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Abstract

In this paper the Chomsky Conjecture is proved: all
languages recognized by the Lambek calculus are con-
text free.

Introduction

The notion of a basic categorial grammar was in-
troduced in [1]. In the same paper it was proved that
basic categorial grammars are precisely the context-
free ones.

Another kind of categorial grammars was intro-
duced by J. Lambek [8]. These grammars are based
on a syntactic calculus, presently known as the Lam-
bek calculus (cf. [2] for its semantic interpretations).
Chomsky [6] conjectured that these grammars are also
equivalent to context-free ones. In [7] Cohen proved
that every basic categorial grammar (and, thus,
every context-free grammar) is equivalent to a Lambek
grammar. He also proposed a proof of the converse.
However, as pointed out in [3], this proof contains an
error. Buszkowski proved that some special kinds of
Lambek grammars are context-free [3, 4, 5]. These
grammars use weakly unidirectional types or types of
order at most two.

The main result of this paper (Theorem 2) says
that Lambek grammars generate only context-free lan-
guages. Thus they are equivalent to context-free gram-
mars and also to basic categorial grammars.

1 Preliminaries
1.1 Lambek calculus

We consider the syntactic calculus introduced in
[8]. The types of the Lambek calculus are built of
primitive types pi,p2,..., and three binary connec-
tives o,\,/. We shall denote the set of all types
by Tp. Capital letters A,B,...range over types.
Capital Greek letters range over finite (possibly
empty) sequences of types. Sequents of the Lambek
calculus are of the form I'— A, where I is a nonempty
sequence of types.

Axioms: p;—p;
Rules:
I'-A A-—B
— (-
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I' A B A-=C
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®—-B I BA—-A

(CUT)
I'® A—A

The cut-elimination theorem for this calculus is
proved in [8].

We write L - I'—= A if the sequent I'— A is derivable
in the Lambek calculus.

Definition. The length of a type is defined as the
total number of primitive type occurrences in the type.

lpill = 1 [[A=Bl| = [[A\B|| = ||A/B|| = [|A[| +]| Bl



1.2 Lambek grammars and context-free
grammars

Definition. We assume that a finite alphabet 7 and
a distinguished type D are given. A Lambek grammar
is a mapping f such that, for all t € T, f(¢t) C Tp and
f(¢) is finite.

The language generated by the Lambek grammar
is defined as the set of all expressions t¢;...t, over
the alphabet 7 for which there exists a derivable
sequent B; ... B,—D such that B; € f(t;) for all
i < n. We shall denote this language by £(7, D, f).

Definition. We assume that two disjoint alphabets 7°
and W are given. The elements of 7 are called termi-
nal symbols and those of W are auziliary symbols.

A context-free rewrite rule is of the form X = e,
where X is an auxiliary symbol and e is a word in the
alphabet 7 UW.

A context-free grammar is a finite set R of context-
free rewrite rules, with one auxiliary symbol S desig-
nated as its start symbol.

By G(7T,W,S,R) we denote the set of all expres-
sions over the alphabet 7 U W that arise through some
finite sequence of rewritings of the start symbol .S via
the rules of R.

The language generated by the context-free gram-
mar is defined as

G(TW,SR)=G(T.W,SR)NTT,

where 77 denotes the set of all nonempty expressions
over the alphabet 7.

2 Main result

In this section we show that every language recog-
nized by a Lambek grammar can also be generated
by a context-free grammar. The crucial point is that
every sequent By ... B,—D derivable in the Lambek
calculus follows immediately (i.e., by means of the cut
rule only) from some short derivable sequents contain-
ing at most three types each, where none of the types
is longer than the longest type in By ... B,—D (cf.
Theorem 1). The proof of Theorem 1 will be carried
out later in Section 3.

In order to formalize the notion of immediate con-
sequence, we introduce for each natural number m two
calculi Leut,, and Lecut,,.

Definition. A sequent A; ... A,—B is an axiom of

Lcut,, iff
(1) n< 2

(2) the sequent Ay ... A,—B is derivable in the
Lambek calculus;

(3) ||B]] < m and ||A;]| < m for all i <mn.
The only rule of Leuty, is (CUT).

Definition. The calculus Lcut,, has the same axioms
as Lcuty,. The only rule of Leut,, is (CUT) with
the restriction that the left premise ®— B must be an
axiom of Lcut,,.

Theorem 1 Lcut,, b B
[|1Bil| <m  for all
L+By ... B,—D.

... Bpo—D if and only if
i<n, |ID||<m, and

The theorem will be proved in Section 3.

Lemma 1 Lcut,, - ®—A if and only if
Leut,, F d—A.

PrROOF. The ‘only if’ part is obvious. The ‘if’
part is proved by induction on the length of the
Lecut;,-derivation of the left premise of a cut. A deriva-
tion of the form

d—-B I' BA—-A
(CUT)
I'd® A—A 0 AIl-C
(CUT)
O & All-C

will be rearranged in the following way.

I' BA—A © AIl-C
O BAII-C
O & AIl-C

(CUT)
(CUT)

d—B

Theorem 2 For any Lambek grammar there exists a
context-free grammar such that the languages gener-
ated by these grammars coincide.

PRrROOF. If a fixed alphabet 7, a designated type D,
and a mapping f are given, then the set of types rel-
evant in the definition of L(7,D, f) is finite. Let
m be the maximum of the lengths of these types.
Then ||D|| <m and, for any t € T, for any B € f(t),
I1B|| < m.

The set of primitive types involved in the gram-
mar is also finite. Below we shall consider only types
consisting of these primitive types.

We take as the alphabet of auxiliary symbols W
the set of all types not longer than m (and containing
only relevant primitive types).

W={AeTp]||lA|ll <m}



We take the distinguished type D as the start symbol
of the context-free grammar.

The set R consists of obvious rules describing the
mapping f and of Lcut,,-axioms with the sequent ar-
rows reversed.

={B=t | teT and Be€ f(t)}U

U{A= BC | A,B,CE€W and L+ B C—AMU
U{A= B | A BEW and L+ B—A}

First, we prove that £(7,D, f) C G(T,W,D,R).
Suppose that t1...¢, € L(T, D, f). According to the
definition of L£(7,D, f) there are types Bi,..., B,
such that L+ By ... B,—D and B; € f(t;) for
all 7 <n. By construction, B; =t; € R for
all 7 <n. Thus it suffices to prove that
By...B,€G(T,W,D,R).

In view of Theorem 1
Leut,, - By ... B,—D.
Straightforward induction on the length of a Lcut,, -
derivation shows that if Leut,, - By ... B,—D then
By...B,€G(T,W,D,R).

Now we prove that G(7,W,D,R) C L(T,D, f).
We extend the mapping f to the set 7 UW stipu-
lating f(B) ={B} for all BeW. Easy induc-
tion on the number of rewritings establishes that
if an expression X;...X, over the alphabet 7 UW
belongs to G(T,W,D,R) then there are auxiliary
symbols By,..., B, such that B; € f(X;) for all
i <n, and Lcut,, - By ... B,—D. In particular, if
t1,...,t, are terminal symbols and ¢; ... t, belongs to

G(T,W,D,R) then t1...t, € L(T,D, f). 1

3 Proof of Theorem 1

Let FG stand for the free group generated by all
primitive types {p; | ¢ € N}. The identity element will
be denoted by e. For any element u € FFG, we write
|u| for the length of u written as a reduced word, i.e., a
word that does not contain any fragments of the form

pip; " or p; 'pi.

and Lemma 1,

Definition. The free group interpretation of types
(written as [ ]) is the following mapping of types
into F'G.

[p]l = pi
e8] = [A]o[B]
[A\B] = [A]"'o[B]
[4/B] = [Alo[B]™}
[A1...An] = [Ai]o...o[AL]

Lemma 2 If a sequent I'=C' is derivable in the Lam-
bek calculus, then [I'] = [C].

D. Roorda obtained this result in terms of atomic
markings. The lemma has also an immediate proof in
the free group environment [9)].

Definition. For each natural number i we define the
counter of occurrences of the primitive type p; as fol-
lows.

O'ipiﬁl O'ipj#(), lf Z#]
Jl(AOB) = Ul(A\B) = UZ(A/B) =0, A+0;B

We extend this definition to finite sequences of
types.

Ui(Al...An) =0;A1+...+0;A,

Remark. If a sequent I'—A is derivable in the Lam-
bek calculus, then for any i, 0;(I"4) is an even number.

Remark. ||4]| = ZUZ‘A

Definition. A sequent I'— A is thin iff
(1) T'—A is derivable in the Lambek calculus;

(2) 0;(T'A) = 2 for all primitive types p; occurring in
I'—A.

Lemma 3 If LET ® A—C then there is a type B
(an interpolant for ® in T ® A—C') such that

(i) L+ ®—B;
(i) LFT B A—C.
(111) O’iB < mm(al@,al(FAC)),

PROOF. This lemma is a slight modification of
the Interpolation theorem for the Lambek calculus
proved by Dirk Roorda in [10, p. 84]. The only
difference is that Roorda allows also sequents with
empty antecedents to occur in derivations. We omit
the straightforward proof by induction on a cut-free
derivation of ' ® A—C. H

Lemma 4 If a sequent T' ® A—C' is thin, then there
is a type B such that

(i) the sequent ®—B is thin;
(i) the sequent T' B A—C' is thin;

(iii) ||B]| = |[®]], i.e., the length of B equals to the
length of the reduced word for the free group in-
terpretation of @.



ProOF.
For all i, 0;® + 0;(T'AC) equals either 0 or 2.
If 0;® = 0 then min(o;®, 0;(TAC)) = 0.
If 0;® = 1 then min(o;®, 0;(TAC)) = 1.
If 0;® = 2 then min(o;®, 0;(TAC)) = 0.
According to Lemma 3 there is an interpolant B con-
taining at most one occurrence of every literal.
For any 1,

0;(®B) = 0,9 4+ 0;B < 0;(I'PAC) + 0, B <2+ 1.

Since 0;(®B) is even, we conclude that o;(®B) is
either 0 or 2. This proves (i). The claim (ii) is proved
similarly.

According to Lemma 2 [I'][®][A] = [C], whence
[®] = [L]~*[C][A]~*. We conclude that the reduced
words for [®] and [I]1[C][A] ! coincide.

If 0;® = 0 then the letter p; does not occur in [P].
If 0;@ =1 then there is exactly one occurrence of p;
in [®]. If 0;® = 2, then 0;,(T'AC) = 0, whence p; does
not occur in [[']7[C][A]~! and consequently it has
no occurrences in the reduced word for [®].

We have verified that the reduced word for [®] con-
tains exactly the literals that occur in the type B. We
also see that no literal has more than one occurrence
in the reduced word. This proves statement (iii). H

Lemma 5 If no type in a thin sequent A; ... A,—C
is longer than m, then Leut,, F A1 ... A,—C.

To prove Lemma 5, we need some facts about
lengths of reduced words in a free group.

Lemma 6 If w,v,w € FG and |uv|>|v|, then
luvw| > Jvw].

PrRoOOF. Given two reduced words u and v, there ex-
ist reduced words a, b, ¢ such that u = ab™!, v = be,
uv = ac, and the words ab™!, be, ac are reduced. Sim-
ilarly for v and w there exist reduced words d, e ,and f
such that v = de, w = e~ ' f, vw = df, where de, e ' f,
df are reduced.

We consider two cases.

CAsE 1: [b] < |d]
Evidently d = bg, where g is a reduced word.

wow = ab~! bge e f

(NN
U v w
Obviously
uv| = la] + |g[ +el,  |vw| = b+ |g[+[f],  and
|luvw| = |a| + |g| + | f]- The assumption of the lemma

implies

lal + lg| + le| > [b] + |g] + le],

whence |a| > |b]. Thus
luvw| = [a] + |g[ + [f] > [b] + |g] + [f] = [vw].

CASE 2: [b] > |d|
Evidently b = dh, where h is a reduced word.

wow = ah~'d" ! dhc c 'R S
——— o ——
U v w

Obviously wvw = ah™'f and ah™!f is a reduced
word. The assumption of the lemma entails

lal +[e] > [d| + [R] + ||,
whence |a| > |d| + |h|. Thus
[uvw| = |af + [b] + |f| > [d| + [h] + [n] + |f] >
> |d| +[f] = ow].
|

Lemma 7 If u,v,w € FG, |uv| > max(|ul, |v]), and
lvw| > max(|v|, |w|), then |uvw| > max(|ul, |vw]).

PrROOF. We verify that |uvw| > Jvw| and |uvw| > |ul.

First, |uv| > |v| implies |uvw| > |vw]| according to
Lemma 6. Dually, |vw| > |w| implies |uvw| > |uv|.
Thus, in view of |uv|> |u|, we conclude that
luvw| > |u|. W

Lemma 8 If wuy,...,u, € FG, n>1, and
Uy ... U, = €, then there is a number k < n such that
[uktk+1] < max(|ugl, [ur+1]).

PrRoOOF. Induction on n. The case n = 2 is obvious,

since |uquz| = |e| = 0.
Now we prove the lemma for n+1 words
UL, .., Up_1,V,w, assuming that it holds for any se-

quence of n words.
Suppose that |up—1v| > max(|u,—1],|v]) and
|vw| > max(|v|, |w|). By Lemma 7,

[t —1vw| > max(|tun—1], [vw]). (1)

Applying the induction hypothesis
for uy,...,uUn_1,un, where u,, = vw, we find a num-
ber k < n such that |upugs1| < max(|ug|, [uk+1]). In
view of (1), k # n — 1. This completes the proof. W



Proor oF LEMMA 5. Induction on n. If n < 2 then
Ay ... A,—C is an axiom of Lcut,,.

Assume that n > 2. In view of Lemma 2,
[A1] ... [A.]IC]7' =e. We apply Lemma 8 for
ur = [A1], ..., Up = [An], Uns1 = [C]!. Evidently
|u;] <m for all : <n+1. According to Lemma 8
there is a number k < n such that |ugurs1| < m. The
following two cases arise.

CasE 1: k<n
This means that |[[AxAg+1]| < m. Applying Lemma 4
for

A1 .. .Ak,1 Ak;Ak;Jrl Ak+2 .. An —>C
h,_/H,_/T
r P

we find a type B such that Ay Agy1—B is
thin, Ay ... Ax_1 B Agys ... A,—C is thin, and
1Bl = [[AkAr+1]| = [ukurs+1] < m.

Note that Ap_1 Ap—B is an axiom of Lcut,,.
Now we wuse the induction hypothesis for the
sequent Ay ... Agp_1 B Agys ... Ap,—C and after
that apply the cut rule.

CASE2: k=n
This means that |[[A,][C]7!] < m.
Lemma 4 for

Applying

A1 N An—l An —C
—_
¢ A

we find a type B such that A; ... A,_1—B is thin,
B A,—C is thin, and ||B|| = |[41 ... An-1]].

In view of Lemma 2,

[Ar ... Al = (AGDICT ™" = (i)~

Thus || B]| = |(unun+1)71| = |uptpi1| < m.

Hence B A,,—C'is an axiom of Lcut,,. By the in-
duction hypothesis, Leut,, - A1 ... A,_1—B. This
completes the proof of Lemma 5. W

We prove now that Lcut,,+ By ... B,—D if
and only if ||B;|| <m for all i <n, ||D|| <m, and
L+ By ... By—D.

PROOF OF THEOREM 1. The ‘only if’ part is obvious.
To prove the ‘if” part, we assume that ||B;|| < m for
alli <n, ||D||<m,and L+ B; ... B,—D.

We introduce a new primitive type for each in-
stance of an axiom in the derivation of By ... B,—D
and replace all occurrences of old primitive types in
the derivation by corresponding new ones. We ob-
tain a derivation of a sequent B ... Bn—>ﬁ, where
Ui(Bl . Bnﬁ) = 2 for all primitive types p; occurring
in B, ... B,—D.

In view of Lemma 5, Lcut,, F By ... B,—D. Re-
placing new primitive types by corresponding old
ones in this Lcut,,-derivation, we obtain a Lcut,,-
derivation of By ... B,—D. This completes the
proof of Theorem 1. W
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