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Abstract

We examine the structure of families of distortion ballsnfrthe perspective of Kolmogorov complexity. Special
attention is paid to the canonical rate-distortion funetad a source word which returns the minimal Kolmogorov
complexity of all distortion balls containing that word $edt to a bound on their cardinality. This canonical rate-
distortion function is related to the more standard alfonit rate-distortion function for the given distortion rsege.
Examples are given of list distortion, Hamming distortiamd Euclidean distortion. The algorithmic rate-distartio
function can behave differently from Shannon’s rate-dtgia function. To this end, we show that the canonical rate-
distortion function can and does assume a wide class of si{@apéke Shannon’s); we relate low algorithmic mutual
information to low Kolmogorov complexity (and consequgrgliggest that certain aspects of the mutual information
formulation of Shannon’s rate-distortion function behalierently than would an analogous formulation using
algorithmic mutual information); we explore the notion tthaw Kolmogorov complexity distortion balls containing
a given word capture the interesting properties of that werbdich is hard to formalize in Shannon’s theory) and
this suggests an approach to denoising.

I. INTRODUCTION

Rate distortion theory analyzes the transmission and ggood information at insufficient bit rates. The aim is
to minimize the resulting information loss expressed in\ggidistortion measure. The original data is called the
‘source word’ and the encoding used for transmission orag®is called the ‘destination word.” The number of bits
available for a destination word is called the ‘rate.’ Theick of distortion measure is usually a selection of which
aspects of the source word are relevant in the setting at, remtl which aspects are irrelevant (such as noise).
For example, in application to lossy compression of a souedttiis results in a compressed file where, among
others, the very high and very low inaudible frequenciesshaeen suppressed. The distortion measure is chosen
such that it penalizes the deletion of the inaudible fregiemnbut lightly because they are not relevant for the
auditory experience. We study rate distortion of individs@aurce words using Kolmogorov complexity and show
how it is related to denoising. The classical probabilistieory is reviewed in Appendix A. Computability notions
are reviewed in Appendix B and Kolmogorov complexity in Apdex C. Randomness deficiency according to

Definition 8 and its relation to the fitness of a destinatiomdvor a source word is explained further in Appendix D.
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Appendix E gives the proof, required for a Hamming distartexample, that every large Hamming ball can be
covered by a small number of smaller Hamming balls (each o&kcardinality). More specifically, the number of
covering balls is close to the ratio between the cardinalitthe large Hamming ball and the small Hamming ball.

The proofs of the theorems are deferred to Appendix F.

A. Related Work

In [8] A.N. Kolmogorov formulated the ‘structure functionvhich can be viewed as a proposal for non-
probabilistic model selection. This function and the agged Kolmogorov sufficient statistics are partially tezht
in [19], [24], [6] and analyzed in detail in [22]. We will shothiat the structure function approach can be generalized
to give an approach to rate distortion and denoising of iddial data.

Classical rate-distortion theory was initiated by Shanmor{17]. In [18] Shannon gave a nonconstructive
asymptotic characterization of the expected rate-distorturve of a random variable (Theorem 4 in Appendix A).
References [1], [2] treat more general distortion measanesrandom variables in the Shannon framework.

References [25], [13], [20] relate the classical and atbatic approaches according to traditional information-
theoretic concerns. We follow their definitions of the rdistortion function. The results in the references show
that if the source word is obtained from random i.i.d. sosrdben with high probability and in expectation its
individual rate-distortion curve is close to the Shannaifgyle rate-distortion curve. In contrast, our Theorem 1
shows that for distortion measures satisfying propertigbrbugh 4 below there are many different shapes of
individual rate-distortion functions related to the diffat individual source words, and many of them are very
different from Shannon’s rate-distortion curve.

Also Ziv [26] considers a rate-distortion function for im@lual data. The rate-distortion function is assigned to
every infinite sequence of letters of a finite alphabdt. The source words are prefixes ofv and the encoding
function is computed by a finite state transducer. Kolmoga@ammplexity is not involved.

In [16], [12], [4], [5] alternative approaches to denoisivig compression and in [15], [14] applications of the
current work are given.

In [22] Theorems 1 and 3 were obtained for a particular ditormeasure relevant to model selection (the
exampleL in this paper). The techniques used in that paper do not gireeto prove the current theorems which

concern arbitrary distortion measures satisfying cenpmoperties given below.

B. Results

A source word is taken to be a finite binary string. Destimatieords are finite objects (not necessarily finite
binary strings). For every destination word encoding aipaldr source word with a certain distortion, there is a
finite set of source words that are encoded by this destmatmrd with at most that distortion. We call these finite
sets of source words ‘distortion balls.” Our approach isebasn the Kolmogorov complexity of distortion balls.
For every source word we define its ‘canonical’ rate-digorfunction, from which the algorithmic rate-distortion

function of that source word can be obtained by a simple toamstion, Lemma 2.

DRAFT



Below we assume that a distortion measure satisfies certaipegies which are specified in the theorems
concerned. In Theorem 1 it is shown that there are distinobi@al rate-distortion curves (and hence distinct
rate-distortion curves) associated with distinct souroeds (although some curves may coincide). Moreover, every
candidate curve from a given family of curves is realizedrapjmately as the canonical rate-distortion curve (and
hence for a related family of curves every curve is realizpgraximately as the rate-distortion curve) of some
source word. In Theorem 2 we prove a Kolmogorov complexitglague for Shannon’s theorem, Theorem 4 in
Appendix A, on the characterization of the expected ras¢edion curve of a random variable. The new theorem
states approximately the following: For every source word @very destination word there exists another destination
word that has Kolmogorov complexity equal to algorithmifonmation in the first destination word about the source
word, up to a logarithmic additive term, and both destirmatiords incur the same distortion with the source word.
(The theorem is given in the distortion-ball formulationd#stination words.) In Theorem 3 we show that, at every
rate, the destination word incurring the least distortisnini fact the ‘best-fitting’ among all destination words at
that rate. ‘Best-fitting’ is taken in the sense of sharing rtiast properties with the source word. (This notion of a
‘best-fitting’ destination word for a source word can be egsed in Kolmogorov complexity, but not in the classic
probabilistic framework. Hence there is no classical agiadofor this theorem.) It turns out that this yields a method

of denoising by compression.

1. PRELIMINARIES
A. Data and Binary Strings

We write string to mean a finite binary string. Other finite objects can be daddnto strings in natural ways.
The set of strings is denoted H, 1}*. Thelengthof a stringx is the number of bits in it denoted &s|. The
emptystring € has lengthle| = 0. Identify the natural numberd/ (including 0) and{0,1}* according to the
correspondence

(0,¢), (1,0),(2,1), (3,00), (4,01), ... (1)

Then,|010| = 3. The emphasis is on binary sequences only for conveniesereations in every finite alphabet
can be so encoded in a way that is ‘theory neutral’. For exanipla finite alphabet has cardinality2”, then
every element € X can be encoded hy(i) which is a block of bits of lengtft. With this encoding every. € X*
satisfies that the Kolmogorov complexity(z) = C(o(x)) (see Appendix C for basic definitions and results on

Kolmogorov complexity) up to an additive constant that idependent of:.

B. Rate-Distortion Vocabulary

Let X be a set, called theource alphabetvhose elements are calleurce wordsor messagesWe also use
a set) called thedestination alphabetwhose elements are calletkstination words(The destination alphabet
is also called the reproduction alphabet.) In general theeeno restrictions on the séf; it can be countable or

uncountable. However, for technical reasons, we asséme {0, 1}*. On the other hand, it is important that the
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set) consists offinite objects we need that the notion of Kolmogorov complexity(y) be defined for ally € V.
(Again, for basic definitions and results on Kolmogorov céerjty see Appendix C.) In this paper it is not essential
whether we use plain Kolmogorov complexity or the prefix aatj we use plain Kolmogorov complexity.

Suppose we want to communicate a source word X' using adestination wordy € ) that can be encoded
in at mostr bits in the sense that the Kolmogorov complexityy) < r. Assume furthermore that we are given
a distortion functiond : X x Y — R |J{oc}, that measures the fidelity of the destination word agahmstsburce
word. HereR denotes the nonnegative real numbers,

DEFINITION 1: Letxz € X = {0,1}* and Q denote the rational numbers. Thege-distortion function-, : Q —

N is the minimum number of bits in a destination wardo obtain a distortion of at most defined by

r2(6) = min{C(y) : d(z,y) < 6}

yey

The ‘inverse’ of the above function is is thistortion-rate functiond, : N'— R and is defined by

d:(r) = min{d(zy) : C(y) < ).
These functions are analogs for individual source wards the Shannon'’s rate-distortion function defined in (8)
and its related distortion-rate function, expressing #esi expected rate or distortion at which outcomes from a

random sourceX can be transmitted, see Appendix A.

C. Canonical Rate-Distortion Function

Let X = {0,1}* be the source alphabeY, a destination alphabet, arta distortion measure.

DEFINITION 2: A distortion ball B(y,d) centered ory € Y with radiusé € Q is defined by
B(y,0) ={z € X : d(z,y) <},

and its cardinality is denoted by(y, ) = |B(y,d)|. (We will consider only pairg), d) such that all distortion
balls are finite.) If the cardinality(y, 4) depends only o but not on the centey, then we denote it by(d). The

family .A%Y is defined as the set of all nonempty distortion balls. Thériot®n to strings of lengt: is denoted
by ALY,

To define the canonical rate-distortion function we neednibiion of the Kolmogorov complexity of a finite set.
DEFINITION 3: Fix a computable total order on the set of all strings (saydrder defined in (1)). TH€olmogorov
complexityC'(A) of a finite setis defined as the length of the shortest stringuch that the universal reference
Turing machinelU given p as input prints the list of all elements of in the fixed order and halts. We require

that the constituent elements are distinguishable so teatam tell them apart. Similarly we define tbenditional

versionsC(A | z) andC(z | A) where A is a finite set of strings and is a string or a finite set of strings.
ReEMARK 1: In Definition 3 it is important that/ (p) halts after printing the last element in the list—in this way

we know that the list is complete. If we allowéd(p) to not halt, then we would obtain the complexity of the

so-calledimplicit descriptionof A, which can be much smaller thami(A). O
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REMARK 2: We can allowU (p) to output the list of elements in any order in Definition 3. Fliliexibility
decreases’(A) by at most a constant not depending dnbut only depending on the order in (1). The same
applies toC(A | z). On the other hand, iff occurs in a conditional, such as @(z | A), then itis important that
elements ofA are given in the fixed order. This is the case since the orderich the elements ofl are listed
can provide extra information. %

DEFINITION 4: Fix a computable bijectiont from the family of all finite subsets of0, 1}* to {0,1}*. Let A be
a finite family of finite subsets o’ = {0, 1}*. Define theKolmogorov complexity’'(A) by C(A) = C({¢p(4)) :
Aec A}).

REMARK 3: An equivalent definition of?(A | z) andC(z | A) as in Definition 3 is as follows. Lep be as in
Definition 4. Then we can defin€(A | z) by C(¢(4) | z) andC(z | A) by C(z | ¢(A)). O

DEFINITION 5: For every stringe the canonical rate-distortion functiom, : N' — AN is defined by

+()= min {C(B):x € B,log|B| <}.
go(l) = min {C(B):z og|B| <1}

In a similar way we can define thmanonical distortion-rate functian
he(j) = min {log|B|:xz € B, C(B) <j}
(7) =  min {log|B|:x (B) <j}

DEFINITION 6: A distortion family.A is a set of finite nonempty subsets of the set of source wards {0, 1}*.
The restriction to source words of lengthis denoted byA,,.

Every destination alphabél and distortion measuré gives rise to a set of distortion balld?Y, which is
a distortion family. Thus the class of distortion familiebvausly includes every family of distortion balls (or
distortion spheres, which is sometimes more convenieig)ngr from every combination of destination set and
distortion measure. It is easy to see that we also can sufiestfie more general distortion families for A%Y in
the definitions of the canonical rate-distortion and distorrate function.

In general, the canonical rate-distortion functionzo€an be quite different from the rate-distortion function of
x. However, by Lemma 2 below it turns out that for every distortmeasure satisfying certain conditions and for
everyx the rate-distortion functiom, is obtained fromy, by a simple transformation requiring the cardinality of
the distortion balls.

REMARK 4: Fix a stringz € X = {0,1}* and consider different distortion familied. Let g-* denote the
canonical rate-distortion function of with respect to a family4. Obviously, if A C B then g* is pointwise
not less thary® (and it may happen thag?(i) > ¢Z(i) for somes). But as long asA satisfies certain natural
properties, then the set of all possilglg, whenx ranges overt, does not depend on the particuldrinvolved,

see Theorem 1. O

D. Use of the Big O Term

In the sequel we use ‘additive constahor equivalently ‘additiveO(1) term’ to mean a constant. accounting for

the length of a fixed binary program, independent from everyable or parameter in the expression in which it
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occurs. Similarly we us&J(f(m,n,...))’ to mean a functioy(m, n, ...) such thag(m,n,...) < cf(m,n,...)+

c wherec is a fixed constant independent from every variablen, . .. in the expression.

IIl. DISTORTION MEASURES

Since every family of distortion balls is a distortion faynitonsidering arbitrary distortion measures and desti-

nation alphabets results in distortion families. We coesithe following mild conditions on distortion familie4:

Property 1. For every natural numbet, the family A contains the sef0,1}™ of all strings of lengthn
as an element.

Property 2. All z,y € A € A satisfy|z| = |y|.

Property 3. Recall that4,, = {4 € A: A C{0,1}"}. Then,C(A,) = O(logn).

Property 4. For every naturah, let «,, denote the minimal number that satisfies the following. Rarg
positive integerc every setd € A, can be covered by at most,|A|/c setsB € A with |B| < ¢. Call
a., the covering coefficientelated toA,,. Property 4 is satisfied i&,, be bounded by a polynomial in.
The smaller the covering coefficient is, the more accuratehei the description that we obtain of the

shapes of the structure functions below.

The following three example familied satisfy all four properties.

ExamMPLE 1: L the list distortion family Let £,, be the family of all nonempty subsets 8, 1}™. This is the
family of distortion balls for list distortion, which we def as follows. LetY = {0,1}* and)Y = |J,, Ln. A
source wordr € {0,1}"™ is encoded by a destination word which is a subsdisbrS C {0,1}™ with z € S. Given
S, we can retriever by its index oflog |S| bits in S, ignoring rounding up, whence the name ‘list code.” The
distortion measure id(z, S) = log|S| if € S, andoco otherwise. Thus, distortion balls come only in the form
B(S,log|S|) with cardinality b(S,log|S|) = |S|. Trivially, the covering coefficient as defined in propertyfdr
the list distortion familyZ, satisfieso,, < 2. Reference [22] describes all possible canonical distortate curves,

called Kolmogorov’s structure function there and first dedinn [8]. The distortion-rate function for list distortion

coincides with the canonical distortion-rate function eTiate-distortion function of for list distortion is

= i : <
72(9) Sgr?gg}n{C(S) x €8, log|S| < 4}

and essentially coincides with the canonical rate-digtorfunction @, is the restriction ofr, to A/). &

ExamPLE 2: H the Hamming distortion familyLet X = Y = {0,1}*. A source wordx € {0,1}" is encoded
by a destination wordy € {0,1}". For every positive integen, the Hamming distancébetween two strings
r=ux1...2, andy =y ...y, is defined by

dz,y) = ~|{i - 2 £ v}l @

T
If x andy have different lengths, thed(z, y) = co. A Hamming ballin {0, 1}" with centery € {0, 1}" and radius
§ (0 <6 <1)isthe setB(y,§) = {z € {0,1}" : d(z,y) < §}. Everyz is in eitherB(00...0,4) or B(11...1, %),

so we need to consider only Hamming distafce 6 < % Let H,, be the family of all Hamming balls i0, 1}".
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We will use the following approximation df(é)—the cardinality of Hamming balls ift{,, of radiusé. Suppose
that0 < ¢ < 5 anddn is an integer, and let (§) = dlog1/6 + (1 — §)log 1/(1 — &) be Shannon’s binary entropy
function. Then,

onH(8)-logn/2-0(1) < p(§) < 9nH(®) 3)

In Appendix E it is shown that the covering coefficient as dadiin propertyd, for the Hamming distortion family

H,,, satisfiesa,, = n®®). The function

r4(6) = yer{r;){rll}n{c(y) td(z,y) <6}

is the rate-distortion function of for Hamming distortion. An approximation to one such fuantis depicted in
Figure 1. &

ExampLE 3: £ the Euclidean distortion familyLet £,, be the family of all intervals i{0, 1}", where an interval
is a subset of0,1}" of the form{z : « < z < b} and < denotes the lexicographic ordering ¢f,1}". Let
Y ={0,1}*. A source worde € {0,1}" is encoded by a destination wogde {0, 1}™. Interpret strings in{0,1}"
as binary notations for rational numbers in the segnjent]. Consider the Euclidean distange — y| between
rational numberg: andy. The balls in this metric are intervals; the cardinality oball of radiusd is abouty2™.
Trivially, the covering coefficient as defined in propettyfor the Euclidean distortion family,,, satisfiesa,, < 2.
The function

+(6)= min {C(y):|z—y| <6
r2(6) ye%{?}n{ (y) |z —yl < 6}

is the rate-distortion function of for Euclidean distortion. &
All the properties 1 through 4 are straightforward for alieth families, except propertyin the case of the family

of Hamming balls.

IV. SHAPES

The rate-distortion functions of the individual stringslefigthn can assume roughly every shape. That is, every
shape derivable from a function in the large family, of Definition 5 below through transformation (4).

We start the formal part of this section. Ldtbe a distortion family satisfying properties 1 through 4.

Propertyl implies that{0,1}" € A and property! applied to{0,1}" andc = 1, for everyn, implies trivially

that the family.A contains the singleton sé¢t:} for everyz € {0,1}*. Hence,
92(0) = C({z}) = C(x) + O(1).
Propertyl implies that for everyn and stringz of lengthn,
gz(n) < C({0,1}") = C(n) + O(1) < logn + O(1).

Together this means that for everyand every string: of lengthn, the functiong,. (1) decreases from abodt(x)

to about0 as! increases from 0O ta.
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LEMMA 1: Let A be a distortion family satisfying propertidsthrough4. For everyn and every stringe of

lengthn we haveg,(n) = O(logn), and0 < g, (1) — g.(m) < m — 1+ O(logn) for all I < m < n.

Proof: The first equation and the left-hand inequality of the seceqdation are straightforward. To prove
the right-hand inequality lefl witnessg,.(m) = k, which implies thatC'(A) = k andlog |A| < m. By Property 4
there is a covering ofl by at mosta,,|A|/2! sets inA,, of cardinality at mos! each. Given a list off and a list
of A,, we can find such a covering. L&t be one of the covering sets containingThen,z can be specified by
A,n,l, A, and the index of B among the covering sets. We need al$@og k + loglogi + loglog! + loglog n)
extra bits to separate the descriptionsAfand A,,, and the binary representations ©f:, [, from one another.
Without loss of generality we can assume thais less tham. Thus all the extra information and separator bits
are included inO(log n) bits. AltogetherC'(B) < C(A)+m —1+4 O(logn) < k+m — I+ O(logn), which shows
thatg, (1) <k +m —1+ O(logn) = gz(m) + m — I+ O(logn). [

EXAMPLE 4: Lemma 1 shows that
C(z) —i—O(logn) < g.(i) <n—i+ O(logn),
for every0 < ¢ < n. The right-hand inequality is obtained by settimg= n, [ = i in the lemma, yielding
92(1) = g2(1) = go(n) + O(logn) < n — i+ O(logn).
The left-hand inequality is obtained by settihg- 0, m = ¢ in the lemma, yielding
C(x) = 9o (i) = 92(0) — g2(i) + O(1) < i — 0+ O(logn).

The last displayed equation can also be shown by a simpletdirgument:z can be described by the minimal
description of the sefl € A witnessingg,. (i) and by the ordinal number of in A. O
The rate-distortion functiom, differs from g, by just a change of scale depending on the distortion family
involved, provided certain computational requirementsfatfilled. See Appendix B for computability notions.
LEmmA 2: Let X = {0,1}*, ), andd, be the source alphabet, destination alphabet, and distameasure,
respectively. Assume that the sgtx,y,0) € X x Y x Q : d(z,y) < 4} is decidable; thafy is recursively
enumerable; and that for every the cardinality of every ball ind%Y of radiusé is at mostb,(§) and at least
b.(8)/B(n), where3(n) is polynomial inn andb,(§) is a function ofrn,§; and that the distortion family4®Y

satisfies properties 1 through 4. Then, for everg {0,1}" and every rationad we have

r2(0) = gz([log b, (6)]) + O(C(d) + logn). 4)
Proof: Fix n and a stringe of lengthn. Consider the auxiliary function

72(6) = min{C(B(y,0)) : d(z,y) < 6} (5)

yeY
We claim that®, (§) = r,(6)+O(C(d)+logn). Indeed, lety witnessr,,(§) = k. Giveny, §, n we can compute a list
of elements of the balB(y, d): for all stringsa’ of lengthn determine whethed(z’,y) < §. ThusC(B(y,d)) <
k+0(C(5)+1logn), hencer,(6) < k+O(C(d)+logn). Conversely, letB(y, §) withessr,(§) = k. Given a list of
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the elements oB(y, §) andd we can recursively enumeraeto find the first elemeng’ with B(y', §) = B(y, d) (for
every enumerategt compute the list3(y’, §) and compare it to the given lig(y, §)). Then,C(y') < k+O(C(4))
andd(z,y’) < 6. Hencer,(d) < k + O(C(9)).
Thus, it suffices to show that
72 (8) = g2 ([log b, (6)]) + O(logn).

(92([log b, (0)]) < 74(5)) Assumer,(0) = k is witnessed by a distortion bal(y, d). By our assumption, the
cardinality of B(y, ¢) is at mostb,, (), and hencey,([logb,(d)]) < k.

(72(0) < g.([logb,(6)]) + O(logn)) By Lemma 1,g.(l) and g,(I — m) differ by at mostm + O(logn).
Therefore it suffices to show that,(6) < g,([logb,(d)] — m) for somem = O(logn). We claim that this
happens form = [log 3(n)] + 1. Indeed, letg, ([logb,(d)] — m) = k be witnessed by a distortion ball. Then,
|B| < 2M080 ()1 /(23(n)) < b,(5)/B(n). This implies that the radius aB is less thany and henceB witnesses
72(0) < k. n

REMARK 5: When measuring distortion we usually do not need ratioanaibers with numerator or denominator
more tham = |z|. Then, the ternO(C(4)) in (4) is absorbed by the ter@(logn). Thus, describing the family of
g:'S we obtain an approximate description of all possible-thstortion functions-, for given destination alphabet
and distortion measure, satisfying the computability é¢imas, by using the transformation (4). An example of an
approximate rate-distortion curve for some stringe of lengthn for Hamming distortion is given in Figure 1

REMARK 6: The computability properties of the functions, d., andg,, as well as the relation between the
destination word for a source word and the related distorttiall, is explained in Appendix B. %

We present an approximate description of the family of gaesgj,’s below. It turns out that the description does
not depend on the particular distortion famil{y as long as properties 1 through 4 are satisfied.

DEFINITION 7: Let G,, stand for the class of all functiong : {0,1,...,n} — N such thatg(n) = 0 and
gl—1) e {g(l),g(l)+ 1} forall 1 <! <n.

In other words, a functiory is in G,, iff it is nonincreasing and the function(i) + 7 is nondecreasing and
g(n) = 0. The following result is a generalization to arbitrary digsion measures of Theorem V.4 in [22] dealing
with h, (equalingd, in the particular case of the distortion fami§). There, the precision in Item (ii) for source
words of lengthn is O(logn), rather than theé)(y/nlogn) we obtain for general distortion families.

THEOREM1: Let A be a distortion family satisfying propertiésthrough4.

(i) For everyn and every string: of lengthn, the functiong,.(1) is equal tog(l) + O(logn) for some function
g € Gy.

(ii) Conversely, for everyn and every functiory in G, there is a stringe of lengthn such that for every
[=0,...,n, gz(1) = g(1) + O(v/nTogn).

REMARK 7: For fixedk < n the number of different integer functiopss G,, with g(0) = kis (}). Fork = in,
this number is of orde2™/+/n, and therefore far greater than the number of stringé lengthn and Kolmogorov
complexityC(x) = k = %n which is at mos2”/2. This explains the fact that in Theorem 1, ltem (i), we canno

precisely match a string of lengthn to every functiong € G,,, and therefore have to use approximate shapes.
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ExampPLE 5: By Theorem 1, Item (ii), for every € G, there is a string: of lengthn that hasy for its canonical

rate-distortion functiory, up to an additiveD(y/nlogn) term. By (3), (4), and Remark 5,
r2(0) = go(nH (0)) + O(log n),

for 0 < § < 1. Figure 1 gives the graph of a particular functied) = g(nH(5)) with g defined as follows:

n (1-H(8)+H(1/6)-H(1/3))

C(y) (rate

n (1-H(3))

1/6 1/3 1/2
d=d(x,y) (distortion)

Fig. 1. An approximate rate-distortion function for Hamuidistortion

g)=n(1+H()—H())—1for0<1<nH(}), g(l) =n(l+ H(3) - H(3)) fornH(%) <1 <nH(}), and
g(l) =n—1for nH(%) < 1 <n. Inthis way,g € G,,. Thus, there is a string of lengthn with its rate-distortion
graphr, () in a strip of sizeO(y/nlogn) around the graph of(§). Note thatr, is almost constant on the segment
[+: 3] Allowing the distortion to increase on this interval, aletway from: to %, so allowingn/6 incorrect extra
bits, we still cannot significantly decrease the rate. Theans that the distortion-rate functiah(r) of = drops

from % to % near the point = n(1 — H(3)), exhibiting a very unsmooth behavior. &

V. CHARACTERIZATION

Theorem 2 below states that a destination word that codegea gource word and minimizes the algorithmic
mutual information with the given source word gives no adaga in rate over a minimal Kolmogorov complexity
destination word that codes the source word. This theorembeacompared with Shannon’s theorem, Theorem 4
in Appendix A, about the expected rate-distortion curve odradom variable.

THEOREM2: Let A be a distortion family satisfying propertiesand 3, and A(x) = {A € A : z € A}.

For everyn and stringz of lengthn and everyB € A(z) there is anA € A(x) with [log |A|] = [log|B]
andC(A) < I(z : B) 4+ O(logC(B) + logn), whereI(z : B) = C(B) — C(B | x) stands for the algorithmic
information inx aboutB.

For further information abouf(z : B) see Definition 11 in Appendix C. The proof of Shannon’'s theare

Theorem 4, and the proof of the current theorem are veryrdifte The latter proof uses techniques that may be

DRAFT



11

of independent interest. In particular, we use an onlinecegér algorithm where the sets come sequentially and
we always have to have the elements covered that occur int@rcaumber of sets, Lemma 6 in Appendix F.

ExXAMPLE 6: Theorem 2 states that for an appropriate distortion fardilof nonempty finite subsets gb, 1}*
and for every stringr € {0, 1}*, if there exists and € A of cardinality 2! or less containing: that has small
algorithmic information about, then there exists another setc A containingz that has also at mogt elements
and has small Kolmogorov complexity itself.

For example, in the case of Hamming distortion, if for a givaring = there exists a string at Hamming
distanced from z that has small information about then there exists another stringhat is also within distance
0 of x and has small Kolmogorov complexity itself (not only smdtiaithmic information about:). Herez, y, z
are strings of length.

To see this, note that the Hamming distortion family of Exésatisfies properties 2 and 3. Consider Hamming
balls in {0,1}™. Let A be the ball of radiug with centery. By Theorem 2 there is a Hamming bal > = with
[log|Bl|] = [log|A|] andC(B) < C(A) — C(Alz) + O(log C(A) + logn). Notice thatlog C(A) = O(logn) and
thus we can droflog C(A) in this inequality. Without loss of generality we may assuthat the radius ofB at
mostd < 1/2 (otherwise we can coveB by a polynomial number of balls of radiusby Lemma 5 and then
replaceB by a covering ball which containsg). Let z be the center oB. Thusz is at distance at most from
x and it suffices to prove that'(z) < I(x : y) + O(logn). The information in the balld equals that in the pair
(y,0). Therefore

C(z) <C(B) < C(A) — C(A]z) + O(logn) = C(y,d) — C((y,d)|z) + O(logn).
SinceC(4) <logn + O(1), we obtain

C(z) < C(y) — C(ylz) + O(logn) = I(z : y) + O(logn).

VI. FITNESS OFDESTINATION WORD

In Theorem 3 we show that if a destination word of a certain imak Kolmogorov complexity has minimal
distortion with respect to the source word, then it also B ¢hlmost) best-fitting destination word in the sense
(explained below) that among all destination words of thatnkogorov complexity it has the most properties in
common with the source word. ‘Fitness’ of individual strintp an individual destination word is hard, if not
impossible, to describe in the probabilistic frameworkwéwer, for the combinatoric and computational notion of
Kolmogorov complexity it is natural to describe this notiesing ‘randomness deficiency’ as in Definition 8 below.

Reference [22] uses ‘fithess’ with respect to the particdlatortion family £. We briefly overview the general-
ization to arbitrary distortion families satisfying prafies 2 and 3 (details, formal statements and proofs alSout
can be found in the cited reference). The goodness of fit ofstirggion wordy for a source word: with respect
to an arbitrary distortion family4 is defined by the randomness deficiencyroih the the distortion balB(y, 9)

with § = d(z,y). The lower the randomness deficiency, the better is the fit.
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DEFINITION 8: Therandomness deficienof x in a setd with z € A is defined ag(z | A) =log |A|-C(x | A).

If 5(z | A) is small thenz is atypical element ofA. Here ‘small’ is taken a®)(1) or O(logn) wheren = |z,
depending on the context of the future statements.

The randomness deficiency can be little smaller than 0, butmuwe than a constant.

DEFINITION 9: Let > 1 be an integer parameter aitiC A. We sayP is apropertyin A if P is a ‘majority’
subset of4, that is,|P| > (1 — 27%)| A|. We say thatr € A satisfiesproperty P if = € P.

If the randomness deficiendy(x | A) is not much greater than 0, then there are no simple speciglepies
that singlex out from the majority of strings to be drawn fror This is not just terminology: 15(z|A) is small
enough, therr satisfiesall properties of low Kolmogorov complexity id (Lemma 4 in Appendix D). IfA is a set
containingz such thaty(z | A) is small then we say that is a set of good fit for:. In [22] the notion of models
for x is considered: Every finite set of strings containings a modelfor x. Let « be a string of lengtm and
choose an integer between 0 anch. Consider models fox: of Kolmogorov complexity at most. Theorem 1V.8
and Remark 1V.10 in [22] show for the distortion family that 2 has minimal randomness deficiency in every set
that witnesses, (i) (for £ we haveh,(i) = d,(¢)), ignoring additiveO(log n) terms. That is, up to the stated
precision every such witness set is the best-fitting modsl ithpossible at model Kolmogorov complexity at most
1. It is remarkable, and in fact unexpected to the authorg, tttea analogous result holds for arbitrary distortion
families provided they satisfy properties 2 and 3.

THEOREM3: Let A be a distortion family satisfying properti@sand3 andz a string of lengthn. Let B be a
set inA with x € B. Let A, be a set of minimal Kolmogorov complexity among the séts A with z € A and
[log|A|] = [log |B|]. Then,

C(Az) +log|Az] — C(z) < (x| B) + O(log C(B) + logn).

LEMMA 3: For every setd with x € A,
C(A) +1log|A| = C(z) = 6(z | A), (6)

up to aO(logn) additive term.
Proof: The inequality (6) means that that

C(A) +1log|A| — C(x) > log|A] — C(x | A) 4+ O(logn),

that is,C(z) < C(A) + C(z | A) + O(logn). The latter inequality follows from the general inequaliyfx) <
Clz,y) <C(y) + Clz | y) + Olog C(x | y)), whereC(z | y) < C(x) + O(1) <n+ O(1). u

A set A with x € A is an algorithmicsufficient statistidfor « if C(A) + log|A| is close toC(z). Lemma 3
shows that every sufficient statistic foris a model of a good fit for.

ExaMPLE 7: Consider the elements of evetye A uniformly distributed. Assume that we are given a string
that was obtained by a random sampling from an unknowmBsetA satisfyingC(B) < n = |z|. Givenz we want
to recoverB, or someA € A that is “a good hypothesis to be the sourcerdin the sense that the randomness

deficiencyé(x | A) is small. Consider the sed,, from Theorem 3 as such a hypothesis. We claim that with high

DRAFT



13

probabilityd(z | A;) is of orderO(logn). More specifically, for every} the probability of the event(z | A,) >
is less thare—#+00een) "which is negligible for3 = O(logn). Indeed, ifz is chosen uniformly at random if,
then with high probability (Appendix D) the randomness deficy 6(x | B) is small. That is, with probability
more thanl — 2=° we havedj(x | B) < 3. By Theorem 3 and (6) we also havér | A,) < §(x | B) + O(logn).
Therefore the probability of the eveditz | A,) > (3 is less tharR—#+0cgn), O
EXAMPLE 8: Theorem 3 says that for fixed log-cardinalitthe model that has minimal Kolmogorov complexity
has also minimal randomness deficiency among models of digacdrdinality. Sincey, satisfies Lemma 1, we
have also that for every the model of Kolmogorov complexity at mostthat minimizes the log-cardinality also
minimizes randomness deficiency among models of that Kobmmgcomplexity. These models can be computed
in the limit, in the first case by running all programs upitdits and always keeping the one that outputs the
smallest set in4 containingz, and in the second case by running all programs up te |z| bits and always

keeping the shortest one that outputs a seflinontainingx having log-cardinality at most &

VIl. DENOISING

In Theorem 3 using (6) we obtain
d(z | Az) <d(z | B) + O(log C(B) + logn). (7)

This gives a method to identify good-fitting models ferusing compression, as follows. Lét= C(A,) and
I =[log|B|]. If A, is a set of minimal Kolmogorov complexity among setss A with 2 € A and[log |A|] =,
then by (7) the hypothesise“is chosen at random id,” is (almost) at least as plausible as the hypothesiss*
chosen at random if8” for every simply described € A (say,log C(B) = O(logn)) with [log|B]|] = .

Let us look at an example of denoising by compression (in theali sense of Kolmogorov complexity) for
Hamming distortion. Fix a target string of lengthn and a distortiord < § < % (This stringy functions as
the destination word.) Let a string be a noisy version of by changing at mostd randomly chosen bits iry
(string = functions as the source word). That is, the strings chosen uniformly at random in the Hamming ball
B = B(y,d). Let & be a string witnessing, (d), that is,Z is a string of minimal Kolmogorov complexity with
d(z,&) < § andr,(6) = C(&). We claim that at distortiod the stringz is a good candidate for a denoised version
of z, that is, the target string. This means that in the two-part descriptigi & @ z) of x, the second part (the
bitwise XOR ofz and ) is noise:Z ¢ z is a random string in the Hamming bal(00...0,4) in the sense that
5(z @ x| B(00...0,4)) is negligible. Moreover, even the conditional Kolmogoranmlexity C(& & « | &) is
close tolog b(d).

Indeed, letl = [log |B|]. By Definition 5 of g, Theorem 3 implies that

92(1) +1 = C(z) < (x| B),

ignoring additive terms oD (logn) and observing that the additive teriwg C'(B) is absorbed byO(logn). For

every x, the rate-distortion function, of z differs from g, just by changing the scale of the argument as in (4).
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Fig. 2. Denoising of the noisy cross

More specifically, we have,(d) = g,(I) and hence
rz(0) +1—C(x) < do(z | B).

Since we assume thatis chosen uniformly at random i, the randomness deficienéyz | B) is small, say
O(log n) with high probability. Since,,(§) = C(&) = C(B(%,0))+0(C(9)), C(6) = O(logn), andl = [logb(d)],
it follows that with high probability, and the equalities tgp an additiveO(logn) term,

0=C(&)+1—C(z) = C(B(,6)) + logb(5) — C(a).

Since by construction € B(z, ), the displayed equation shows that the W2(lz, §) is a sufficient statistic fo.
This implies thatr is a typical element oB(z, ), thatis,C(x @z | £) = C(z | ) = C(z | B(%,9),p) is close
to log b(0). Herep is an appropriate program @¥(C(4)) = O(logn) bits.

This provides a method of denoising via compression, at ieatheory. In order to use the method practically,
admittedly with a leap of faith, we ignore the ubiquito@g$logn) additive terms, and use real compressors to
approximate the Kolmogorov complexity, similar to what w@sne in [10], [11]. The Kolmogorov complexity
is not computable and can be approximated by a computablegsdrom above but not from below, while a
real compressor is computable. Therefore, the approximaii the Kolmogorov complexity by a real compressor
involves for some arguments errors that can be high and aperciple unknowable. Despite all these caveats it
turns out that the practical analogue of the theoreticahoabtvorks surprisingly well in all experiments we tried
[15].

As an example, we approximated the distortion-rate funatiba noiseless cross called ttegget It consists of
a monochrome image of 1188 black pixels together with 290&suding white pixels, forming a plane 61 x 64
black-or-white pixels. Added are 377 pixels of artificialis®inverting 109 black pixels and 268 white pixels. This

way we obtain a noisy cross called timput The input is in effect a pixelwise exclusive OR of the targatd
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noise. The distortion used is Hamming distortion. At eveater (0 < r < 3500) we compute a sed/(r) of
candidates. Every candidate consists of GHex 64 pixel plane divided into black pixels and white pixels. Bver
candidate approximates the input in a certain sense and aressed version requires at mesbits. For every
(uncompressed) candidate M (r) the distortion to the input is computed. The candidatd/ir) that minimizes
the distortion is called the “best” candidate at ratéNote that ifd is the minimal distortion of a candidate at rate
r to the input, then- is the minimal rate among candidates|iff”)’ M (i) that have distortion at most to the
input.

Figure 2 shows two graphs. The first graph hits the horizcamted at about 3178 bits. On the horizontal axis it
gives the rate, and on the vertical axis it denotes the distoto the input of the best candidate at every rate. The
line hits zero distortion at rate about 3178, when the inpuetrieved as the best candidate (attached to this point).
The second graph hits the horizontal axis at about 260 biits.ibrizontal axis denotes again the rate, but now the
vertical axis denotes the distortion between the best dateliand the target. The line hits almost zero distortion
(three bits flipped) at rate about 260. There an image thalnigst the target is retrieved as the best candidate
(attached to this point). The three wrong bits are two at thigoln left corner and one in the upper right armpit.
The hitting of the horizontal axis by the second graph caiesiwith a sharp slowing of the rate of decrease of the
first graph. Subsequently, the second graph rises agaiudedthe best candidate at that rate starts to model more
of the noise present in the input. Thus, the second graphslusvthe denoising of the input, underfitting left of
the point of contact with the horizontal axis, and overfgtiight of that point. This point of best denoising can
also be deduced from the first graph, where it is the point /iiee distortion-rate curve sharply levels off. Since
this point has distortion of onlg to the target, the distortion-rate function separatescsire and noise very well
in this example.

In the experiments in [15] a specially written block sorticgmpression algorithm with a move-to-front scheme
as described in [3] was used. The algorithm is very similaa ttumber of common general purpose compressors,
such as bzip2 and zzip, but it is simpler and faster for snmglliis; the source code (in C) is available from the
authors of [15].

APPENDIX
A. Shannon Rate Distortion

Classical rate-distortion theory was initiated by Shanimofi7], [18], and we briefly recall his approach. L&t
andY be finite alphabets. A single-letter distortion measure faretion d that maps elements & x Y to the
reals. Define the distortion between wordandy of the same length over alphabetX andY, respectively, by

extendingd:
1 n
d =— > d(z,y)-
(2.9) = 5 2 dleow)

Let X be a random variable with values WM. Consider the random variablE™ with values inX", that is, the

sequenceXy, ..., X, of n independent copies of. We want to encode words iIK" by code words ovel¥™ so
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that the number of all code words is small and the expectdadrtin between outcomes of™ and their codes
is small. The tradeoff between the expected distortion &edriumber of code words used is expressed by the
Shannorrate-distortionfunction ™. This function maps every € R to the minimal natural number (we call r
therate) having the following property: There is an encoding fuantly : X" — Y™ with a range of cardinality at
most2” such that the expected distortion between the outcomég"oand their corresponding codes is at mést
That is,

r"(8) = min{[log | E(X")[] : Bd(x, E(x)) < 6}, (®)

the expectatiorEl taken over the probabilities of thes in X™.

In [18] Shannon gave the following nonconstructive asyriptoharacterization of"(J). Let Z be a random
variable with values inY. Let H(Z), H(Z | X) stand for the Shannon entropy and conditional Shannon @ntro
respectively. Letl (X;Z) = H(Z) — H(Z | X) denote the mutual information iX and Z, andEd(X, Z) stand
for the expected value af(z, z) with respect to the joint probability’(X = z, Z = z) of the random variables
X and Z. For a reald, let R(§) denote the minimal (X; Z) subject toEd(X, Z) < 6. That such a minimum is
attained for ally can be shown by compactness arguments.

THEOREM4: For everyn andd we haver™(§) > nR(9). Conversely, for every and every positive, we have

r™(d + €) < n(R() + ¢) for all large enough.

B. Computability

In 1936 A.M. Turing [21] defined the hypothetical ‘Turing ntaice’ whose computations are intended to give
an operational and formal definition of the intuitive notiohcomputability in the discrete domain. These Turing
machines compute integer functions, ttemputablefunctions. By using pairs of integers for the arguments and
values we can extend computable functions to functions wational arguments and/or values. The notion of
computability can be further extended, see for exampleA9function f with rational arguments and real values
is upper semicomputabié there is a computable function(z, k) with = an rational number and a nonnegative
integer such that(z,k + 1) < ¢(x, k) for every k and lim,_. ¢(z,k) = f(z). This means thayf can be
computably approximated from above. A functighis lower semicomputabléd —f is upper semicomputable.
A function is calledsemicomputablé it is either upper semicomputable or lower semicompwad both. If a
function f is both upper semicomputable and lower semicomputable, fhis computable. A countable sétis
computably (or recursively) enumerabfehere is a Turing machin& that outputs all and only the elements.®f
in some order and does not halt. A countable$é$ decidable (or recursiveif there is a Turing machin&’ that
decides for every candidatewhethera € S and halts.

ExAMPLE 9: An example of a computable function f§n) defined as theith prime number; an example of a
function that is upper semicomputable but not computaktlesskolmogorov complexity functio in Appendix C.

An example of a recursive set is the set of prime numbers; ample of a recursively enumerable set that is not

recursive is{z € N : C(z) < |z|}. %
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Let ¥ = {0,1}*, andY and the distortion measurebe given. Assume thay is recursively (= computably)
enumerable and the s¢tx,y,d) € X x Y x Q : d(z,y) < 6} is decidable. Them, is upper semicomputable.
Namely, to determine, (4) proceed as follows. Recall th&t is the reference universal Turing machine. Riifp)
for all p dovetailed fashion (in stage of the overall computation execute tith computation step of the — i)th
program). Interleave this computation with a process thatirsively enumerate®. Put all enumerated elements
of Y in a setWW. WhenevetU (p) halts we put the output in a skt After every step in the overall computation we
determine the minimum length of a progransuch thatU (p) € WU andd(z,U(p)) < §. We callp a candidate
program. The minimal length of all candidate programs caly decrease in time and eventually becomes equal
to r,.(d). Thus, this process upper semicomputes)).

The functiong, is also upper semicomputable. The proof is similar to thadu® prove the upper semicom-
putability of r,.. It follows from [22] that in generall,, and hence its ‘inverse’, and by Lemma 2 the function
gz, are not computable.

Assume that the sé¥ is recursively enumerable and the $ét,y,0) € X x Y x Q : d(x,y) < d} is decidable.
Assume that the resulting distortion familyY satisfies Property 2. There is a relation between destmatards
and distortion balls. This relation is as follows.

(i) Communicating a destination worgdfor a source word: knowing a rational upper boundfor the distortion
d(z,y) involved is the same as communicating a distortion ball dfusd containingz.

(i) Given (a list of the elements of) a distortion bdl we can upper semicompute the least distortiosuch
that B = B(y, ¢) for somey € ).

Ad (i). This implies that the function,,(§) defined in (5) differs fromr,.(6) by O(C(¢6) +log |x|). See the proof
of Lemma 2.

Ad (ii). Let B be a given ball. Recursively enumeratipgand the possibleg € Q, we find for every newly
enumerated element gf € ) whetherB(y, 5) = B (see the proof of Lemma 2 for an algortihm to find a list of
elements ofB(y, §) giveny, ). Put thesed’s in a set)V. Consider the least element B¥ at every computation

step. This process upper semicomputes the least distartgamresponding to the distortion bal.

C. Kolmogorov Complexity

For precise definitions, notation, and results see the &xitrfformally, the Kolmogorov complexity, or algorithmic
entropy,C(z) of a stringx is the length (number of bits) of a shortest binary programnin@) to computer on
a fixed reference universal computer (such as a particulaersal Turing machine). Intuitively’(x) represents
the minimal amount of information required to generatby any effective process. The conditional Kolmogorov
complexity C(z | y) of z relative toy is defined similarly as the length of a shortest binary progta compute
x, if y is furnished as an auxiliary input to the computation.

Let Ty, T, ... be a standard enumeration of all (and only) Turing machin#és avbinary input tape, for example
the lexicographic length-increasing ordered syntactidrifumachine descriptions, [9], and Iét, ¢, ... be the

enumeration of corresponding functions that are compugethb respective Turing machine®;(computesy;).
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These functions are theomputable (or recursivelunctions. For the development of the theory we actuallyuireq
the Turing machines to usauxiliary (also calledconditiona) information, by equipping the machines with a
special read-only auxiliary tape containing this inforioatat the outset. Let-,-) be a computable one to one
pairing functionon the natural numbers (equivalently, strings) mapgitgl }* x {0,1}* — {0, 1}* with |(u, v)| <

lul + |v] + O(log(|u|)). (We need the extr®(log(|u|)) bits to separate from v. For Kolmogorov complexity, it
is essential that there exists a pairing function such thatiength of(u,v) is equal to the sum of the lengths of
u,v plus a small value depending only ¢.) We denote the function computed by a Turing macHihevith p

as input andy as conditional information by; (p, y).

One of the main achievements of the theory of computatiomasthe enumeratiofy, T, . . . contains a machine,
sayT,, that is computationally universal in that it can simuldte tomputation of every machine in the enumeration
when provided with its index. It does so by computing a fumreth,, such thatp,, ((i, p),y) = ¢i(p,y) for all i, p, y.
We fix one such machine and designate it asrtéference universal Turing machire reference Turing machine
for short.

DEFINITION 10: Theconditional Kolmogorov complexityf = giveny (as auxiliary informationyith respect to
Turing machineT; is

Ci(z | y) = m;n{lpl L ¢i(p,y) =z} 9)

The conditional Kolmogorov complexit§'(x | y) is defined as the conditional Kolmogorov complexy(z | y)
with respect to the reference Turing machifigusually denoted by/. Theunconditionalversion is set ta’(x) =
C(z | e).

Kolmogorov complexityC'(z | y) has the following crucial propertyZ(z | y) < C;(x | y)+¢; forall i, x, y, where
c¢; depends only on (asymptotically, the reference Turing machine is not wadinsa any other machine). Intuitively,
C(z | y) represents the minimal amount of information required tnegatex by any effective process from input
y. The functiongC'(-) andC(- | -), though defined in terms of a particular machine model, arehina-independent
up to an additive constant and acquire an asymptoticallyausal and absolute character through Church’s thesis,
see for example [9], and from the ability of universal maelsiio simulate one another and execute any effective
process. The Kolmogorov complexity of an individual finitgect was introduced by Kolmogorov [7] as an absolute
and objective quantification of the amount of informationitinThe information theory of Shannon [17], on the
other hand, deals withverageinformationto communicat®bjects produced by eandom sourceSince the former
theory is much more precise, it is surprising that analogghebrems in information theory hold for Kolmogorov
complexity, be it in somewhat weaker form. For example XeandY be random variables with a joint distribution.
Then, H(X,Y) < H(X) + H(Y), where H(X) is the entropy of the marginal distribution &f. Similarly, let
C(z,y) denoteC({x,y)) where(-,-) is a standard pairing function as defined previously angare strings. Then
we haveC(z,y) < C(z) + C(y) + O(log C(z)). Indeed, there is a Turing machirié that provided with(p, ¢)
as an input computed/(p),U(q)) (whereU is the reference Turing machine). By construction7of we have
Ci(z,y) < C(z) + C(y) + O(log C(x)), henceC(z,y) < C(z) + C(y) + O(log C(x)).
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Another interesting similarity is the followingi(X;Y) = H(Y) — H(Y | X) is the (probabilisticinformation
in random variableX about random variablé”. Here H(Y | X) is the conditional entropy oY given X. Since
I(X;Y) =I(Y; X) we call this symmetric quantity theutual (probabilistic) information

DEeFINITION 11: The(algorithmic) information inx abouty is I(z : y) = C(y) — C(y | ), wherez, y are finite
objects like finite strings or finite sets of finite strings.

It is remarkable that also the algorithmic information ineofinite object about another one is symmetric:
I(z : y) = I(y : ) up to an additive term logarithmic i@'(xz) + C(y). This follows immediately from the

symmetry of informatioproperty due to A.N. Kolmogorov and L.A. Levin:
C(z,y) =C(z) + Cy | x) + O(log(C(x) + C(y))) (10)

= C(y) + Clz | y) + Olog(C(z) + C(y))).

D. Randomness Deficiency and Fitness

Randomness deficiency of an elemendf a finite setA according to Definition 8 is related with the fitness of
z € A (identified with the fitness of set as a model forr) in the sense of having most properties represented
by the setA. Properties are identified with large subsetsiofvhose Kolmogorov complexity is small (the ‘simple’
subsets).

LEMMA 4: Let 3, be constants. Assume th&tis a subset ofd with |P| > (1 —27°)|A| andC(P | A) < 7.
Then the randomness deficiendfe | A) of everyx € A\ P satisfiesi(z | A) > 3 — v — O(log log | 4|)

Proof: Sinced(z | A) =log|A| —C(z | A) andC(z | A) < C(x | A,P)+ C(P| A) +O0(logC(z | A, P)),

while C(z | A, P) < —f+log|A| + O(1) <log|A| + O(1), we obtainé(z | A) > 5 — v — O(loglog |A|). [

The randomness deficiency measures our disbeliefattaitn be obtained by random samplingAn(where all
elements ofd are equiprobable). For every, the randomness deficiency of almost all elementd @f small: The
number ofz € A with §(z | A) > 3 is fewer than A|2~7. This can be seen as follows. The inequality | A) > 3
implies C(z | A) < log|A| — 3. Sincel +2 + 2% + ... + 2071 = 27 — 1, there are less tha2i°¢14I=# programs
of fewer thanlog |A| — § bits. Therefore, the number afs satisfying the inequalityC(z | A) < log|A| — 8
cannot be larger. Thus, with high probability the randomsndsficiency of an element randomly chosen4ris
small. On the other hand, &z | A) is small, then there is no way to refute the hypothesis thafs obtained by
random sampling from: Every such refutation is based on a simply described ptppessessed by a majority of
elements of4 but not byz. Here it is important that we consider only simply descripedperties, since otherwise

we can refute the hypothesis by exhibiting the propdtty: A\ {z}.

E. Covering Coefficient for Hamming Distortion

The authors find it difficult to believe that the covering riésu the lemma below is new. But neither a literature
search nor the consulting of experts has turned up an apatepeference.
LEMMA 5: Consider the distortion famil§{,,. For all0 < d < ¢ < % every Hamming ball of radius in H,,

can be covered by at most,b(d)/b(d) Hamming balls of radiug in H,,, wherea,, is a polynomial inn.
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Proof: Fix a ball with centery and radiusd = j/n < % wherej is a natural number. All the strings in the
ball that are at Hamming distance at mdsfrom y can be covered by one ball of radidswith centery. Thus it
suffices, for evenA of the formi/n with ¢ = 2,3, ..., (such thatd < A < §), to cover the set of all the strings
at distance precisel from y by n¢*t16(5)/b(d) balls of radiusd for some fixed constant Then the ballB(y, §)
is covered by at mostnt1b(8)/b(d) < nt2b(5)/b(d) balls of radiusd.

Fix A and let the Hamming spherg denote the set of all strings at distance precigkljrom y. Let f be the
solution to the equatior + f(1 — 2d) = A rounded to the closest rational of the foiym. Sinced < A <§ < £
this equation has a unique solution and it lies in the clos=d interval[0,1]. Consider a ballB of radiusd
with a random centet at distancef from y. Assume that all centers at distanfdrom y are chosen with equal
probabilities1/s(f) wheres(f) is the number of points in a Hamming sphere of radfus

CLAIM 1: Letx be a particular string irs. Then

b(d)

Pr(z € B) > b0

for some fixed positive constant

Proof: Fix a stringz at distancef from y. We first claim that the balB of radiusd with centerz covers
b(d)/nc strings inS. Without loss of generality, assume that the stringpnsists of only zeros and stringconsists
of fn ones and1 — f)n zeros. Flip a set offdn ones and a set ofl — f)dn zeros inz to obtain a stringu.
The total number of flipped bits is equal #m and therefore: is at distancel from z. The number of ones in
is fn — fdn+ (1 — f)dn = An and therefore, € S. Different choices of the positions of the same numbers of

flipped bits result in different strings if. The number of ways to choose the flipped bits is equal to
fa (L= fn
fdn) \(1 = f)dn)

2fnh(d)+(17j')nh(d)70(logn) — 2nh(d)7O(logn) >

By Stirling’s formula, this is at least
b(d)

ne’

where the last inequality follows from (3). Therefore a b&llas above covers at leastd) /n° strings of S. The
probability that a ballB, chosen uniformly at random as above, covers a particulengst: € S is the same for
every suche since they are in symmetric position. The number of elemiangs Hamming sphere is smaller than
the cardinality of a Hamming ball of the same radilf, < b(d). Hence with probability

b(d) b(d)
IS = neb(o)

a random ballB covers a particular string in S. [ ]

By Claim 1, the probability that a random balt does not cover a particular string € S is at mostl —
b(d)/(n°b(d)). The probability that no ball out av randomly drawn such ball® covers a particulaz € S (all

balls are equiprobable) is at most

N
1 b(d) < ¢~ Nb(d)/(n°b(5))
neh(d)
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For N = nc*1b(8)/b(d), the exponent of the right-hand side of the last inequadity#, and the probability that
is not covered is at most ™. This probability remains exponentially small even aftartiplying by |S| < 27, the
number of different:’s in S. Hence, with probability at leadt— (2/¢)™ we have thatV random balls of the given
type cover all the strings i¥. Therefore, there exists a deterministic selectionVosuch balls that covers all the
strings inS. The lemma is proved. (A more accurate calculation showsttiealemma holds withy,, = O(n*).)
[ |

CoROLLARY 1: Since all strings of length are either in the Hamming balB(00.. .0, %) or in the Hamming

ball B(11...1,1) in H,, the lemma implies that the s¢b, 1}" can be covered by at most

 2a,2"
~b(d)

balls of radiusd for every0 < d < % (A similar, but direct, calculation lets us replace thetéao,, by n.)

F. Proofs of the Theorems

Proof: of Theoreml. (i) Lemma 1 (assuming properties 1 through 4) implies that canonical structure

function g, of every stringxz of lengthn is close to some function in the famity,,. This can be seen as follows.

Fix z and construcy inductively forn,n — 1,...,0. Defineg(n) = 0 and
g()+1 if g(I) < g.(1— 1),
gll=1) = _
g(l) otherwise.

By construction this function belongs to the famd,. Let us show thay, (1) = g(I) + O(log n). First, we prove
that

g(1) < ga(1) (11)

by induction onl = n,n —1,...,0. For! = n the inequality is straightforward, since by definitigfv.) = 0. Let
0 <1 < n. Assume thay(i) < g,.(i) fori =n,n—1,...,01. If g(I) < g.(I — 1) theng(l — 1) = g(I) + 1 and
thereforeg(l — 1) < g.(I — 1). If g(I) > g.(I — 1) theng(l — 1) = g(I) > ¢g.(I — 1) > g.(1) > g(I) and hence
gl —1) = ga(1 - 1).

Second, we prove that

gz(1) < g(l) + O(logn)

for everyl =0, 1,...,n. Fix anl/ and consider the least with I < m < n such thaty,(m) = g(m). If there is no
suchm we takem = n and observe that,(n) = O(log n) = g(n)+O(log n). This way,g,(m) = g(m)+O(logn)
and for everyl < I’ < m we haveg(l’ — 1) < g,(I'’ — 1) due to inequality (11) and definition ofi. Then
g:(I" = 1) > g(I' = 1) > g(I'), since we know thay is nonincreasing. Then, by the definition gfwe have
g(l' = 1) = g(I') + 1. Thus we havey(l) = g(m) + m — I. Hence,g, () < gz(m) +m — 1+ O(logn) =
g(m)+m —1+ O(logn) = g(I) + O(logn), where the inequality follows from Lemma 1, the first equafiom

the assumption that,(m) = g(m) + O(logn), and the second equality from the previous sentence.
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(ii) In Theorem V.4 in [22] we proved a similar statement fine special distortion familyC with an error
term of O(logn). However, for the special case we can letz be equal to the first satisfying the inequality
9:(1) > g(1) — O(log n) for everyl. In the general case this does not work any more. Here we rcmhsttogether
with sets ensuring the inequalities(!) < g(1) + O(v/nlogn) for everyl =0,...,n.

The construction is as follows. Divide the segméft1,...,n} into N = /n/logn subsegments of length
vnlogn each. Letlh =n > 1; > --- > Iy = 0 denote the end points of the resulting subsegments.

To find the desired:, we run the nonhalting algorithm below that takesand .A,, as input together with the
values of the functiom in the pointsl, ..., Iy. Letd(n) be a computable integer valued functionnobf the order
v/nlogn that will be specified later.

DEFINITION 12: Leti =0,1,...,N. AsetF € A, is calledi-forbiddenif |F| < 2% andC(F) < g(l;) — §(n).

A set is calledforbiddenif it is i-forbidden for some = 0,1,..., N.

We wish to find anz that is outside all forbidden sets (since this guaranteasgtt{l;) > g(l;) — 6(n) for every
i). SinceC(-) is upper semicomputable, moreover property 3 holds, andrevalao giverm andg(ly), ..., 9(In),
we are able to find all forbidden sets using the following switine.
Subroutine (n, A,, g(lo),g(l1),--.,9(l)):
for every F € A,, upper semicomputé'(F); every time we findC'(F) < g(I;) — §(n) and|F| < 2! for
some: and F', then printF'. End of Subroutine
This subroutine prints all the forbidden sets in some ordet.F, ..., Fr be that order. Unfortunately we do
not know when the subroutine will print the last forbidden. $e other words, we do not know the numbBErof
forbidden sets. To overcome this problem, the algorithnt mih the subroutine and every time a new forbidden
set F} is printed, the algorithm will construatandidate sets3y(t), ..., By(t) € A, satisfying|B;(t)| < 2! and
C(B;(t)) < g(l;) + 6(n) and the following condition

N t
OB\ F # 2, (12)
j=0 j=1

for everyt =0,...,T. Fort =T the setU.‘;.:1 F; is the union of all forbidden sets, which guarantees the tsun
g(li) —d(n) < g.(L;) < g(l;) +d(n) for all z in the set in the left hand side of (12). Then we will prove ttregse
bounds imply thag(l) — §(n) < g.(1) < g(I) +(n) for everyl =0, ...,n. Each time a new forbidden set appears

(that is, for everyt = 1,...,T) we will need to update candidate sets so that (12) remaies Tio do that we will

maintain a stronger condition than just non-emptiness efl¢ffit hand side of (12). Namely, we will maintain the

following invariant: for everyi = 0,1,..., N,
7 t
N BO\F| =2 a, (13)
j=0 j=1

Note that fori = N inequality (13) implies (12).
Algorithm (TL7 -Ana 9(10)7 g(ll)a s 7g(ln)):
Initialize. Recall thatly = n. Define the seB;(0) = {0, 1}" for everyt. This set is inA4,, by property 1.
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for i:=1,...,N do

Assume inductively thatB,(0) () B1(0) (- - - Bi—1(0)| > 2'—1a;, "+, wherea,, denotes a polynomial
upper bound of the covering coefficient of distortion famidy, existing by property 4. (The value,,
can be computed from.) Note that this inequality is satisfied fér= 1. ConstructB;(0) by covering
B;_1(0) by at mosta,, 2"~ sets of cardinality at mos?’ (this cover exists in4,, by property 4).
Trivially, this cover also cover®3,(0)[)---() Bi-1(0). The intersection of at least one of the covering
sets withBy(0) (- --() B;—1(0) has cardinality at least

li—1 —i+1
Qbi—1 an

—n_ —lig P
an2li—1*li n

Let B;(0) by the first such covering set in a given standard oroer.

Notice that after the Initialization the invariant (13) isu¢ for¢ = 0, as UE:le = ©. For every
t=1,2,... perform the following steps 1 and 2 maintaining the invaridr8):

Step 1. Run the subroutine and wait untith forbidden set?; is printed (if t > T the algorithms waits

forever and never proceeds to Step 2).

Step 2.
Case 1. For everyi = 0,1,..., N we have
[ t
(Bt -1\ | JF| =2, (14)
j=0 j=1

Note the this inequality has one more forbidden set compartitk invariant (13) for—1 (the argumentin
Bj(t—1)), and thus may be false. If that is the case, then w@)ét) = B;(t—1) foreveryi =1,...,N
(this setting maintains invariant (13)).

Case 2. Assume that (14) is false for some indéxin this case find the least such index (we will use
later that (14) is true for all’ < ).

We claim thati > 0. That is, the inequality (14) is true far= 0. In other words, the the cardinality of
Fi{J---|JF; is not larger than half of the cardinality d¥, (¢t — 1) = {0, 1}". Indeed, for every fixed
the total cardinality of all the sets of simultaneously d@aatity at most2' and Kolmogorov complexity
less thany(l;) — 6(n) does not exceedl’(")=3(M 2% Therefore, the total number of elementsif)_, F}

is at most
a 1
229(11,)—5(71)% < (N + 1)20m=0tmtn — (N 4 1)9n =00  gn—1 — 3 1{0,1}"],
=0

where the first inequality follows since the functigfi) + ! is monotonic nondecreasing, the first equality
sinceg(n) = 0 by definition, and the last inequality since we will $ét) at order of magnitudeg/n log n.
First let B, (t) = B (t — 1) for all k¥ < ¢ (this maintains invariant (13) for akt < ). To defineB;(t) find

a covering ofB;_1(t) by at mosta,,2'-1~ sets inA, of cardinality at mose’:. Since (14) is true for
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index: — 1, we have
1—1

(Bi)\ | Fe| =24 a, (15)

7=0 j=1
Thus the greatest cardinality of an intersection of the i3€iLb) with a covering set is at least
li—1—1,,—i+1
2an12zi,al7ili = 9liig .
Let B;(t) be the first such covering set in standard order. Note2hata,,? is at least twice the threshold
required by invariant (13). Use the same procedure to olstagcessivelyB; 1 (t), ..., By (t).
End of Algorithm
Although the algorithm does not halt, at some unknown tingeléist forbidden sef’; is enumerated. After this
time the candidate sets are not changed anymore. The inv#tia) withi = N shows that the cardinality of the
set in the left hand side of (12) is positive hence the set tsenpty.
Next we show that®(B;(t)) < g(I;) + 6(n) for everyi and everyt = 1,...,T. We will see that to this end it
suffices to upperbound the number of changes of each caadidat
DEFINITION 13: Letm; be thenumber of changes d@8; defined bym; = |{t: B;(t) # B;(t—1), 1 <t <T}|
for0<i<N.
CLAIM 2: m; < 29()+i for 0 < 4 < N.
Proof: The Claim is proved by induction oh For i = 0 the claim is true, sincé = n andg(n) = 0 while
mo = 0 by initialization in the Algorithm B(0) never changes).
(i > 0): assume that the Claim is satisfied for evgryith 0 < j < i. We will prove thatm; < 29(9)+% by
counting separately the number of change®3pfof different types.
Change of type 1. The setB; is changed when (14) is false for an index strictly less thafhe number of

these changes is at most
mi_q < 99(li—1)+i-1 < 29(li)+i*17

where the first inequality follows from the inductive assuimp, and the second inequality by the propertygof
that it is nonincreasing. Namely, sinég, > I; we haveg(l;—1) < g(1;).

Change of type 2. The inequality (13) is false foi and is true for all smaller indexes.

Change of type 2a. After the last change oB; at least ong-forbidden set for som¢ < i has been enumerated.
The number of changes of this type is at most the numbgrfofbidden sets foj =0, ..., — 1. For every such
j these forbidden sets have by definition Kolmogorov complebess thang(l;) — d(n). Sincel; > [, andg is
monotonic nonincreasing we hayél;) < g(I;). Because there are at mast of thesej’s, the number of such
forbidden sets is at most

N29(li)—=d(n) < 2.(1(11')7

since we will later choosé(n) of order+/nlogn,
Change of type 2b. Finally, for every change of this type, between the last geanof B; and the current one no

candidate sets with indexes less thidrave been changed and jidorbidden sets withy < i have been enumerated.
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Since after the last change 8 the cardinality of the set in the left-hand side of (13) wateast2!i . ?, which

is twice the threshold in the right-hand side by the restomabf the invariant in the Algorithm Step 2, Case 2,
the following must hold. The cardinality Qﬂ;zl Fj increased by at leagf:~~'a,® since the last change d#;,

and this must be due to enumeratiffprbidden sets foj =4,..., N. For every sucly every j-forbidden set has
cardinality at mose’ and Kolmogorov complexity less thaiil;) — 5(n). Hence the total number of elements in all
j-forbidden sets is less tha¥29(.)—9(") Since;j > i and hencé; < I; while g(I) +1 is monotonic nondecreasing
we haveg(l;) +{; < g(I;) + ;. Because there are at mast+ 1 of thesej’s, the total number of elements in all
those sets does not excesfl = (N + 1)29(i)=%(")+li  The number of changes of this type is not more than the

total numberM of elements involved divided by the increments of st#e*~'a%. Hence it is not more than
(N + 1)290)=0(mgitlyi
Let
§(n) > log((N + 1)2°1%%) and (16)
3(n) = O(Nlog(2a,)) = O(/n/logn log(2a,)) = O(y/nlogn),

where the last equality uses thaf is polynomial inn by property 4. Then, the number of changes of type 2b is
much less thar29(%), The value of§(n) can be computed from.
Summing the numbers of changes of types 1, 2a, and 2b we obtain 29()+¢ completing the inductionm
CLAIM 3: Every z in the nonempty set (12) satisfigs, (I;) — g(l;)] < d(n) with §(n) = O(v/nlogn) for
i=0,1,...,N.

Proof: By constructionz is not an element of any forbidden setuyf:1 F;, and therefore

9x(li) > g(li) — 0(n)

for everyi = 0,1,..., N. By construction B;(T)| < 2!, and to finish the proof it remains to show ti@atB; (7)) <
g(l;)+d(n) so thatg,(1;) < g(l;) +d(n), fori =0,1,..., N. Fix <. The setB;(T) can be described by a constant
length program, that i©(1) bits, that runs the Algorithm and uses the following infotima:

« A description ofi in log N < logn bits.

« A description of the distortion family4,, in O(logn) bits by property 3.

« The values ofy in the pointsly, ...,y in Nlogn = y/nlogn bits.

« The description of: in O(logn) bits.

« The total numbern; of changes (Case 2 in the Algorithm) to intermediate vessiohB; in log m; bits.
We count the number of bits in the description Bf(7"). The description is effective and by Claim 2 with
i < N = +/n/logn it takes at mosy(l;) + O(y/nlogn) bits. So this is an upper bound on the Kolmogorov

complexity C'(B;(T)). Therefore, for somé(n) satisfying (16) we have

92 (li) < g(l;) +6(n),

for every: =0,1,..., N. The claim follows from the first and the last displayed etprain the proof. ]

DRAFT



26

Let us show that the statement of Claim 3 holds not only forghbsequence of valuég, [1, ...,y but for
everyl=0,1,...,n,

Let l; <! <l;_;. Both functionsgy(l), g..(I) are nonincreasing so that
9(1) € [g(liz1), 9 (L)),
9:(1) € [g2(li-1), g2 (1)) C [9(lic1) — O(v/nlogn), g(ls) + O(v/nlogn)].
By the spacing of the sequenceig§ the length of the segmeifg(l;_1), g(1;)] is at most
9(l;) —g(li—1) < li—1 — l; = y/nlogn.

If there is anz such that Claim 3 holds for everly with i = 0,..., N, then it follows from the above that

lg(1) — g2 (D)] < v/nlogn + O(y/nlogn) for everyl =0,1,...,n. [ |

Proof: of Theoren?. We start with Lemma 6 stating a combinatorial fact thanigriesting in its own right,
as explained further in Remark 8.

LEMMA 6: Letn,m,k be natural numbers anda string of lengthn. Let B be a family of subsets of0,1}"
andB(x) = {B € B: z € B}. If B(z) has at leas™ elements (that is, sets) of Kolmogorov complexity less than
k, then there is an element I8(z) of Kolmogorov complexity at most — m + O(C(B) 4+ logn + log k + log m).

Proof: Consider a game between Alice and Bob. They alternate maoagsg with Alice’s move. A move of
Alice consists in producing a subsetf, 1}™. A move of Bob consists in marking some sets previously pcedu
by Alice (the number of marked sets can be 0). Bob wins if adtesry one of his moves eveny € {0, 1}" that
is covered by at least™ of Alice’s sets belongs to a marked set. The length of a playeisded by Alice. She
may stop the game after any of Bob’s moves. However the tatalber of her moves (and hence Bob’s moves)
must be less thad”. (It is easy to see that without loss of generality we may m&sthat Alice makes exactly
2% — 1 moves.) Bob can easily win if he marks every set produced ligegAHowever, we want to minimize the
total number of marked sets.

CLAIM 4: Bob has a winning strategy that marks at mog$e*~"k?n) sets.

Proof: We present an explicit strategy for Bob, which consists iexacuting at every move=1,2,...,2¢—-1

the following algorithm for the sequencé,, Ao, ..., A; which has been produced by Alice until then.

Step 1. Let 27 be the largest power @ dividing . Consider the last’ sets in the sequencé,, As, ..., A,

and call themDy, ..., Dy;.

Step 2. Let T' be the set ofr’s that occur in at leas?™ /k of the setsDy,..., D,;. Let D, be a set
such that D, N T'| is maximal. MarkD,, (if there is more than one then choose the one witbast) and
remove all elements ab, (7T from T'. Call the resulting sef;. Let D, be a set such thgD, (11|
is maximal (if there is more than one then choose the one gvirast). After removing all elements of

D, T, from T} we obtain a sef;,. Repeat the argument until we obtédlp, = @.
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Firstly, for the j above we have; < [29~™knIn2]. This is proved as follows. We have

27

> IDi(\T| = T2 /k,

i=1
since everyr € T is counted at leas2™ /k times in the sum in the left hand side. Thus there is a set irishe
Dy,...,Dy; such that the cardinality of its intersection withis at least2—7 times the right hand side. By the
choice of D,, it is such a set and we hay®, 7| > |T'|2" 7 /k.

The setT" has lost at least ™7 /k)th fraction of its elements, that i§[1| < |T'|(1 —2™~7 /k). SinceT; C T,
obviously every element of} (still) occurs in at leasR™ /k of the setsDq,..., Dy;. Thus we can repeat the
argument and mark a sé, with |D, (" T1| > |T1]2™7 /k. After removing all elements ob, (7} from T} we
obtain a sefl}, that is at most g1 — 2™~7/k)th fraction of 71, that is,|Ty| < |T3|(1 — 2™~ /k).

Recall that we repeat the proceduretimes wheree; is the number of repetitions unfll,, = @. It follows that

e; < [297™knIn2] since
|T|(1 _ 2m*j/k)2j7mknln2 < |T|efnln2 _ |T|27n <1.

Secondly, for every fixed = 0,1, ...,k — 1 there are at most*—7 differentt's (t = 1,2, ...,2% — 1) divisible

by 27 and the numbed; = 2¢~J¢; of marked sets we need to use for thisatisfiesd; < 2F792/""knIn2 =

2k=mEknIn2. Forallj = 0,...,k — 1 together we use a total number of marked sets of at most
k—1
> dj <2 knin2.
§=0
In this way, after every move= 1,2, ...,2%—1 of Bob, everyz occurring in2™ of Alice’s sets belongs to a marked

set of Bob. This can be seen as follows. Assume to the contral/there is an: that occurs i2™ of Alice’s sets
following movet of Bob, andz belongs to no set marked by Bob in stepr earlier. Lett = 271 4272 + ... with

j1 > jo > --- be the binary expansion @f By Bob’s strategy, the elementoccurs less thag@™ /k times in the
first segment o2’ sets of Alice, less tha@™ /k times in the next segment @f2 of Alice’s sets, and so on. Thus
its total number of occurrences among thirst sets of Alice is strictly less that2™ /k = 2™. The contradiction
proves the claim. ]

Let us finish the proof of the Lemma 6. Given the list®f recursively enumerate the setsof Kolmogorov
complexity less thark, say By, Bo, ..., By with T < 2%, and consider this list as a particular sequence of moves
by Alice. Use Bob’s strategy of Claim 4 against Alice’s segge as above. Note that recursive enumeration of the
sets inB of Kolmogorov complexity less thakh means that eventually all such sets will be produced, atthove

do not know when the last one is produced. This only meanstkieatime between moves is unknown, but the
alternating moves between Alice and Bob are deterministit sequential. According to Claim 4, Bob’s strategy
marks at mosiO(2¥~"k?n) sets. These marked sets cover every string occurring at ¥agimes in the sets
By, Bs,...,Br. We do not know when the last s8¢ appears in this list, but Bob’s winning strategy of Claim 4
ensures that immediately after recursively enumerabngi < 7') in the list every string that occurs 2" sets

in the initial segmentB;, Bs, ... B; is covered by a marked set. The Kolmogorov complexityB;) of every
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marked setB; in the list By, Bs, ..., By is upper bounded by the logarithm of the number of marked #eds is
k—m+0(log k+log n), plus the description d8, k, m, andn including separators i®(C(B)+log k+log m+logn)
bits. ]

We continue the proof of the theorem. Let the distortion fgmi satisfy properties 2 and 3. Consider the subfamily
B of A,, consisting of all setsA with [log A] = [log B]. Let B(z) be the family{B € B : x € B} and N the
number of sets i3(z) of Kolmogorov complexity at most'(B).

Givenz, [log B], A, andC(B) we can generate all € B(x) of Kolmogorov complexity at most'(B). Then
we can describé3 by its index among the generated sets. This shows that theeipisn lengthC'(B | z) < log N
(ignoring an additive term of ordeD(log C(B) + logn) which suffices since”([log B]) and C(A,,) are both
O(logn)).

SinceC(A,,) = O(logn) by property 3,8 C A,, while every setd € B satisfies[log|A|] = [log |B|| < n, we
haveC(B) = O(logn). Letk = C(B)+1 andm = |log N|, and ignore additive terms of ordéx(log k +log m +
log n). Applying Lemma 6 shows that there is a skt B(z) with C(4) <k—m < C(B)—C(B | z) =I(z: B)
and therefore proves Theorem 2. ]

REMARK 8: Previously an analog of Lemma 6 was known in the case vihinthe class ofll subsets0,1}"
of fixedcardinality 2. For! = 0 this is Exercise 4.3.8 (second edition) and 4.3.9 (thirdi@ul) of [9]: If a string z
has at lease™ descriptions of length at most(p is called a description of if U(p) = x whereU is the reference
Turing machine), ther’(z) < k — m + O(log k + logm). Reference [22] generalizes this to af- 0: If a string
belongs to at leas™ setsB of cardinality2! and Kolmogorov complexity’(B) < k, thenz belongs to a sel
of cardinality2' and Kolmogorov complexity’(A) < k — m + O(logm + log k + log ). O

REMARK 9: Probabilistic proof of Claim 4. Consider a new game that has the same rules and one additional
rule: Bob looses if he marks more thal™+1(n+ 1) In2 sets. We will prove that in this game Bob has a winning
strategy.

Assume the contrary: Bob has no winning strategy. Since theber of moves in the game is finite (less than
2k), this implies that Alice has a winning strategy.

Fix a winning strategys of Alice. To obtain a contradiction we design a randomizedtegy for Bob that beats
Alice’s strategyS with positive probability. Bob’s strategy is very simpleark every set produced by Alice with
probabilityp = 27" (n + 1) In 2.

CLAIM 5: (i) With probability more than%, following every move of Bob every element occurring in ade
2™ of Alice’s sets is covered by a marked set of Bob.

(if) With probability more than}, Bob marks at mos2*~"!(n + 1)In2 sets.

Proof: (i) Fix x and estimate the probability that there is move of Bob follmwvhich x belongs to2™ of
Alice’s sets but belongs to no marked set of Bob.

Let R; be the event “following a move of Bob, string occurs at least in sets of Alice but none of them is

marked”. Let us prove by induction that

Pr[R;] < (1 —p)".

DRAFT



29

For i = 0 the statement is trivial. To prove the induction step we nieeshow thatPr[R;;1|R;] <1 —p.

Let z = 21, 22,..., 2 be a sequence of decisions by Bah:= 1 if Bob marks thejth set produced by Alice
andz; = 0 otherwise. Callz bad if following Bob’s ¢tth move it happens for the first time thatbelongs to: sets
produced by Alice by move but none of them is marked. The®; is the disjoint union of the events “Bob has

made the decisions’ (denoted by(Q.) over all badz. Thus it is enough to prove that
Pr[Rit1 | Q:] <1—p.

Given that Bob has made the decisionghe eventR;,; means that after those decisions the strat&gyill at
some time in the future produce tije+ 1)st set with membeg: but Bob will not mark it. Bob’s decision not to

mark that set does not depend on any previous decision andde mith probabilityl — p. Hence
Pr[Ri11 | Q-] = Pr[Alice produces thdi + 1)st set with member | Q.]- (1 —p) <1—p.

The induction step is proved. Therefoi®[Rom] < (1 —p)?” < e P2" = 27"~ where the last equality follows
by choice ofp.

(i) The expected number of marked setp'. Thus the probability that it exceeg@* ™! is less than;.

It follows from Claim 5 that there exists a strategy by Bobttharks at mos2*~"*!(n + 1)In2 sets out of
Alice’s produce®” sets, and following every move of Bob every element occgriinat least2™ of Alice’s sets
is covered by a marked set of Bob. Note that we have provedthiimtstrategy of Bob exists but we have not
constructed it. Givem, k andm, the number of games is finite, and a winning strategy for Bab lze found by

brute force search. O

Proof: of Theorem 3Let B C {0,1}" be a set containing string. Define thesufficiency deficiency af in
B by
log |B| + C(B) — C(x).

This is the number of extra bits incurred by the two-part cfoder using B compared to the most optimal one-part
code ofx using C(x) bits. We relate this quantity with the randomness deficiefay| B) = log |B| — C(z | B)
of z in the setB. The randomness deficiency is always less than the sufficidaficiency, and the difference

between them is equal (B | x):
log|B|+ C(B) — C(z) — (x| B) = C(B | z), a7

where the equality follows from the symmetry of informati¢t0), ignoring here and later in the proof additive
terms of orderO(log C(B) + logn).

By Theorem 2, which assumes that properties 2 and 3 hold &distortion family.A4, there isA € A(z) with
[log|A|] = [log |B|] andC(A) < C(B)—C(B | x). SinceA, is a set of minimal Kolmogorov complexity among
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such A we haveC(4,) < C(B) — C(B | x). Therefore
C(Az) +1log|4;| = C(x) < C(B) = C(B | ) +log|As| — C(x)
=C(B)-C(B|z)+log|B|—C(x) =é(x | B),

where the last equality is true by (17). [ ]
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