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Àëãåáðà
(ïëàí êóðñà)

Ì. Ð. Ïåíòóñ

1 Ìíîæåñòâà, îòîáðàæåíèÿ, ôàêòîðèçàöèÿ

1.1 *Ëîæíàÿ ïîñûëêà

Ðåëÿòèâèçîâàííûé êâàíòîð ïî ïóñòîìó ìíîæåñòâó.

1.2 *Ìàòåìàòè÷åñêàÿ èíäóêöèÿ

[7, 21], [3, 1.7]
Íàèìåíüøåå íàòóðàëüíîå ÷èñëî � 0.
Âîçâðàòíàÿ èíäóêöèÿ.

1.3 Ìíîæåñòâà è îïåðàöèè íàä íèìè

[3, 1.5.1], [20, 4.1�4.4], [7, 7, 11�14], [11, 1.1.1�1.1.3, 1.1.8.1�1.1.8.26], [12, II.1�II.5], [19, 1.1�1.3]
Óïîðÿäî÷åííàÿ ïàðà, äåêàðòîâî ïðîèçâåäåíèå.

1.4 Îòîáðàæåíèÿ è èõ ñâîéñòâà

[5, 1.4�1.6], [3, 1.5.2], [20, 5.9, 5.10], [7, 15�19], [21, II.1], [11, 1.1.4, 1.1.8.36�1.1.8.38], [19, 1.6],
[10, 9]

Ñîîòâåòñòâèå, îáëàñòü îòïðàâëåíèÿ, îáëàñòü ïðèáûòèÿ. Ôóíêöèÿ.
Èíúåêòèâíîñòü, ñþðúåêòèâíîñòü. Áèåêöèÿ. Îáðàç è ïðîîáðàç ìíîæåñòâà ïðè îòîáðàæåíèè. Êîìïî-

çèöèÿ îòîáðàæåíèé. Ñîõðàíåíèå ñâîéñòâ èíúåêòèâíîñòè è ñþðúåêòèâíîñòè ïðè êîìïîçèöèè. Îáðàòíîå
îòîáðàæåíèå.

Áèíàðíàÿ îïåðàöèÿ (íà íåïóñòîì ìíîæåñòâå), óíàðíàÿ îïåðàöèÿ.

1.5 *Ìîùíîñòü ìíîæåñòâà

[20, 6.1�6.6], [7, 8�10], [11, 1.1.5, 1.1.8.39, 1.1.8.42]
Ñðàâíåíèå ìîùíîñòåé. Òåîðåìà Êàíòîðà�Áåðíøòåéíà (áåç äîêàçàòåëüñòâà). Ñ÷¼òíûå ìíîæåñòâà,

èõ ñâîéñòâà. Òåîðåìà Êàíòîðà. Ïðèìåðû íåñ÷¼òíûõ ìíîæåñòâ.

1.6 Áèíàðíûå îòíîøåíèÿ

[20, 5.1, 5.2, 5.4, 5.5, 5.7], [11, 1.1.3, 1.1.4, 1.1.8.27�1.1.8.35], [3, 1.6.1, 1.6.4], [22, I.1�I.6],
[19, 1.5, 1.8, 1.9], [7, 20, 21]

Ðåôëåêñèâíûå, ñèììåòðè÷íûå, òðàíçèòèâíûå îòíîøåíèÿ.
Ñòðîãèé/íåñòðîãèé ÷àñòè÷íûé/ëèíåéíûé ïîðÿäîê.
Ïðåäèêàòû êàê ïîäìíîæåñòâà è êàê îòîáðàæåíèÿ â {È,Ë}.

1.7 Îòíîøåíèå ýêâèâàëåíòíîñòè

[20, 5.4, 5.6], [11, 1.1.4], [3, 1.6.2], [22, II.1�II.4], [19, 1.7]
Îòíîøåíèå ðàâíîîáðàçíîñòè êàê îáùèé âèä îòíîøåíèÿ ýêâèâàëåíòíîñòè. Ôàêòîð-ìíîæåñòâî è

ôàêòîð-ôóíêöèÿ.
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2 Ïðîñòåéøèå àëãåáðàè÷åñêèå ñòðóêòóðû

2.1 Àëãåáðàè÷åñêèå ñòðóêòóðû (àëãåáðàè÷åñêèå ñèñòåìû)

[3, 4.1.1], [5, 1.1], [19, 2.1.1], [7, 4], [10, 1]
Êîëè÷åñòâî n-ìåñòíûõ îïåðàöèé íà m-ýëåìåíòíîì ìíîæåñòâå. 0-ìåñòíàÿ îïåðàöèÿ. n-ìåñòíîå îò-

íîøåíèå.

2.2 Ïîëóãðóïïû è ìîíîèäû

[3, 4.1.2�4.1.4], [5, 1.2, 1.3, 1.7], [21, II.2], [19, 2.3.1, 2.3.2]
Êîììóòàòèâíîñòü, àññîöèàòèâíîñòü, ïîëóãðóïïà.
Ïðèìåð ïîëóãðóïïû: 〈{1, 3, 7}, ◦〉, ãäå x ◦ y = x.
Ïðèìåð ïîëóãðóïïû: 〈{1, 3, 7}, ◦〉, ãäå x ◦ y = x.
Ðàññìîòðèì ïîëóãðóïïó 〈A, ◦〉.
Ýëåìåíò e íàçûâàåòñÿ ëåâîé åäèíèöåé, åñëè (∀x ∈ A) e ◦ x = x.
Ýëåìåíò o íàçûâàåòñÿ ëåâûì íóë¼ì, åñëè (∀x ∈ A) o ◦ x = o.
Ïðàâàÿ åäèíèöà, äâóñòîðîííÿÿ åäèíèöà (îáû÷íî ïðîñòî åäèíèöà èëè íåéòðàëüíûé ýëåìåíò),

Ïðàâûé íóëü, äâóñòîðîííèé íóëü (îáû÷íî ïðîñòî íóëü).
Åñëè e1 � ëåâàÿ åäèíèöà è e2 � ïðàâàÿ åäèíèöà, òî e1 = e2.
Åñëè ñóùåñòâóåò äâóñòîðîííÿÿ åäèíèöà, òî îíà åäèíñòâåííà.
Åñëè ñóùåñòâóåò äâóñòîðîííèé íóëü, òî îí åäèíñòâåí.
Ìîíîèäîì íàçûâàåòñÿ ïîëóãðóïïà ñ åäèíèöåé.
Ýëåìåíò a íàçûâàåòñÿ èäåìïîòåíòîì, åñëè a ◦ a = a.
Åñëè e � åäèíèöà è a ◦ b = e, òî a íàçûâàåòñÿ ëåâûì îáðàòíûì ýëåìåíòîì äëÿ b è b íàçûâàåòñÿ

ïðàâûì îáðàòíûì ýëåìåíòîì äëÿ a.
Åñëè e � åäèíèöà, a ◦ b = e è b ◦ a = e, òî b íàçûâàåòñÿ îáðàòíûì ýëåìåíòîì äëÿ a.
Ýëåìåíò a íàçûâàåòñÿ îáðàòèìûì, åñëè ñóùåñòâóåò îáðàòíûé ýëåìåíò äëÿ a.
Îáðàòèìûé ñëåâà è ñïðàâà ÿâëÿåòñÿ îáðàòèìûì (ñ äîêàçàòåëüñòâîì).

2.3 Ñâîáîäíûå ïîëóãðóïïû è ìîíîèäû

[21, II.2]
Ñëîâî íàä àëôàâèòîì, ïóñòîå ñëîâî.

3 Ãðóïïû

3.1 Ãðóïïû

[3, 4.2.1, 4.2.2], [5, 1.9], [21, II.3], [10, 2�5, 8], [12, V.12, V.13], [18, IV.1.1, IV.1.4], [19, 2.3.3],
[7, 59]

Ãðóïïîé íàçûâàåòñÿ ìîíîèä, â êîòîðîì êàæäûé ýëåìåíò îáðàòèì.
Àáåëåâà ãðóïïà.
Ïðèìåð íåàáåëåâîé ãðóïïû: áèåêöèè ôèêñèðîâàííîãî ìíîæåñòâà è êîìïîçèöèÿ.
Åäèíñòâåííîñòü íåéòðàëüíîãî è îáðàòíûõ ýëåìåíòîâ â ãðóïïå. Ïîðÿäîê ãðóïïû. Ïîäãðóïïû.

3.2 Ãðóïïà äâèæåíèé

[3, ñ. 309]

3.3 Ãðóïïà ñèììåòðèé ïðàâèëüíîãî ìíîãîóãîëüíèêà (ãðóïïà äèýäðà)

[3, ñ. 327�329], [10, ñ. 76�77]
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3.4 Âîçìîæíîñòü äåëåíèÿ ñëåâà è ñïðàâà â ãðóïïå

[18, IV.1.1], [5, ñ. 17], [19, 2.3.3]
Çàêîíû ñîêðàùåíèÿ ñëåâà è ñïðàâà. Ýêâèâàëåíòíûå îïðåäåëåíèÿ ãðóïïû.

3.5 Ñòåïåíü è ïîðÿäîê ýëåìåíòà ãðóïïû

[3, 4.2.3], [5, ñ. 21�22], [18, IV.1.4], [10, 4, 5]
Òîæäåñòâà â ãðóïïàõ. Ñâîéñòâà ýëåìåíòîâ êîíå÷íîãî ïîðÿäêà.

3.6 Ãðóïïà ïðåîáðàçîâàíèé ìíîæåñòâà

[3, 4.2.4], [5, 5.0, 5.1], [12, V.12], [21, II.3], [10, 9, 10], [18, I.1.1, IV.1.1, IV.1.9]
Áèåêöèè íà ôèêñèðîâàííîì ìíîæåñòâå îáðàçóþò ãðóïïó.
Ãðóïïà ïîäñòàíîâîê n ýëåìåíòîâ (ñèììåòðè÷åñêàÿ ãðóïïà). Ìîùíîñòü ãðóïïû ïîäñòàíîâîê n ýëå-

ìåíòîâ. Íåêîììóòàòèâíîñòü ãðóïïû Sn ïðè n > 2.

3.7 Ðàçëîæåíèå ïîäñòàíîâîê â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ

[5, 5.3], [3, 4.2.4], [21, II.3], [18, IV.1.9], [10, 10]
Åäèíñòâåííîñòü ðàçëîæåíèÿ ïîäñòàíîâîê â ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ.

3.8 Ðàçëîæåíèå ïîäñòàíîâîê â ïðîèçâåäåíèå òðàíñïîçèöèé

[5, 5.2], [3, 4.2.4], [21, II.3], [10, 13], [18, IV.1.9]

3.9 ×¼òíûå è íå÷¼òíûå ïîäñòàíîâêè

[5, 5.4, 5.5], [3, 4.2.4], [21, II.3], [10, 13]
Èíâåðñèè.

3.10 Çíàêîïåðåìåííàÿ ãðóïïà (ãðóïïà ÷¼òíûõ ïîäñòàíîâîê)

[5, 5.5], [21, II.3], [10, 13]
Ïîðÿäîê çíàêîïåðåìåííîé ãðóïïû.

3.11 Èçîìîðôèçì ãðóïï

[3, 4.3.1], [5, 1.9], [10, 9], [18, IV.1.2], [19, 2.2.2]
Áèåêöèÿ, ñîõðàíÿþùàÿ áèíàðíóþ îïåðàöèþ. Áèåêöèÿ, ñîõðàíÿþùàÿ óíàðíóþ îïåðàöèþ, íóëüàð-

íóþ îïåðàöèþ.
Ñâîéñòâà èçîìîðôèçìîâ ãðóïï. Ñîõðàíåíèå íåéòðàëüíîãî è îáðàòíûõ ýëåìåíòîâ ïðè èçîìîðôèçìå.
Àâòîìîðôèçì.

3.12 Âëîæåíèå ãðóïïû â ãðóïïó ïðåîáðàçîâàíèé

[3, 4.3.1], [21, II.3], [10, 10]
Ëþáàÿ ãðóïïà èçîìîðôíà íåêîòîðîé ïîäãðóïïå ãðóïïû ïðåîáðàçîâàíèé (å¼ íîñèòåëÿ). Òåîðåìà

Êýëè.
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3.13 Öèêëè÷åñêèå ãðóïïû

[3, 4.2.3], [5, ñ. 18�19, 24], [12, V.13], [21, II.3], [10, 5], [18, IV.1.4]
Îïðåäåëåíèå öèêëè÷åñêîé ãðóïïû è å¼ ïîðîæäàþùåãî ýëåìåíòà. Ëþáàÿ ïîäãðóïïà öèêëè÷åñêîé

ãðóïïû ÿâëÿåòñÿ öèêëè÷åñêîé. Ãðóïïà âû÷åòîâ ïî íåêîòîðîìó ìîäóëþ. Êëàññèôèêàöèÿ öèêëè÷åñêèõ
ãðóïï. Îïèñàíèå ïîðîæäàþùèõ ýëåìåíòîâ â êîíå÷íûõ è áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïïàõ.

3.14 Ñìåæíûå êëàññû ïî ïîäãðóïïå

[5, 4.3.4], [21, II.3], [10, 11], [18, IV.1.6]
Ðàçáèåíèå ãðóïïû íà ñìåæíûå êëàññû ïî ïîäãðóïïå. Òåîðåìà Ëàãðàíæà. Ëþáàÿ ãðóïïà ïðîñòîãî

ïîðÿäêà ÿâëÿåòñÿ öèêëè÷åñêîé. Èíäåêñ ïîäãðóïïû.

3.15 Íîðìàëüíàÿ ïîäãðóïïà

[21, II.3], [18, IV.1.7], [10, 11], [3, 4.3.2]
Ïîíÿòèå ñîïðÿæ¼ííîñòè ýëåìåíòîâ ãðóïïû. Ñîïðÿæ¼ííàÿ ïîäãðóïïà. Ýêâèâàëåíòíûå îïðåäåëå-

íèÿ íîðìàëüíîé ïîäãðóïïû. Ïîäãðóïïà èíäåêñà äâà íîðìàëüíà. Öåíòð ãðóïïû ÿâëÿåòñÿ íîðìàëüíîé
ïîäãðóïïîé. Çíàêîïåðåìåííàÿ ãðóïïà ÿâëÿåòñÿ íîðìàëüíîé ïîäãðóïïîé ãðóïïû ïîäñòàíîâîê.

3.16 Ãîìîìîðôèçì ãðóïï

[3, 4.3.2, 4.3.3], [5, 1.9], [21, II.3], [10, 9], [18, IV.1.3], [19, 2.2.1]

3.17 Ôàêòîðãðóïïà

[3, 1.6.3, 4.3.2, 4.4.4], [21, II.3], [10, 11], [18, IV.1.8]
Ôàêòîðãðóïïû ïî íîðìàëüíîé ïîäãðóïïå. ßäðî è îáðàç ãîìîìîðôèçìà. ßäðî ãîìîìîðôèçìà ÿâëÿ-

åòñÿ íîðìàëüíîé ïîäãðóïïîé.

3.18 Òåîðåìà î ãîìîìîðôèçìå

[3, 7.3.1], [21, II.3]
Åñòåñòâåííûé ãîìîìîðôèçì.

3.19 *Ñâîáîäíûå ãðóïïû

[11, 2.2.5]

4 Êîëüöà è ïîëÿ

4.1 Êîëüöà

[5, 1.10], [3, 4.4.1], [21, II.4], [18, IV.2.1], [19, 2.4.1]
Îïðåäåëåíèå è ïðîñòåéøèå ñâîéñòâà êîëåö.

4.2 Ïîëÿ

[5, 1.11], [3, 4.4.5], [21, II.4], [18, IV.3.1], [19, 2.4.3]
×èñëîâûå êîëüöà è ïîëÿ.
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4.3 Ïîëå êîìïëåêñíûõ ÷èñåë

[3, 5.1], [5, 2.0�2.11], [21, II.4], [15, 10.1]

4.4 Êîëüöà ìíîãî÷ëåíîâ

[3, 5.2], [5, 1.13]

4.5 Êîëüöî âû÷åòîâ

[3, 4.4.2], [5, 1.10], [21, II.4]

4.6 Ïîëå âû÷åòîâ ïî ïðîñòîìó ìîäóëþ

[3, 4.4.6], [5, 1.11], [21, II.4]

4.7 Ìàëàÿ òåîðåìà Ôåðìà

[3, 4.4.6]

5 *Äðóãèå àëãåáðàè÷åñêèå ñòðóêòóðû

5.1 *Ïîëóêîëüöà

5.2 *Ðåø¼òêè

[21, II.8], [18, IV.5.1�IV.5.4], [19, 2.6]

6 Ýëåìåíòû ëèíåéíîé àëãåáðû

6.1 Âåêòîðíîå ïðîñòðàíñòâî (àðèôìåòè÷åñêîå ëèíåéíîå ïðîñòðàíñòâî)

[3, 2.1.1�2.1.3], [5, 4.0, 4.1, 9.1]

6.2 Ëèíåéíàÿ çàâèñèìîñòü âåêòîðîâ

[3, 2.1.4], [5, 9.2]

6.3 Áàçèñ è ðàçìåðíîñòü âåêòîðíîãî ïðîñòðàíñòâà

[3, 2.1.5], [5, 9.3]

6.4 Ëèíåéíûå ïðåîáðàçîâàíèÿ

[3, 2.3.1], [12, V.11]

6.5 Ìàòðèöû, äåéñòâèÿ íàä íèìè

[3, 1.3.1, 2.3], [11, 1.1.5], [5, 8.1, 8.2, 8.4, 8.5], [12, V.1�V.4], [21, I.1, I.3], [18, II.1.1], [15, 1.1]
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6.6 Ôîðìóëà äëÿ âû÷èñëåíèÿ ýëåìåíòîâ îáðàòíîé ìàòðèöû

[5, 8.7], [3, 3.3.1], [21, I.3]

6.7 Ðàíã ìàòðèöû

[5, 9.16], [3, 2.2.2, 2.4.3, 3.3.2], [21, I.3], [18, I.2.4], [15, 1.3]

6.8 Ïðèâåäåíèå ìàòðèöû ê ñòóïåí÷àòîìó âèäó

[5, 3.4, 3.5], [21, I.1], [18, I.2.4]
Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ñòðîê ìàòðèöû.

6.9 Íàõîæäåíèå îáðàòíîé ìàòðèöû ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé

[5, 8.8], [21, I.3], [18, II.1.2]

6.10 Îïðåäåëèòåëè êâàäðàòíûõ ìàòðèö

[5, 6.1�6.6], [3, 1.4, 3.1, 3.2], [21, I.2], [18, I.1.2, I.1.3], [15, 1.2]

6.11 Âû÷èñëåíèå îïðåäåëèòåëåé

[5, 6.8], [3, 4.3.5], [21, I.2], [18, I.1.4�I.1.6]
Âû÷èñëåíèå îïðåäåëèòåëåé ðàçëîæåíèåì ïî ñòðîêå èëè ñòîëáöó è ñ ïîìîùüþ ýëåìåíòàðíûõ ïðå-

îáðàçîâàíèé.

6.12 Ñèñòåìû ëèíåéíûõ óðàâíåíèé

[5, 3.0�3.2], [3, 1.3], [12, V.5], [21, I.1], [18, I.2.1], [15, 2.1]

6.13 Ìåòîä Ãàóññà ðåøåíèÿ ñèñòåì

[5, 3.3, 3.6�3.8], [3, 1.3.4], [21, I.1], [18, I.2.2], [15, 2.1]

6.14 Ìåòîä Êðàìåðà ðåøåíèÿ ñèñòåì

[21, I.1], [18, I.2.3], [15, 2.2]

6.15 Òåîðåìà Êðîíåêåðà�Êàïåëëè

[3, 2.2.3], [21, I.3], [18, I.2.5], [15, 2.1]

6.16 Òåîðåìà îá îáùåì ðåøåíèè îäíîðîäíîé è íåîäíîðîäíîé ñèñòåì

[5, 4.2, 9.17], [3, 2.4.1, 2.4.2], [18, I.2.6, I.2.7], [15, 2.3]
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