mr;=r,P1, f1)/=r
IIpumep 6.8. (Z;=,+,-,0,1) unrepuperupyema B (N; =, 5, +,-).

Yucso z € Z npejcrasiasem napoit (m,n) € N2, rie 2 = m — n.

Di(aq,az) L (a1 = a1 N ag = as)
(a1,az2) =1 (b1,b2) & (a1 + by = az + by)
(a1,az2) 471 (b1,b2) = (c1,¢2) PN (c1 =a1+by Aeg =ag + by)
(a1,a2) -1 (b1 be) = (c1,¢2) €5 (1 = arby + asbz A ca = arby + asby)
Or(ar,as) <5 (ay = az)
lr(a,a2) <5 (a1 = S(as))

6.3 MHWMuTeprperanuu c rmapamMmeTrpamMu

31ech MBI 1aéM Hanbostee obiree onpesesienne narepuperanuu. Ilepesod I 3amaéres
dopmyiioit Dy(@,p) co cBOGOIHBIME HEPEMEHHBIMA [ U [EPEBOJAME CHMBOJIOB §)
BUJIA:

P — Pi(d,...,0,,D)

f — FI(617"'7an757m
c CI(EL”@

Onpenenenue 6.9. Ilepesos I ectb unmepnpemavus M 6 N, eciu 1jisi HEKOTO-
poro Habopa KOHCTAHT C € N:
e =;(d,b,?) yuosaersopsier B N akcmoMaM PaBeHCTBA JJI CUTHATYDBI §);

o (My; Py, fr)/=r usomopdua M, rne M; = {Z € N" : N F D;[Z,c}, a P u
fr — npeaukar u dbyukuus sa M onpenermmbie B (N; ) dopmynavu Pr u
F', coorBeTCTBEHHO.

Onpenenenne 6.10. HaGop KoHCTAHT C, /11T KOTOPOI'O BBHIIOJHEHbBI 3TH YCJIOBUSI,
HA3BIBAETCS JONYCMUMbLM JIJIS TAHHONW WHTepIipeTarun 1.

Onpenenenune 6.11. Murepnperamust I umMeer onpedesumvie Napamempst, €CIu
It HeKoTopoit opmyaiel Pary(p) curnaryper ¥
e N F 3% Par/(Z);

e ecim N E Pary[é], To nHabop ¢ momycrum st 1.

12

IIpumep 6.12. (R;=,+,-,0,1) uarepnperupyema B (R?; =, B, 22).
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ITapameTpsl po, p1 — JABe pa3jaudnble TOUKH. JleficTBUTEIbHBIE YHUCTa WHTEP-
IpeTupyeM TOYKaMU HIPAMO# Popq .

def
Di(a) <= (a € pop1), Or = po, 11 = m

at+rb=c &L (Bpoac A Bpobe A pob = ac) V (Bapob A Bach A apg = be)

def
a-1b=c < Fu,v (Bpouv A pou = pob A prullav A pov = poc) A
A (Bapgb < Bepopr).
st onpesienenns Ipon3BeIeHusT NEHCTBUTENBHBIX 9UCE MBI HCHOJB3YEM TEOPE-
My @asieca. IlepBblii KOHBIOHKTUBHBI wieH yTBepxiaer |a| - |b] = |¢|, a Bropoii

YUUTBHIBAET 3HAK [IPOM3BE/IeHUsl (3HAK OTPHULATEIbHBIA, €CIi U TOJIBKO ecju a U b
JIEXKAT TI0 PA3HBIE CTOPOHBI OT Pg ).

VYapaxkuaenue 6.13. Onpedesums unmepnpemayu:
e (C;=,4,-,0,1) 6 nose R.
o (Q;=,4+,-,0,1) 6 cmandapmmrot modeau N.

e Jlokazamo, wmo noae R we unmepnpemupyemo 6 noae Q.

6.4 IlepeBoj popmys1 mpu MHTEpPHpETAINN

Hawm 6yzner ymobro nMmers aeso ¢ hopMysiaMu HEKOTOPOTO YIIPOIIEHHOTO BUIA.

Onpenenenue 6.14. @opmyna A ynpousénnas, eciau BesKast aroMapHasi 1oagop-
MmyJia, Bxogsmast B A, umeer sun P(aq, ..., a,) wm f(ay,...,a,) = b, vaeay,...,a,,b
— mepeMeHHble, a P u f — npeaukarHbiii 1 (pyHKIIMOHAIBHBIN CUMBOJIBI CUTHATY PHI.

Jlemma 6.15. Bcsakas gopmyaa A sozuvecku dK8USAAEHMHA HEKOMOPOT YNpo-
wénnoti popmyae A’.

Hoka3zaresbcrBo. [Tockonbky P(t) = Jz (P(x) At = &) J0CTATOUHO 0Ka3aTh ITY
JIeMMy JIst ciydas, Korjga A — aromapuag dopmysia Buga t(@) = b g HEKOTOPOro
Tepma t. Paccyxmaem mumaykimeit mo nmocrpoenuio t. Ecim ¢ — mepemennas min
bYHKIMOHAIBHA CUMBOJI, TO Mbl y2Ke uMeeM Tpebyemoe IIpejcTaBjieHue (CHMBOJIL
PAaBEHCTBA BXOJWUT B CATHATYDY ).

Nuave t(@) nmeer sun f(t1(d),...,tn(d)), Tae t; — TepMbI MeHbINEH TITyGUHBL.
Torma nmmeem

t@=b=3x1...2n (f(x1,...,2n) =bAL1(@) =21 A - Ntp(d) = zp).

[Ipumensist mpeIIoIOXKeHNEe UHIYKITUU K TePMaM t1,. . . ,t, U TEOPeMy O 3aMeHe IO/l
dOopMyIbI Ha SKBUBAJEHTHYIO TOTydaeM Tpebyemoe. X
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Omnpenenenne 6.16. IIycts I — nepeson currarypst B 3. Ilepeson Al yupo-
meénnoit popmynsl A € Fmgq onpejiesinM UHIYKTUBHO:

P(a,b)l = Pi(@,b,p), (f(a) =b) = F/(@,b,p),
(~A) = —-AT (A B)I = (4l A BY),

° (VxA[a/x])I =VZ(D;(Z,p) — AI[EL'/:E]),
(AwAla/z))! = 37 (D (Z,p) A Alld/T)).

ITepeBomoM 1pou3BoJIbHON (opMyJsibl A curHaTypbl §) cuMTaeM IEPeBOJ[ SKBHUBa-
JIEHTHOI eil yIpoIméHHON (POPMYJIBI. DTOT IEPEBOJ] ONPEIEIEH OJHO3HAYHO C TOY-
HOCTBIO JI0 JIOTUYECKON 3KBUBAJICHTHOCTU.

IIycts Z; o3magaer asement mozenu My, coorBercrBytomuit © € M.

Teopema 6.17. Jlas w060t A 6 azvike M, moboix & € M u donycmumvix ¢ € N
ME A[7] < NE A'[#,8.

JokazareabcTBo. Nuaykius no nocrpoennio A. X

Caencteue 6.18. Ecau M unmepnpemupyema 6 N ¢ 0npedesumvtmu napamem-
pamu u Th(N) paspewuma, mo maxosa u Th(M).

JokazareabcTBo. [Ijis ganHoro npeginoxenns A B s3bike M uveem
ME A < N EVZ(Par;(Z) — AL(Z)).

Takum 06pa3oMm, JiJist IPOBEPKU BBIOJHUMOCTH GopMyJibl A B N J10CTaTOYHO IPO-
BepuTh BhIMoHIMOCTE Vi (Pary(Z) — AL (Z)) B Mogerm N. X

CaencrBue 6.19. Paspewsumocmyd anemenmaphot 2e0Mempu PaBHOCUALHA PA3-
pewumocmu Th(R).

6.5 UuTepnpeTupyeMocTb Teopuii

Onpenenenue 6.20. IlepeBos I ¢ onpeeMMbIMU [TapaMeTPaMU €CTh UHIMEPnpe-
mayus meopuu T 6 U, eciin

o s moboit akcmombr A € T U + Pary(p) — Al;

e Ut Par;(p) — IZD;(Z,p);

e B U BBIBOAMMBI IEPEBO/IBI AKCUOM DABEHCTBA JIJIsl CUTHATYDHI 2
o UF Pars(p) — (VzIly f(x) = y)! ans seex f € Funcg.

Omnpepnenenne 6.21. Teopus T unmepnpemupyema ¢ U, ecu CyIecTByeT HHTEP-
npetanus 1" B U.
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IIpengoxenne 6.22. Fcau T unmepnpemupyema e U wT F A, mo U b+ VZ (Parr(P)A
D1(57ﬁ> - Al(f7ﬁ’))

JokazareabctBo. Nuaykius no jgjmne BoiBojga dhopmyssr A. X

Caencteue 6.23. Ecau T unwmepnpemupyema 6 U u meopus U Henpomusopeyu-
ea, mo maxosa u T

3ameuanue 6.24. DTOT pe3yJILTAT YCTAHOBJIEH 3JIEMEHTAPHBIMU (CHHTAKCAIECKHA-
MH) METOJAMH, He ONUPAIONIUMUCS HA TEOPHUI0 MHOMKECTB. 3aMETUM, YTO JIOKa-
3aTeJIbCTBA HEIIPOTUBOPEUMBOCTH, OIUPAIOIINecs Ha CYIIeCTBOBaHUE MOJIENH, KaK
MIPABUJIO, BBIXOJIAT 33 PAMKH 3JIEMEHTAPHBIX METOJOB, TaK KaK OOBITHO MOJIE/TH
SIBJISTFOTCSL OECKOHEYHBIMU U CTPOSITCS B paMKaxX Teopuu MHOxKecTB. Meros nHTEp-
nperanuii To3BOJIsIeT n30ABUTHCA OT HEHYXKHBIX TMIIOTE3 O CyIIECTBOBAHUU DECKO-
HEYHBIX MHOYKECTB M MPUBOJUT K «IUCTOMY» CBEIEHUIO OJIHON T€OpUU K JIPYTOM.

CaencrBue 6.25. Ecau Henpomusopenusa sAeMEHMaPHAsL e8KAUI0EA 2E0METNPUS,
MO HEMPOMUBOPEUUBH INEMEHMAPHAA 2eomempus Jlobauesckozo.

CaencrBue 6.26. Fcau nenpomusopewusa apugpmemuxa Ilearo, mo nenpomugo-
pewusa Th(R) u anemenmapnas esxaudosa 2eomempus.

Oror dakT BeITEKaeT n3 cylecToBanns uaTepnperanuu Th(R) B apudmernke

IIeano, KOTOPYIO MOYKHO IOCTPOUTH MCXOJs N3 WHTEPIPETAINH OIS 6eULeCTNEEN-
HHT AA2E0PAUYECKUT TUCET B CTAHIAPTHON MOIEIN apuMETUKH.
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