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Abstract

We show that the uniform validity is equivalent to the non-uniform
validity for Blass’ semantics of [A game semantics for linear logic. Annals
of Pure and Applied Logic 56 (1992) 183-220]. We present a shorter proof
(than that of [G. Japaridze. The intuitionistic fragment of computability
logic at the propositional level. Annals of Pure and Applied Logic 147
(2007), No.3, pp.187-227]) of the completeness of the positive fragment of
intuitionistic logic for this semantics, computability logic semantics, and
the abstract resource semantics.

1 Japaridze’s abstract resource semantics and
intuitionistic logic

Sub-structural logics are often understood as logics of resources. Propositional
variables mean certain types of abstract resources (rather than assertions, as in
classical logic). Each occurrence of a variable p identifies one unit of a resource
p. The connectives A (multiplicative AND), V (multiplicative OR), M (additive
AND), U (additive OR), = (negation), !, ? (exponential AND and OR) and 0,1
(constants) have the following meaning. The expression z A y means one unit
of z and one unit of y (for example, x A x is two units of the resource ). The
expression z My means an obligation to provide one unit of the resource x or
one unit of the resource y where the consumer of resources (the user) makes the
choice between z and y (for example, 2:Mz is the same as x). The formula 2 Uy
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means also an obligation to provide one unit of the resource x or one unit of
the resource y. However, this time the choice between z and y is made by the
provider (again z Ll  is the same as x).

What is the interpretation of V (multiplicative OR)? Let us use the following
metaphor. Assume that resources are coins of different types. Each occurrence
of a variable x is regarded as a coin of type x. The coins can be genuine or
fake, and the consumer cannot distinguish between genuine and fake ones. The
expression z V y is understood as a pair of coins, a coin of type z and a coin of
type y, such that at least one of them is genuine (however, the user has no idea,
which one).

The expression =& means the obligation of the user to pass to the provider
one coin of type = (we can understand z also as the obligation of the provider
to pass to the user one coin of type x). The formula !z is understood as an
infinite stock of genuine coins of type . The expression 7z means an infinite
stock of coins of type = such that at least one coin in the stock is genuine (and
the user does not know which one). In other words !z is a countable version of
the multiplicative AND, x Az Ax A ..., and 7z is a countable version of the
multiplicative OR, zVz VxV....

The constants 0, 1 are understood as non-accomplishable obligations (tasks):
0 is the obligation of the provider and 1 is the obligation of the user.

In the next two sections we give a formal definition of a semantics which
clarifies this intuition. From both the technical and philosophical viewpoints,
this semantics coincides with Japaridze’s “The logic of tasks” semantics defined
in [5] and later extended to what has been termed abstract resource semantics
in [8, 12]. What we call “a coin” is called “a task” in [5] and an “abstract
resource” in [8, 12]. A genuine coin is a task accomplished by the provider. A
false coin is a task that the provider failed to accomplish.

1.1 Syntax

Fix a countable set of variables x1,xo,.... A literal is a variable x; or a negated
variable —z;. Formulae are obtained from literals, constants 1, 0 and connectives
A, VMU 7)1 in the usual way. We consider formulae where negations appear
only in front of variables. When we write = A, we always mean the formula dual
to A, that is, the formula which is obtained from A by changing each connective,
each variable and each constant to its dual: V < A, U« M, ! < 7, =x; < 2
and 1 < 0.

The notion of a sub-formula of a formula A is defined in a usual way. Oc-
currences of a sub-formula B in A will be called oformulae. We define oliterals
and ovariables in a similar way. If an ovariable is preceded by negation then it
is called negative, otherwise positive.

1.2 Semantics

Each formula is assigned a two player game [A] of perfect information. The
players are called Alice and Bob. A formula A will be called valid if Alice has a



winning strategy in the game [A].

First we replace in A each oformula of the type ! B by the infinite formula
BABAB...,and each oformula of the type ? B by the formula BV BV B....
It is easy to see that the order of replacements does not affect the result, which
is an infinite formula of a finite depth.

In the game [A], the players make moves in turn. It does not matter who
moves first. In his turn, Bob may perform any finite sequence aq,...,ax of
actions (the sequence may be empty). Each action a; has the form “choose the
left formula in B 1 C” or “choose the right formula in B C”, where BM C' is
an oformula of A. For each oformula B 1 C Bob may only once make an action
“choose ... in B C”, that is, he is not allowed to change the choices he has
made.

In her turn, Alice may also perform any finite (possibly empty) sequence of
actions. Each her action has one of the following two forms. (1) “Choose the
left (right) formula in BLUC” where BLUC is an oformula of A. (2) “Allocate U
to V7, where U is a negative occurrence of a variable z; in A and V' is a positive
occurrence of the same variable x; in A. The informal meaning of this action is
that Alice wants to accomplish her obligation V' using the coin U provided by
Bob.

For each positive ovariable V' Alice may perform at most one action of the
form U — V, and for each negative ovariable U she may perform at most
one action of the form U — V. In other words, actions of type (2) establish
a matching between positive and negative ovariables that respects variables’
names. Note that Bob is not allowed to make allocations. For each oformula
B U C Alice may only once make an action of the type “choose ... in BLC”.

Each play consists of infinite (countably many) number of moves. When
the play is finished, we define who has won as follows. Call a coin evaluation
any mapping e from the set of all negative ovariables to the set {0,1}. The
informal meaning of a coin evaluation is the following: If e(U) = 0 then the coin
U provided by Bob is fake, otherwise (if e(U) = 1) it is genuine. Given a coin
evaluation e, we recursively extend e to all oformulae of A. We say that B is
won by Bob, if e(B) = 0, and otherwise by Alice.

(1) If V is a positive ovariable, then e(V') = 1, if for some negative ovariable
U such that e(U) = 1, in the course of the play, Alice has performed an action
“allocate U to V”. The informal meaning: Alice has accomplished her obligation
V' if she has allocated a genuine resource U to it.

(2) If B is an occurrence of a negative literal —U, then Alice has won B iff
e(U) = 0. Thus — acts as a classical negation. Rules (1) and (2) imply the
following. If Alice has performed an action “allocate U to V7 then exactly one
of oformulae =U, V' is won by Alice.

(3) Alice has won an oformula B A C' iff she has won both B and C. She has
won an oformula BV C' iff she has won B or C.

(4) In a similar way we define who has won occurrences of ! B and ? B: an
oformula By A Ba A Bs... (we use subscripts to distinguish between different
occurrences of B) is won by Alice iff she has won all oformulae By, Ba, Bs. ...
An oformula By V By V Bs... is won by Alice iff she has won at least one of



oformulae By, Bs,B3... .

(5) Alice has won an oformula B U C' iff, in the course of the play, she has
decided between B and C'in B U C and has won the chosen oformula. That is,
she has performed the action “choose the left formula B U C” and she has won
B, or she has performed the action “choose the right formula in BLC” and she
has won C. If she has not decided between B and C' then she has lost BU C.

(6) For an oformula of the form B M C the definition is similar (we swap
Alice and Bob). Bob has won an oformula A M B iff in the course of the play,
he has decided between B and C' and has won the chosen oformula.

(7) Every occurrence of 0 is won by Bob and every occurrence of 1 is won
by Alice.

Finally, we say that Alice has won the play iff for every coin evaluation e she
has won the entire formula A. The informal meaning: Alice has accomplished
the obligation A whatever coins Bob has used.

There is an equivalent way to define the result of a play. Call ovariables U
and V matching if Alice has allocated U to V. Define an ovariable evaluation, as
any mapping from the set of all ovariables to {0,1}. Call e correct if e(U) = e(V)
whenever U matches V. Alice has won a play if for every ovariable evaluation
she has won the formula A according to the above rules (2)—(7). Indeed, the
worst (for Alice) correct ovariable evaluation satisfies item (1) above anyway
and thus can be identified by a coin evaluation.

In other words, to find who has won a play make the following steps. Replace
by 0 all the oformulae of type B U C such that Alice has not chosen B or C.
Replace by 1 all the oformulae B M C where Bob has not decided between B
and C. Replace each remaining occurrence of a formula of the form B L C or
B M C by the chosen subformula. (The order of replacements does not affect
the result.) Then replace each ovariable by a new variable in such a way that
matching ovariables are replaced by the same variables and non-matching ones
by different ones. The resulting formula is an infinite formula of finite depth
with connectives —, vV, A and constants 1,0. Alice has won the play iff this
formula is a classical tautology (where A is understood as AND, V as OR, and
-z as the negation of ). The above described transformation is what is called
elementarization in [5, 6, 14].

Here is an example of play.

1. Initial position: ((-z Az)Uy)V ((x V—x) M -y)

2. Bob chooses the left formula in (-2 A ) Uy. The resulting position is
(mx Az) V ((xV-x) M —y) (we have deleted the unchosen formula).

3. Alice chooses the left formula in (-2 A ) Uy. The resulting position is
(mz Ax)V (x Vv —z) (we have deleted the unchosen formula).

4. Alice allocates the first negative occurrence of x to the second positive
occurrence of x. The resulting position is (-x1 A ) V (1 V =) (we have
used subscripts to identify allocated ovariables).



5. Alice allocates the second negative occurrence of x to the first positive
occurrence of x. The resulting position is (—z1 A 22) V (21 V —29)

6. Then the players make infinitely many passes.

Alice has won, as after elementarization we obtain a classical tautology (—x1 A
IQ) \Y (CCl V _|.I2)

The definition of the game [A] is completed. We call a formula A accom-
plishable! if Alice has a winning strategy in the game [A]. We call a formula
A computably accomplishable if Alice has a computable winning strategy in the
game [A]. The simplest accomplishable formula is 2 V —z: in order to win Alice
just allocates the second z to the first x.

If A has no exponential connectives then the game [A] is essentially finite

(every player can perform only finitely many actions) and thus the game [A]
is accomplishable iff it is computably accomplishable. In this case at least one
of the players has a (computable) winning strategy. In the general case it is
unknown whether accomplishability is equivalent to computable accomplisha-
bility.
Remark. It is important that Alice cannot distinguish fake and genuine coins.
(Formally, that means that we choose a coin evaluation after the play is finished.)
For example, the formula A = (—x A =) V z is not accomplishable. In the game
[A] Alice has essentially two strategies: (1) she uses the first of Bob’s coins
(allocates the first « to the third z) (2) she uses the second one. Both strategies
do not win. Indeed, if only one coin is genuine, namely, the coin that has not
been allocated, Alice has lost the formula A.

The definition of an accomplishable formula is very robust: we can change
the definition of the game in many ways so that the class of (computably)
accomplishable formulae does not change. Below we present several such mod-
ifications.

1. We may forbid Alice (or Bob, or both) to perform several actions in one
move. Indeed, postponing actions never hurts the player. By the same reason
it does not matter who starts the play.2

2. We may ban all actions inside oformulae B and C belonging to an oformula
B L C (respectively, B M () such that a choice action has not yet been applied
to BUC (respectively, B C).

3. We may assume that Bob must decide for every negative ovariable at the
start of the game, whether it is genuine or false, but Alice does not know that
decision. In this case the game [A] becomes a game of imperfect information.
This change decreases Bob’s power and there are formulae A for which Bob has a
winning strategy in the game [A] before the change and has no winning strategy
in [A] after the change. This happens, say, for the formula (-2 A —z) V 2. The
notion of accomplishability however does not change, as it is defined through
Alice’s strategies and not Bob’s ones.

1We use here the terminology of [5].
2The games having that property are called static, see e.g. [6]. We will consider other static
games in the next section.



4. We can define the game [A] recursively. To this end we need a notion of a
“game with coins” and operations on such games that correspond to connectives.

Games of the form [A] can be regarded as vending machines: negative ovari-
ables can be identified with slots for coins and positive ovariables with compart-
ments for releasing the products. For instance, a vending machine that accepts
1 Euro coin and 50 cents coins and sells coffee and tea, for 1 Euro each, can be
represented by the formula

I(=(1 Euro U (50 cents A 50 cents)) V (tea M coffee)).

Informally, the game [A] is accomplishable iff the vending machine can work
without having any resources in advance.

Remark. The calculus CL2 found in [8] provides a sound and complete ax-
iomatisation for the set of all accomplishable formulae that have no exponential
connectives. It is unknown whether the entire set of accomplishable formulae is
computably enumerable. The similar question is open for computably accom-
plishable formulae, too.

1.3 Accomplishable formulae and affine logic

Girard’s affine logic [4] is a useful tool to prove accomplishability of many for-
mulae. Consider the following its variant. A sequent is a finite list of formulae.
A sequent consisting of formulae Aq,..., A, is denoted by - Ay,...,A,. The
order of formulae in a sequent does not matter, but the multiplicity of each
formula matters. That is, F p,p and F p are different sequents. A sequent - A
consisting of a single formula A is identified with the formula A.

Azioms: A, A, 1.

Derivation rules:

FTLA  FA-A FT,A _FAB .
FT,A (Cut). TT.A(AND) (Introducing A).
k;,r(f\}%) (Introducing V). % (Introducing M).
FI'LA FI',B . T .
IT.(AUB)’ TFT.(AUB) (Introducing LJ). rr.a (Weakening).
LA (Dereliction). FLIAZA (Contraction). LA (R).

Here 7T denotes the list obtained from I' by prefixing by ? all formulae in
the list.

Call the formula A; V...V A, the formula image of the sequent - Ay, ..., A,.
If the list is empty (that is, n = 0), its formula image is equal to 0. A sequent
is called (computably) accomplishable if so is its formula image.

Theorem 1. The set of accomplishable sequents contains all axioms of the affine
logic and is closed under all its derivation rules. The same applies to computable
accomplishable sequents. (Hence all derivable formulae are computably accom-
plishable.)



Proof. Axioms: the second axiom is accomplishable by definition. We need
to show that the first one is accomplishable as well. To this end we have to
construct Alice’s computable winning strategy in the game [AV —A]. Alice can
win the game [A V —A] by merely mimicking Bob’s moves. More specifically,
there is a natural one-to-one correspondence between ovariables of A and —A.
We call corresponding ovariables dual. If U is a positive ovariable then its dual
is negative, and vice versa. Alice allocates every negative ovariable in AV —A
to its dual ovariable. This is done in such a way that at the end of the game all
the allocations have been made (say one allocation per move). Every occurrence
of U (respectively, M) in AV —A is naturally assigned the “dual” occurrence of
M (respectively, LJ) in AV —A. If Bob makes a choice in an oformula B 1 C
then Alice (say, on the next move) makes the same choice in the dual oformula
—-B U ~C. This strategy guarantees that for every ovariable evaluation Alice
wins exactly one of the formulae A, -A and hence the entire formula A V —A.

Cut: Assume that both formulae AV B and =AV C' are accomplishable. Fix
Alice’s strategies S,T that win the games [A V B] and [-A V C], respectively.
We will define Alice’s strategy winning the game [BV C].

Roughly speaking, Alice plays the games [BV A] and [-AVC] simultaneously,
using strategies S and 7. The moves made by S,T inside B, C are made in the
real game [B V C], and the moves inside A and —A are made on the imaginary
play-board A, where the strategies S, T play against each other. That is, the
strategy S considers the moves made by T in the game [-A4], as Bob’s moves in
the game A, and conversely the strategy T' considers the moves made by S in
the game [A], as Bob’s moves in the game [-A].

Now we will describe Alice’s strategy more accurately. It is easier to do this
assuming different rules of the game. It is not hard to see that the notion of
accomplishability does not change, if we change the rules of the game as follows.
Bob is allowed in his turn to make an action “deposit a coin in U” where U is a
positive ovariable, and Alice is allowed to make an allocation U — V only after
Bob has deposited a coin in U (that is, U is “non-empty”). Bob defines e(U)
immediately, when he deposits a coin in U (but Alice does not know e(U)). We
will say that Bob has deposited a genuine coin in U if e(U) = 1. If Bob has
never deposited a coin into U then e(U) = 0. The result of the play is defined
as earlier using the coin evaluation defined in this way. In this proof we will
use these rules. We will imagine that Bob makes a move “deposit a coin in U”
by putting a real coin onto U and Alice allocates U to V' by moving this coin
to V. The position in the play is specified by the choices made by the players
and locations of the coins, where for each coin sitting on a positive ovariable its
previous location is specified.

Alice’s strategy. Alice splits the current position bV ¢ in the game [BV C]
into positions b and c¢. She also keeps an imaginary position a in the game A.
In her turn, she first applies the strategy S to the position bV a in the game
[B Vv A] and obtains a new position b’ V a’. She then applies the strategy T to
the position —a’ V ¢ and obtains a position —a” V ¢’. Here —a’ represents the
position in the game —A obtained from a’ by changing all connectives to their
duals, changing p into —p and —p into p for all oliterals. The resulting position



in the game [B V C] is V' V ¢’ and the resulting imaginary position is a”.

This description has an important drawback. What happens when S moves
a coin from b to a, that is, from a negative ovariable U in B to a positive
ovariable V in A, or in the other direction, from a negative ovariable V in A
to a positive ovariable U in B? In the first case Alice moves the coin into the
“temporary store” (later she will probably decide on which ovariable to put
it). The locations in the temporary store correspond to ovariables in A. In the
second case Alice takes the coin from the location U in the temporary store and
puts it on V. Alice acts similarly when 7" moves coins from C' to = A or in the
other direction. When S (respectively, T') moves a coin within A (respectively,
—A), Alice moves that coin within the temporary store.

Thus Alice uses the “temporary store” while playing [B V C]. It is clear
that this does not increase her power. Indeed, instead of putting a coin into the
temporary store she can wait until the coin will be taken back from the store.
If the coin is never taken back, the coin is not moved at all from its original
location.

We have to prove that this strategy wins. Let b V ¢ be the final position
in the game [B V C] and a the final position in the imaginary play. As S is a
winning strategy, Alice has won b or a. In the first case we are done. Otherwise
the strategy S has won the imaginary play, hence the strategy 7" has lost it. As
T is a winning strategy, it has won c.

Introducing A: We (that is, Alice) are given strategies winning the games
[AV C] and [BV D] and have to design a strategy winning the game [AV BV
(C A D)]. We just apply the strategies independently. If the first strategy has
won the formula A or the second strategy has won B, we are done. Otherwise
the first strategy has won C' and the second strategy has won D hence we have
won the formula C' A D.

Introducing V: for this rule the formula image of the upper sequent coincides
with the formula image of the lower sequent. Thus we have nothing to prove.

Introducing M: We (Alice) are given strategies to win the games [AV B] and
[AV C]. We have to design a strategy to win the game [AV (B C)]. We do
not do anything until Bob makes a choice in the formula B M C. If that never
happens, we have won. Otherwise we apply the first strategy, if Bob has chosen
B and we apply the second strategy otherwise.

The first rule of Introducing L: We (Alice) are given strategy that wins
[AV B]. To win [AV (B U ()] we first choose B and then apply the given
strategy. For the second rule the arguments are similar.

Weakening, Dereliction and Contraction: straightforward.

R: We (Alice) are given a strategy S that wins the game [? A;V...V? A,V B.
Consider the game [I(? A1 V...V ? A,V B)]. We can win this game by applying
the strategy S’ that consists of countable number of independent copies of S. A
slight modification S” of S’ wins the game [? A; V...V 7 A, V! B]. Let us define
S”. For each i, both formulas !(? A1 V...V? A,VB) and ? A;V...V? A, V! B have
countably many occurrences of A;. Put them into a one-to-one correspondence,
and let (A7)" denote the occurrence that corresponds to A7. Put also occurrences



of B into a one-to-one correspondence. If S” makes a move that involves A7 or
B’ then S” makes a similar move using (A7) or (B7)’ instead. Let us show
that S” wins. Run S” and S’ in parallel against the same adversary (that is,
we mimic in the game [[(? A; V...V 7 A, V B)| all the moves made by a real
adversary playing the game [?7 A; V...V ? A, V!B]). Then for every j,i, the
strategy S’ has won A7 if and only if S” has won (A])’, and the same applies
to BJ. If S’ has won BY for all j, then S” has won (B?)’ for all j and hence
has won the entire formula. Otherwise, S’ has won at least one of A7 (even
infinitely many of them), thus S” has won ? A; V...V ?A,. O

The affine logic is not complete with respect to the abstract resource seman-
tics. An example of an accomplishable non-provable formula is

[(maV =b) A (—eV =d)]V(aVe)A(bVd).

(This formula was used by Blass in [2] to show that the affine logic is incomplete
with respect to his semantics.) We refer to [16], where the reader can find
a complete game semantics for the linear logic and references to other game
semantics that are better tailored for the affine or linear logic.

We conclude this section by showing that the set of accomplishable formulae
is closed under the substitution. We will need this later.

Theorem 2. Assume that a formula A’ is obtained from an accomplishable
formula A by substituting a formula B for all occurrences of a variable p. Then
A’ is accomplishable.

Proof. Fix Alice’s winning strategy S in the game [A]. We will play [A’] (in
Alice’s part) as follows. While playing [A’] we simultaneously play an imagi-
nary game [A], where we apply the strategy S. We copy to the real game all
the choices and allocations made by S in the imaginary game except allocations
involving the variable p. We also copy to the imaginary game [A] all Bob’s
choices made in the real game [A’] outside occurrences of B. If in the imaginary
play the strategy S allocates an occurrence U of p to an occurrence V' of p, we
declare the corresponding occurrences of B symmetrical. All pairs of symmetri-
cal occurrences are synchronised: we mimic all Bob’s choices made inside one of
these occurrences in the other one. Notice that U is positive and V' is negative,
therefore we are able to do that. Besides, we allocate every negative ovariable in
either of these occurrences to the dual positive ovariable in the other occurrence.

Let us prove that this strategy wins. Let ¢’ be an ovariable evaluation in
the game [A’]. Drop the values of ¢’ on all the ovariables from the occurrences
of B. The resulting mapping e evaluates all the ovariables of A except for p.
Extend e to occurrences of p as follows: e(U) = 1 iff, in the play [A’], Alice3
has won the oformula U’ (the occurrence of B obtained by substituting B for
U). The defined evaluation respects matchings. Indeed, if U has been allocated
to V then we have synchronised U’ and V' and hence the results of U’ and V'
coincide. It is easy to show by induction that, for this pair of evaluations, the

3more precisely, the player who has played U’ in Alice’s part



result of the imaginary game coincides with the result of the real play. Since S
is a winning strategy, we have won A and hence A’. O

1.4 Accomplishable formulae and the intuitionistic propo-
sitional calculus IPC

Consider the Girard’s translation from the language of propositional formulae
with connectives A, V,—, L into the language of affine logic. Each formula A is
assigned a formula A* defined recursively: (x;)* = x; and

(AVB)* =1A*UIB*, (AAB)" =A*NB*,
(A— B)* = ~(1A")V B* = 2(=A*)V B*, 1*=0.

This translation preserves provability. The next lemma shows that the com-
bination of this translation and abstract resource semantics yields a sound
semantics for the intuitionistic calculus. Call an intuitionistic formula (com-
putably) accomplishable if its translation is (computably) accomplishable.

Lemma 3. The set L of accomplishable intuitionistic formulae is a super-
intuitionistic logic (that is, L contains all azioms of IPC and is closed under
Modus Ponens and substitution). The same holds for the set of all computably
accomplishable intuitionistic formulae.

Proof. 1. The translations of all axioms of IPC are derivable in the affine logic [4]
and all derivable formulae are accomplishable by Theorem 1. Hence L contains
all axioms of TPC.

2. Let A and B be intuitionistic formulae such that A* and (A — B)*
are accomplishable. We have to prove that B* is accomplishable, too. As
A* is accomplishable, the formula ! A* is accomplishable as well. The formula
B* can be obtained from —!A* vV B* and ! A* by applying Cut. Hence B* is
accomplishable by Theorem 1.

3. L is closed under substitution by Theorem 2. O

Remark. If we defined the translation of AV B as just A* U B* then the trans-
lation of the axiom

(=2 =((y—2)—@Vy—2)

would not be accomplishable.

It turns out that this semantics of IPC is complete for the positive fragment
of IPC.

Theorem 4. If A is a positive intuitionistic formula (that is, A does not contain
1) and A* is accomplishable then A is derivable in IPC.

One of the technical tools in the proof of this theorem is the following the-
orem, which was stated by Medvedev in [15] (without a complete proof) and
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proved in [3]. A critical implication is a (positive) formula of intuitionistic lan-
guage of the form A; A--- A A, — R, where R is an OR of variables and each
A; has the form (P; — @;) — Q;. Here every P; is an AND of variables, every
Q@; is an OR of variables, and, for all ¢, the formulae P; and @; have disjoint
sets of variables. The number of variables in R, P; and @); is positive and may
be equal to 1.

Theorem 5 ([15, 3]). If a super-intuitionistic logic contains no critical impli-
cation then its positive fragment coincides with the positive fragment of IPC.

Proof of Theorem 4. We have seen (Lemma 3) that the set of accomplishable
intuitionistic formulae is a super-intuitionistic logic. Thus by Theorem 5 it
suffices to prove that every critical implication is not accomplishable. Let us
show this first for a very simple critical implication

A=(z—y) —»yYr(y—z)—z)—>zVy
whose translation is
A =217z Vy) A-y) U7y Va)A-x)]V(xzUly)

From Bob’s viewpoint the game [A*] is simpler than the game [B], where B is
obtained from A* by dropping all exponential ANDs:

B=?[(?-xVy) A-y)U((? -y V) A-x)]V(zUy).

We will present Bob’s winning strategy in the game [B]. In this game he cannot
make any actions, thus we need to prove that Bob wins the play whatever actions
performs Alice. We distinguish two cases.

Case 1: Alice has not made any choice in the formula x Ly. Then she has
lost the entire formula, if all z’s and all y’s are true. Indeed, Bob has won
the formula x Ul y. Moreover, he has won all oformulae (? -z V y) A -y and
(? =y V ) A —z, since he has won all occurrences of —x and —y.

Case 2: Alice has made a choice in x Ll y. Assume that she has chosen
x (the other case is similar). Then she has lost the entire formula, if all z’s
are false and all y’s are true. Indeed, Bob has won the formula z Ll y and all
oformulae (? ~2Vy) A—y, as he has won —y. Besides, Bob has won all oformulae
(? -y V) A —z, as he has won 7 -y V x.

Consider now the general case. Let A = Ay A--- AN A, — R be a critical
implication where A; has the form A; = (P, —» Q;) > Q; and R=21V---Vx,
where n > 2 (w.l.o.g. we may assume that R is an OR of all variables). The
translation of A is A* =?(=A7U...U—-A% )V R* where

A7 = (7P Y Q) A QS

and R* =!zyU...U!z,. Drop the operation ! in all the formulae [(? =P} V Q)
and in the formula !z; U ... U!x,. The resulting formulae ? -P/ V Q; and
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x1 U...Ux, are harder for Bob. Thus it suffices to construct Bob’s winning
strategy for the game [B] where

B=(7-P;VQ)A-Q)V...V((?=P:VQ:)A-Q5)V (w1 U... Uzy).

Recall that P; is an AND of variables and Q); is an OR of variables. Thus
while playing [B] Bob is allowed to make choices in oformulae —Q; for all ¢ such
that Q; has at least two variables. Fix any such oformula (? =P} V Q) A —Q}.
Bob makes a choice in —=Q? in either of the following two cases: (1) Alice has
made a choice in the oformula 7. In this case, on his next move, Bob mimics
Alice’s choice in =@ (unless he has already made the choice). (2) Alice has
made a choice, say x;, in the formula x; U...Uz,. Then, on his next move, Bob
chooses in =Q} any variable different from xz; (unless he has made the choice
earlier).

We will show now that Bob wins. To this end define a correct ovariable
evaluation as follows. If Alice has not made a choice in x1 U ... U x, then
declare all ovariables true. Otherwise let ; be the chosen ovariable; declare all
occurrences of x; false and all other ovariables true.

We have to prove that Bob has won the entire formula B. Consider the first
case: Alice has not made a choice in z1 L. ..z, and all ovariables are true. In
this case Bob has won the formula z; LI... U z,. We have to prove that for all
i he has won every occurrence of (7 =P V QF) A =Q;. Fix i and an occurrence
of this formula. Bob has won all occurrences of =P thus he has won ?—FP}.
As Bob has not made any choice according to item (2), he has mimicked Alice’s
choice in QF (provided there was any). Therefore he has won exactly one of the
oformulae @} and =@} and hence the entire oformula (? =P/ V QF) A =Q}.

In the second case Alice has chosen z; in @1 U ... U zy,, all ovariables x;
are false, and all other ovariables are true. Again Bob has won z1 U ... U x,.
We have to show that he has won all occurrences of (? ~Pf V QF) A -Q7F. Fix
any of them and distinguish the following two cases. (1) Alice has chosen the
variable z; in an oformula —P;*. In this case she has won ?—F; and we need
to prove that Bob has won —@)7. Bob has chosen some ovariable in =@} using
either option (1), or option (2). As P; and Q; have disjoint sets of variables,
x; does not occur in @); and thus he has chosen an ovariable different from z;
any way. Hence he has won —QF. (2) For every oformula —P; Alice has not
chosen z; in it. In this case Bob has won ?—-F7. If he has won Q;, we are
done. Otherwise @); has a variable different from z; and Alice has chosen such
variable in Q). Bob either has mimicked Alice’s choice, or has chosen in =Q} a
variable different from z; by himself. Anyway he has won —Q);. O

Theorem 4 does not generalise to negative formulae. We know two examples
of a formula A such that A* is accomplishable but A is not provable in IPC:
Rose formula from [18] and Japaridze’s formula from [7]. The latter one is
simple enough to present it here:

(p = 2VY)A(m—p = xVy) = (7p = )V (=p = y)V(=—p — x)V(-—p — y).

(1)

12



Here —B is an abbreviation for B — L.
Theorem 6. The formula (1) is accomplishable but not derivable in IPC.

Proof. The counter Kripke model is shown on Fig. 1.

Figure 1: The counter model: nodes of the tree represent worlds labelled by
variables that are valid in them.

p.X py X y

It remains to prove that (1) is accomplishable. We will prove that a more
general formula A = B — C where

B=(p—xzVy A(——p—uVu),

C=(p—2)V(p—y)V(=p—u)V(=p—v),

is accomplishable.
The translation of A is equal to A* =7 -B* V C* where

=B* = (I(=p)* A(=lzn=ly) U ((—-p)" A(=Tun=1v)).

We will construct Alice’s winning strategy in the game [? D vV C*] which is even
harder for her, where

D = (1(-p)" A (= M=) U ({(~=p)" A (~u 1 —v))

is obtained from —B* by dropping ! in front of x,y,u,v. In the course of the
play we call an occurrence of -z M —y in A* active if it is located inside an
occurrence of D such that Alice has chosen the left formula !(—=p)* A (-2 M —y)
in that occurrence. In a similar way we define active occurrences of —u M —w.
Alice does not make any choice in the formula C* until Bob has made a choice
in some of active occurrences of —x M —y, —u M —wv. This means that, until that
moment, Alice and Bob are playing the game

Z(Ep) AU ()" A)) VO =[((mp = D) A(=p — L) = 1)7].

As the formula defining this game is derivable in IPC, Theorem 3 implies that
Alice has a winning strategy in this game. Alice plays according to this strategy
until Bob has made a choice in some of active occurrences of —x M —y, —u M —w.

Assume that Bob has made choice in an active occurrence of -z M —y or an
occurrence where he had made the choice earlier has become active (the case
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of —u M —w is similar). Once that has happened, Alice changes her behaviour.
Assume that Bob has chosen = (the other case is similar). Alice then “forgets”
all the other occurrences of |(—p)* A(—zM—y) and all the occurrences of |(=—p)* A
(—u M —w) and chooses (—p — z)* in C*. That is, starting from that moment
Alice and Bob play the game [=(-p — 2)* V (-p — z)*]. The formula defining
this game is accomplishable being an axiom of affine logic. Unfortunately Alice
cannot immediately use the strategy winning this game, as some moves might
have been already made inside occurrences of —p in

—(p— ) =(-p)" A—x=17-pA -z

However it easy to overcome this problem. An infinite number of occurrences of
—p in every occurrence of 7 —p have not been yet allocated by Alice. Therefore
the current position in the game —(—p — z)* is not worse for Alice than the
initial position. O

2 The semantics of Japaridze’s computability logic
and accomplishability

2.1 Static games

We will use a rather general notion of games from [6, 14] between two players,
called Environment and Machine.

A move is a string over the keyboard alphabet. A labelled move (labmove)
is a move prefixed by E or M (the prefix indicates who has done the move,
Environment or Machine). A run is a finite or infinite sequence of labmoves. A
position is a finite run.

A game* is specified by a set of runs L and a function W mapping runs to
the set {E,M}. All runs in L are called legal, all other runs are called illegal. If
W(T') = P, we say that the run T" is won by P. Otherwise it is lost by P.

The set L must have the following properties: (1) the empty sequence (called
the initial position) belongs to L and (2) if a (finite or infinite) run T is in L
then all its finite prefixes are in L too.

Let I' = a3, a2,... be a run and «; a labmove in that run. We say that «;
is the first first illegal labmove in T if aq, ..., ;—1 is legal run but aq,...,q; is
not. Each illegal run I'" has exactly one first illegal labmove. The function W
must have the following property: every illegal run is lost by that Player who
has made the first illegal move in it.

We have not yet defined how to play a game. It is not obvious since in some
positions both players can make a legal move and the rules do not specify who
has the turn to play in such a position.

There are eight ways to play a game. We have to make three choices: who
starts the game, how many moves (at most one or several) is Environment
allowed to make in its turn, and how many moves (at most one or several) is

4called a constant game in [6]
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Machine allowed to make in its turn. For example, the game can be played
as follows: Environment starts the play; in its turn, each player either makes a
move or passes. Another way: Machine starts the play; in its turn, Environment
can make any finite sequence of moves (including the empty sequence); in its
turn, Machine can make a move or pass. For all eight ways to play the game,
we assume that the play lasts infinitely long and the turn to play alternates.

For certain games it is crucial which of the eight modes to play is chosen
(for example, if W(II) = E if II starts with a move of E and W(II) = M oth-
erwise). There are however two important classes of games, strict games and
more general static games, for which it does not matter.

A game is called strict if for every legal position A at most one player
can make a move « so that the resulting position (A, «) is legal. Most games
considered in the literature are strict ones. However, the operations on games
we are going to define do not look natural when applied to strict games. They
look natural when applied to more general static games defined in the next two
paragraphs. Informally, static games are those games in which it never hurts
the player to postpone moves.

Let T', A be (finite or infinite) runs. We say that A is a Machine-delay of T if
A is obtained from I" by postponing certain Machine’s moves (may be infinitely
many). Formally, the following conditions should hold. (1) Erasing all moves
of Environment in I' and A results in the same run; the same holds for erasing
Machine’s moves. (2) For all k& and [ if k&th move of Machine is made later than
[th move of Environment in I" then so is in A.

We define a notion of Environment-delay in a similar way. We say that the
game is static if the following holds for every player P, every run I' and every
P-delay A of T'. (1) If P has not made the first illegal move in I" then P has not
made the first illegal move in A either. (2) If " is won by P then so is A.

We call a static game winnable if Machine has a winning strategy in the
game. It does not matter which of the above eight ways to play the game to
choose: the class of winnable static games is robust under switching between
the eight playing modes. However, it is important that we do not force any
player to make a move in its turn. We call a static game computably winnable
if Machine has a computable winning strategy in the game (that is, there is a
Turing machine that wins the game).

Now we will define operations —, A, V,L,T, A, Y on games. Those operation
will preserve static property. We will then call a formula with connectives
-, A,V,U, T, A, Y winnable if every substitution of static games for variables
results in a winnable game. It happens that that a formula is winnable iff it is
accomplishable.

2.2 Operations on games

The operation of negation — just swaps the roles of players: Machine plays in
Environment’s part and vice versa. The set of legal runs of —A is obtained from
that of A by replacing each run I" by its dual run —I', which is is obtained from
I" by exchanging labels E and M in all labmoves. Machine wins a run I' in —A
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iff the dual run —I" is won by Environment in A: W_4(T') = =Wy (-T') (where
-M=E and —-E = M).

The choice conjunction applied to games A, B produces the following game
AN B. First, Environment decides between A and B. Then the chosen game is
played. If Environment has not decided, it loses. Formally a non-empty run is
legal iff it starts with Environment’s move “choose left” or “choose right” and
the rest of the run is a legal run of A if the first move is “choose left” and is a
legal run of B if the first move is “choose right”. A legal run is won by Machine
in the following three cases: (1) it is empty, (2) the first move is “choose left”
and the rest of the run is won by Machine in the game A, and (3) the first move
is “choose right” and the rest of the run is won by Machine in the game B.

The choice disjunction ALl B of A, B is dual to AM B. This time Machine
has to decide between A and B (and it loses if it has not decided). In other
words, AU B = =(-AM-B).

Parallel disjunction V. In the game A V B the players play two games
A and B simultaneously. In order to win, Machine has to win at least one
game. Formally, a run I is legal if the following holds. Let I denote the result
of removing from I' all the labmoves that do not have the form Pi.ac (where
P = E,M) and replacing the prefix Pi.a by P« in all the remaining labmoves.
A run T is legal if every its labmove has the form Pi.a (where ¢ = 1,2) and the
runs I'!, T'? are legal runs of A, B, respectively. Such a run is won by Machine
if either I'! is won by Machine in A or I'? is won by Machine in B (or both).

Parallel conjunction A is dual to parallel disjunction. The difference is that
this time Machine has to win both games. In other words, AAB = —(-A V —=B).

Parallel recurrence A. The game AA is essentially an infinite parallel con-
junction ANAANAA. ... Players play simultaneously an infinite number of plays
and in order to win Machine has to win all plays. Formally, a run is legal if all
its labmoves have the form Pi.c where i = 1,2,3,... (we spell natural numbers
in decimal notation, say) and all I'', T2 T3 ... are legal runs of A. Such a run
is won by Machine if all I'* are won by Machine in the game A.

Parallel corecurrence Y is dual to parallel recurrence A. Again players play
infinitely many plays in the game A. However, this time in order to win, Machine
has to win at least one play. That is, YA = —~(A-A4).

All these operations preserve the static property. However not all of them
preserve strictness property. Consider, for example, the multiplicative conjunc-
tion. Assume that the games A and B are strict, the first move in A is made by
Environment and the first move in B is made by Machine. Then the first move
in AA B can be made by either player. Nevertheless all eight ways to play AAB
are equivalent (for all strict games A, B). So we could fix any of the eight ways
to play and thus convert A A B into an equivalent strict game. However such
stipulating would be quite unnatural (bureaucratic, using Japaridze’s word). As
a result, we would not have the property A A B = —=(=AV —=B). The games
AN B and =(—A V =B) would be only equivalent in a sense.

Another reason to prefer static games is that all the computational problems
can be quite naturally expressed as static games and not as strict games (see [14]
for many examples). That is why Japaridze has chosen static games as a basis
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for his Game semantics.

2.3 Winnable = accomplishable

There is a similarity between operations on static games and abstract resource
semantics. Consider, for instance, a formula A LI B and a static game G LI H.
Machine has won G U H if it has made a choice between G and H and has won
the chosen game. Similarly, Alice has won A LI B if she has chosen between A
and B and has won the chosen formula. The same holds for all connectives.
The following lemma expresses this similarity in a rigorous form.

Let A(x1,...,2,) be a formula and Gy, ...,G, static games. Substituting
G; for x; in A and performing all operations spelled in A, we obtain a static
game A(G1,...,Gy). Exponential AND and OR are interpreted as A, Y respec-
tively. Let R be a run in the game [A] and S a run in the game A(Gq,...,Gy).
Let P.(choose By), Ps.(choose Bs), ... be the sequence of all the choice moves
made in R. Call R and S similar if the sequence of all the choice moves in S
is equal to Py.(choose By(Gi,...,Gy)), Py.(choose B2(Gy,...,Gy)), ... where
B;(Gy,...,G,,) is the sub-game of A(Gq,...,G,) corresponding to the ofor-
mula B; and Alice’ = Machine, Bob’ = Environment. The following lemma is
straightforward.

Lemma 7. Let R and S be similar runs. Consider the following ovariable
evaluation: an occurrence of p; is true iff Machine has won the correspond-
ing occurrence of G;.> Then Machine has won S iff Alice has won R for this
evaluation.

We say that a formula A is winnable, if for all static games Gi,...,G,
the resulting game A(Gh,...,G,) is winnable. We say that A is computably
winnable, if for all static games G, ...,G, the game A(G4,...,G,) is com-
putably winnable.

Consider also the uniform version of winnability. Call a formula A is uni-
formly (computably) winnable, if there is a (computable) strategy winning the
game A(Gy,...,G,) for all static games G1,...,Gp.

Every static game is equivalent to a strict game. Thus, in the definition of
winnability we may restrict ourselves to strict games. On the other hand, if we
consider only determined games® we obtain a weaker notion. Why? The class of
determined games is closed under all operations considered. And who wins the
game is determined just classically: Machine wins (i.e., it has a winning strategy
in) AA B iff it wins A and wins B, Machine wins A V B if it wins A or wins B
etc. Thus, if we restrict the class of static games to determined ones, a formula
is winnable iff after dropping exponentials and identifying multiplicative and
additive connectives it becomes a classical tautology.

For uniform winnability and computable winnability this is not the case.
For example, it might be that Machine has a computable winning strategy in

5More precisely, the player who has played that copy of G; in Machine’s part has won it.
6The game is called determined in either Machine, or Environment has a winning strategy
in the game.

17



the game A V B but does not have computable winning strategy in either A
or B. Therefore for these versions of winnability it seems quite natural to re-
strict the class of games to determined ones. However, it turns out that this
restriction does not affect the classes of uniformly winnable and uniformly com-
putably winnable formulae. We do not know whether this is true for computably
winnable formulae.

Theorem 8. The following three properties of a formula A are equivalent:

(1) A is computably accomplishable,

(2) A is uniformly computably winnable,

(3) there is computable strategy that wins every game A(Gi,...,Gy) where
Gi,...,Gy are 2-move” strict games.

Proof. 8 Tt is straightforward that (2) = (3).

Proof of (1) = (2). Assume that Alice has a computable winning strategy
S in the game [A]. We have to show that Machine has a computable winning
strategy that wins every game of the form A(Gq,...,G,).

For every sub-formula B of A consider the “sub-game” B(Gy,...,G,) of
A(Gy,...,Gy). If B has the form C'UD or C'M D then every choice between C'
and D corresponds to a choice move between C(G1,...,G,) and D(G1,...,Gy)
in the game A(G1,...,G,). Thus we have 1-1 correspondence between choice
moves in the game [A] and choice moves in the game A(G1,...,G,). To every oc-
currence p;, of the variable py in A corresponds a sub-game G}, of A(G1,...,Gy),
which will be called G..

We will now construct Machine’s winning strategy. While playing A(G1,...,G,)
Machine plays in its mind an imaginary game [A], where it applies the strategy
S for Alice and makes certain moves for Bob. More specifically, all the choices
made by Environment in the game A(Gy,...,G,,) are mimicked immediately in
the game [A], as Bob’s moves, and, conversely, all choices that S has made in
[A] are mimicked immediately in A(Gy,...,G,). Thus, after every Machine’s
move, all the choices made in the real and imaginary games are identical.

Besides, if S on a certain move has allocated —pj, to p}*, Machine starts
from that time the “synchronisation” of the games Gf; and GJ'. The latter
means that it mimics in Gf; all Environment’s moves made in G}, and vice
versa. This is indeed possible, as Machine plays Gi in Environment’s part.
Thus, starting from the time of that allocation, after every Machine’s move, the
current position I'}" in G} is a Machine-delay of the current position I'}, in ch.g
Hence, when the game is played, the run I'}* is a Machine-delay of the run Fi.

"We call a game a k-move game, if every legal run has at most k labmoves.

8Morally, this proof is similar to soundness/completeness proof for system CL2 in [9].
Although the syntax of CL2 does not include parallel recurrences, those are long V, A after
all.

9Formally, 'yt and Fi are defined as follows. It is easy to extract from the current position
in the game A(G1,...,Gn) the sequence of labmoves “made in G'”. That sequence is I'[".
To obtain ch we first extract from the current position the sequence of labmoves A made in

—|Gi and then let F}; = -A.
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We have to prove that the constructed Machine’s strategy S’ wins the game
A(Gy,...,Gy). Fix Environment’s moves against S’. We obtain a run I'" played
against S’ and the corresponding imaginary run I' played against S. As S is
a winning strategy, the imaginary run I' is won by Alice. Therefore for every
correct, ovariable evaluation Alice has won the formula A.

Let us choose the following ovariable evaluation. Let I'l stand for the run
in the sub-game G!. If the run I'} is Machine won (that is, Wg, (T'}) = M) then
declare p! true, and otherwise false. We need to show that this evaluation is
correct. Assume that a negative ovariable pi has been allocated to a positive
ovariable p}”*, and thus the games Gi and G} were synchronised. If Wg, (ch) =
M then, as Gy, is a static game, Wg, (I'7?) =M, as well. It may happen however
that WGk(I‘fC) = E and Wg, (T'}") = M (that is, Machine has won both games
—G;ﬂ and G}'). In this case we have declared pi false and pj’ true and thus
the ovariable evaluation is incorrect. But the incorrectness is in favour of Alice
(as all connectives are monotone) and hence Alice has won A for this ovariable
evaluation. By Lemma 7 Machine has won the run I, and we are done.

We will show now that, conversely, the negation of (1) implies the negation
of (3). Let us fix a formula A(ps,...,p,) which is not computably accomplish-
able and a computable Machine’s strategy S. We have to define strict 2-move
games G1,...,G, such that S loses the game A(Gq,...,G,). The first move
z in all G1,...,G, must be made by Machine and the second move y must be
made by Environment. Machine wins G; iff either it has made the first move
but Environment has not made the second move, or both moves z,y has been
played and the pair (x,y) belongs to a certain set W;. Thus we have to define
Wi, ..., W,. .

To every copy pj, of py in A corresponds a game Gy, inside A(Gq,...,Gy),
which will be called Gi. We will fix now how Environment plays the games Gi
against S. If pf; is negative then Environment has to make the first move in
Gi and otherwise the second move. Anyway, once it should move it plays j in
Gi (we identify strings over the keyboard alphabet and natural numbers). If
there are infinitely many negative occurrences of py, then Environment makes
the moves in them in some order so that by the end of the play all these moves
have been made (say at time j it makes the move in ~G7,).

Call a pair of sub-games Gi, G} a collision, if for some x,y, in both games,
the first move is x and the second move is y. Environment’s strategy guarantees
that in this case pj, is negative and p}* is positive and = j, y = m (or vice
versa). In particular, for every j there is at most one m such that Gi, Gl is a
collision and, conversely, for every m there is at most one such j.

Now we have to define Environment’s choices in the game A(Gy,...,Gy)
and the sets W1y, ..., Wy. To this end consider the following Alice’s strategy S’
to play the game [A]. The strategy keeps an imaginary position in the game
A(Gy,...,Gy) (at the start it keeps the initial position). In her turn Alice: (a)
mimics in the imaginary play A(G1,...,G,) all choices made by Bob on the last
move in [A], (b) makes moves in copies of Gy,...,G,, as described above, (c)
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applies Machine’s strategy S to the resulting position (items (a)—(c) are done
in Alice’s mind, they do not affect immediately the real game); (d) mimics in
[A] all choices made by S in A(G1,...,G,), (e) makes allocation as follows:
Alice allocates pj, to p}”, if the pair Gj,, GJ* has become a collision. As we have
noticed, these allocations obey the rules of the game.

This strategy S’ is computable. Therefore, Bob can play so that Alice has
lost the game [A]. Fix such Bob’s moves and make these moves against S’ in the
imaginary play. Mimicking them in the real play, we will obtain Environment’s
moves in A(Gq,...,Gy).

It remains to define Wy,...,W,. Fix a correct ovariable evaluation e such
that Alice has lost the formula [A]. Let I} be the sequence of moves played
in Gi. Let Wi (l"fg) = M iff pi is true. Environment’s strategy guarantees the
following. If I = ' (for j # m) then Gi, G} is a collision. Thus Alice has
allocated pi to pi* and hence e(pi) = e(p}’). This shows that Wy,..., W, are
well defined. By Lemma 7 Machine has won A(Ghq,...,Gy) iff Alice has won A
for this evaluation, and we are done. O

In [6] Japaridze conjectures that computable winnability coincides with uni-
form computable winnability (Conjecture 26.1). In the preliminary version of
this paper [17] we claimed, without a proof, that this conjecture is true. We
have to admit that we have no valid proof for this. However, if we drop the
computability requirement, then uniform winnability coincides with the non-
uniform one.

Theorem 9. The following four properties of a formula A are equivalent:

(1) A is accomplishable.

(2) A is uniformly winnable.

(8) A is winnable.

(4) There is a Machine’s strategy winning every game of the form A(G1,...,Gy),
where G1,...,G, are 2-move strict games.

Proof. Tt is straightforward that (2) = (3) and (2) = (4). To prove the im-
plication (1) = (2) recall the following. In the proof of the implication (1) =
(2) from Theorem 8, we transformed every Alice’s strategy S that wins [A] to
a strategy S’ that wins A(Gy,...,G,) for all static games Gy,...,G,. (That
transformation preserves computability, which does not matter any more.)
The proof of =(1) = —(4). In the proof of the implication —(1) = —(3)
in Theorem 8 we have constructed a transformation S +— S’ from Machine’s
strategies in the game A(Gq,...,G,) to Alice’s strategies in [A] that has the
following property. If S’ does not win A then there are 2-move strict games
Gi,...,G, such that S does not win A(Gq,...,Gy,). This shows —(1) = —(4).
The proof of the implication —=(1) = —(3) is similar to the proof of —(1)
= —(3) in Theorem 8. However, this time we have to beat uncountably many
strategies (and not one strategy) and we need indetermined games G1,...,G,.
Assume that A is not accomplishable. We will define strict games Gy, ..., G,
so that Machine has no winning strategy in the game A(Gq,...,G,). The turn
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of move in the games G, ..., G, will alternate, starting with Environment, say,
and all moves made in turn will be legal. If the run is finite then it is lost by
that player who has turn to move. Thus we have to define the value of winning
functions Wy, ..., W, on infinite runs.

We will use diagonal arguments. There are continuum strategies in static
games. Indeed, a strategy is a mapping from the set of all positions into to the
set of all moves joint with “pass” (we assume the following playing mode: in
its turn, each player either makes a move or passes). The set of all positions is
countable, as a countable union of countable sets (for every fixed k, the set of
all positions consisting of k& moves is countable, as a product of countable sets).
Finally, there are continuum mappings from N to N, as

|NN| S (2N)N — 2|N><N| — 2|N| = .

Let us fix a 1-1 mapping from the ordinal ¢ to the set of all strategies. The
strategy assigned to a € ¢ will be called S,. We will use transfinite recursion
on ordinals in ¢. On step o we will define Environment’s moves against S,
and we will define Wy, ..., W, on countably many runs. Thus, before step «,
Wi, ..., W, will be defined on less than ¢ runs.

Step a. As Wh,..., W, have been defined so far on less than ¢ runs, there
is a sequence of moves aj, as, ... that has the following property. For all ¢ < n,
W; has not been defined on any run of the form

*, % E.a1, *,E.a9, *,E.a3, %, ...

and on any run of the form

*, % % May, *x,M.ag, *,M.as,....

We fix now Environment’s moves in the game A(G1, ..., G,). In the copy Gi
of G Environment plays j and then aj,as,.... This applies for both negative
and positive occurrences of pi. By the choice of ai,as,..., whatever moves

Machine makes in G7,, the resulting run I') either is finite (and hence lost by
Machine), or it is infinite and W}, has not been defined on I‘i on previous steps.
So we are free to define the value of W}, on every infinite resulting run. The only
constraint is that there might be collisions: a collision is a pair G7,G}" such
that the runs Fi, 7 coincide. This may happen only if pi is negative and p}*
is positive (or vice versa). In this case both Fi, T start with j,m (or m, j) and
Environment can see when it happens after Machine has made its first moves
in both Gy, G}

The rest of the proof is similar to the proof of =(1)=—=(3) in Theorem 8.
We first define Alice’s strategy S/, in [A]. In her turn Alice: (a) mimics in
the imaginary play A(Gi,...,G,) all choices made by Bob on the last move in
[A], (b) makes moves in copies of Gy, ...,Gy,, as described above, (¢) applies
Machine’s strategy S, to the resulting position; (d) mimics in [A] all choices
made by S, in A(G1,...,Gy), (e) allocates pj, to pj, if the first two moves in
Gi, G} have been made and they coincide.
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As S! does not win [A], there are Bob’s moves such that S?, has lost [A]. Fix
such moves. Mimicking them in the game A(G1, ..., G,,) we obtain Environment
choice moves against S,. Thus all Environment’s moves against S, are fixed.
As the formula A has been lost by Alice, we can define Wy,...,W,, on all
resulting runs so that Machine has lost A(Gq,...,G,). Notice that we have
defined W7, ..., W,, on at most countably many runs. O

A sequent is called (uniformly) (computably) winnable if so is its formula
image. Theorems 8 and 9 show that winnability is a sound semantics for affine
logic.

Theorem 10. The set of winnable sequents contains all axioms of the affine
logic and 1is closed under all its derivation rules and under the substitution.
The same applies to uniformly winnable sequents, computably winnable sequents,
and uniformly computably winnable sequents. (Hence all derivable formulae are
uniformly computably winnable.)

Proof. For winnability the statement is true, since winnability coincides with
accomplishability. The same applies to uniform winnability and uniform com-
putable winnability. For computable winnability this is proved similar to The-
orems 1 and 2. O

Remark. The soundness of affine logic with respect to computable uniform
winnability (and hence all other sorts of winnabilities) was shown in [14].

This theorem together with Theorem 4 and Lemma 3 show that winnability
is a sound game theoretic semantics for intuitionistic propositional calculus,
which is complete for its positive fragment.

Corollary 11. Let A be a formula in the intutionistic language. If A is provable
in IPC then the formula A* is uniformly computable winnable. Conversely, if
A is positive and non-provable in IPC then A* is not winnable and A* is not
uniformly winnable for 2-move strict games (corollary of Theorem 9).

What about non-uniform computable winnability for k-move and determined
games? The second item of Corollary 11 does not imply that there are deter-
mined games G1,. .., G, such that the game A*(G1,...,G,,) is not computably
winnable.

Theorem 12. If a positive formula A is not provable in IPC then there are
determined static games G, ...,G, such that the game A*(G1,...,Gy) is not
computably winnable.

Proof. Let L stand for the set of all formulae such that for all determined static
games G, ..., G, the game A*(Gy,...,G,) is computably winnable. All oper-
ations on static games used in Girard’s translation preserve determinacy. Thus
L is a super-intuitionistic logic (the proof is similar to the proof of Lemma 3).
By Theorem 5, it suffices to prove that L contains no critical implications.

Let A be a critical implication. We have to find determined static games
G1,...,G, such that A(Gy,...,G,) is not computably winnable. All the games
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G1,...,G, will have the form “produce a binary sequence f”, where f : N —
{0,1}. More specifically, we will define sequences f1,..., f, and G; will be the
following strict game: a run is legal in G; if it consists only of Machine’s moves,
arun Mz, Mzs, ... is won by Machine (that is, W;(x1, z2,...) = M) if it is infinite
and xy = f;(t) for all t = 0,1,2,.... Obviously, whatever functions fi,..., f
we choose later, the games Gy, ..., G, will be determined (won by Machine).

It is not hard to prove that there are functions f1, ..., f, such that every f;
is not Turing reducible to the tuple consisting of fi,..., fi_1, fit1,..., fn. That
is, there is no Turing machine that computes f; given an oracle that is able
to compute all functions fi,..., fi—1, fit1,.--, fn. Fix such tuple of functions
f17 SRR fn

The rest of the proof is similar to the proof of Theorem 4. That is, Envi-
ronment applies Bob’s strategy, as defined there. Besides it plays in the copies
of games G1,...,G, as follows. In every sub-game of the form —G; (where En-
vironment has to make moves) it plays f;(0), fi(1),.... It plays =Gq, ..., G,
in this way until Machine has made a choice in G; U ... U G,,. Starting from
that time, it stops making any moves in all the sub-games ~G;, where G is the
game chosen by Machine (and keeps playing in G; for i # j).

We will show now that Environment wins. Assume first that Machine has
not made a choice in the game G1 U...UG,,. Then Wy,..., W, evaluate to M on

the runs in all copies of G1,...,G,, that correspond to negative ocurrences of
P1y- .-, Pn. Even if Wy, ... W, evaluate to M on all runs corresponding to posi-
tive ocurrences of pi,...,pn, Environment wins. Indeed, by Lemma 7 Machine

has won the game A(G1,...,Gy) iff Alice has won the formula A for the similar
run in the game [A] and for the evaluation that makes true all ovariables. As
shown in the proof of Theorem 4, Alice has lost the similar run in the game [A]
for this ovariable evaluation.

Assume that Machine has made a choice in the game G; U...U G, and has
chosen, say, G;. Again Wi,..., W, evaluate to M on the runs in all copies of
Gi,...,Gj-1,Gj41,. .., Gy that correspond to negative ocurrences of p1, ..., py.
Let us prove that WW; evaluates to E on all the runs in copies of G; correspond-
ing to positive copies of p;. Indeed, Environment has ceased to provide any
information about f;. Thus Machine’s playing G; can be viewed as a computa-
tion of f; with oracles for fi,..., fj—1, fi+1,..., fn. As any such computation
makes an error, Machine has lost every positive copy of G;. Again by Lemma 7
and arguments similar to those from Theorem 4, Machine has lost the game
A(Gy,...,Gy). O

2.4 Countable branching recurrence

There is another way to interpret exponential connectives as operations on
games, called branching recurrence and corecurrence in [14]. There are two
versions of them, countable and uncountable. Countable branching recurrence
and corecurrence were essentially introduced by Blass in [1]. In the present
form, they were defined in [13].
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The countable branching recurrence éNO is the operation on games defined

as follows. In the game 4" A players play countably many plays in the game A
and Machine has to win all plays (like in the game AA). However this time its
job is even more difficult, as Environment may “copy” positions. Informally, we
. . e (Ro , - o
can imagine that a position in the game & " A is a tuple (p1, ..., p,) of positions
of A. The initial position is the tuple (p1) where p; is the initial position in
A. If the current position is (p1,...,pn), then each player is allowed to make
a legal move in any of the positions p1,...,p,. Environment is also allowed to
copy any p;, in which case the new position is equal to (p1,...,pn, i)

This definition is very informal because we have defined moves in terms of
positions and not the other way around, as our framework prescribes.

Moreover, the described game may be not static.'® To obtain an equivalent
static game we need to understand a copying operation as splitting one position
(the parent) into two new positions (the children). If a move made in a position
P at time ¢t is postponed to time ¢ > t and by the time ¢ the position P
has been split, then that move is automatically played in all descendants of P.
More specifically, we assign to each position an address, which is a binary string
rather than a natural number. When a position with address w is split, the
children positions get addresses w0 and wl. When a play is finished we obtain
a finite or infinite tree consisting of all addresses used. All leaves in that tree are
addresses of the played games. If the tree is infinite then some infinite paths are
also addresses of played games: those infinite paths which have finite number
of 1s. We will call such infinite binary sequences bounded.

Formally, a run I' is legal if it is a sequence of labmoves of the form Pw.«
and E(split w) having the following two properties. (1) For every w and every
proper prefix u of w every ocurrence of a labmove of the form Pw.« or E(split
w) in T is preceded by exactly one ocurrence of the labmove E(split u). (2)
For every finite or infinite binary sequence w consider the sequence I'(w) of all
labmoves in T" of the form Pu.a—with “u.” removed—where u is a prefix of w.
For each finite or infinite w the run I'(w) must be a legal run of A. A legal run
T is won by Machine if I'(w) is won by Machine for all leaves w and all bounded
infinite branches w.

In the definition of uncountable branching recurrence &, we stipulate that T
is won by Machine if I'(w) is won for all leaves w and for all infinite branches w
(and not only bounded). Thus the difference between countable and uncountable
versions is due to different understandings which plays in G have been played
in the course of a play in G.

Countable branching corecurrence M is defined in the dual way so that
04 = (6"~ A4). Let us change the interpretation of ! and ? to &° and ?™,
respectively. We obtain new notions of winnability and computable winnability,
which does not coincide with the old ones.

10Indeed, assume that the initial position is lost by Machine and every run of length 1 is won
by Machine. Then the position M1.«, E.(copy position 1) is won by Machine but the position
E.(copy position 1),Ml.« is lost.
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Lemma 13. The formula
(—xN-y) VvV (lzU!ly),

is (1) not winnable if exponentials are interpreted as parallel recurrence and
corecurrence but is (2) uniformly computably winnable provided exponentials
are interpreted as countable branching recurrence and corecurrence.

Proof. (1) As winnability for parallel recurrence and corecurrence coincides with
accomplishability, it suffices to prove that the formula is not accomplishable.
Here is Bob’s winning strategy. Bob starts choosing —x in all occurrences of
—z M -y (one choice per move). He goes on until Alice has made a choice in
'z U!y. If Alice has chosen !y, then she will lose the game, as Bob can declare
all y’s false and all a’s true. Otherwise (if Alice has chosen !z), Bob stops
choosing — in remaining oformulae -z M —y and starts choosing —y instead.
Again Bob has won, as he can declare true all ovariables he has chosen and
declare all others false.

(2) Let G, H be any static games. Here is Machine’s computable winning
strategy in the game

(-GN-H)V(GU!'H),

Machine waits until Environment makes a choice between =G and —H in the
initial position of -G M —H. W.l.o.g. assume that it has chosen —=G. Then
Machine chooses ! G in ! GU! H. Thus the game has basically become 7 -G V!G
starting in its initial position. Indeed, when Machine splits a position in the
game 7(—GM—H) in two positions, the choice made by Bob automatically applies
to both children-positions. As the formula ? -z V !z is derivable in the affine
logic, Machine has a computable winning strategy in the game 7 -G V!G. O

Theorem 14. The set of winnable sequents (exponentials are interpreted as
countable branching recurrence and corecurrence) contains all axioms of the
affine logic and is closed under all its derivation rules and under the substi-
tution. The same applies to uniformly winnable sequents, computably winnable
sequents, and uniformly computably winnable sequents. (Hence all derivable
formulae are uniformly computably winnable.)

Proof. The proof is similar to that of Theorem 1. O
Theorems 8 and 9 remain valid for the new notions of winnability:

Theorem 15. The following two properties of a formula A are equivalent (if ex-
ponentials are interpreted as countable branching recurrence and corecurrence):
(1) A is uniformly computably winnable.

(2) There is a computable strategy winning every game A(Gu,...,Gyp) where
G1,...,G, are 2-move strict games.

Theorem 16. The following three properties of a formula A are equivalent
(if exponentials are interpreted as countable branching recurrence and corecur-
rence):
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(1) A is uniformly winnable.

(2) A is winnable.

(8) There is a Machine’s strategy winning every game of the form A(G1,...,Gy),
where G, ...,G, are 2-move strict games.

Proof of Theorem 15. Obviously (1) implies (2).

One can prove the reverse implication along the same lines as in Theorem 8:
we can change the definition of the game [A] so that both (1) and (2) are
equivalent to existence of a computable winning strategy in [A]. However the
new notion of accomplishability has no independent interest so we will prove
the implication (2)=-(1) directly.

Assume that (1) is false and fix a computable Machine’s strategy S in
A(Gy,...,Gy). We have to define 2-move strict games G, ..., G, such that
S loses A(G1,...,Gy). The first move in all Gy, ..., G, is played by Machine
and the second one by Environment. Let Environment play j in G, once it
has turn to move in Gfﬂ. This ensures that for every j there is at most one m
such that (Gi, G7') is a collision (the runs in Gi and G7* coincide). We need
to define choice moves of Environment and the winning conditions in the games
G1,...,G, so that Environment wins.

To this end consider another strategy S’ to play A(Hy, ..., Hy). The strategy
S’ plays the real game A(Hy,..., H,) simultaneously with an imaginary game
A(Gy,...,Gy). Inits turn S”: (a) mimics in the imaginary play A(Gy,...,Gy)
all choices and copy moves made by Environment on the last move in A(Hy, ..., Hy,),
(b) makes moves in copies of Gy,...,G,, as described above, (c) applies S to
the resulting position; (d) mimics in A(H, ..., H,) all choices and copy moves
made by S in A(G1,...,G,), (e) starts synchronising Hy and H}", if G}, G,
has become a collision.

As S’ is computable, there are static games Hy, ..., H, and Environment’s
moves in A(Hy, ..., H,) such that S’ has lost A(Hy, ..., Hy,). Mimicking choices
and copy moves in A(Gq,...,G,) we obtain Environment’s choices and copy
moves in A(G1,...,Gp). The winning condition in Gy, is defined as follows:
Machine has won GY, iff Machine has won Hj. The game G}, is well defined.
Indeed, if the run in Gi and G} coincide then H, ,Jc and H;" were synchronized

and hence the runs in H fg and H]" coincide as well. O

Proof of Theorem 16. It is straightforward that (1)=(2) and (1)=-(3). The im-
plication (3)=-(1) was basically proved in the proof of Theorem 15. Indeed, we
have defined a transformation of every strategy S to a strategy S’ and a trans-
formation of every tuple of games Hy, ..., H, to 2-move strict games G1,...,G,
such that the following holds. If S” does not win A(Hy,...,Hy) then S does
not win A(Gy,...,Gp).

The proof of implication —(1) = —(2) is entirely similar to the proof of —(1)
= —(3) in Theorem 9 and therefore we omit it. O

Corollary 11 remains true for countable branching recurrence and corecur-
rence and, moreover, in the translation of AV B we may omit !. More specifically,
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let (z;)" = z; and
(AvB) =ATUB', (AAB) = ATnBT,
(A— Bt =-0AH v B =2-AhvBf, 1f=o.

Theorem 17. The set of all formulae A such that A" is winnable is a super-
intuitionistic logic (if exponentials are interpreted as countable branching re-
currence and corecurrence). The same holds for computable winnability, and
uniform versions of winnability and computable winnability. On the other hand,
if a positive formula is not provable in IPC then the formula AT is not winnable
and there are determined static games such that the game AT(G1y, ..., Gy) is not
computably winnable.

Proof. 1t is easy to verify that translations of all axioms of IPC are uniformly
computably winnable, except for the axiom

A=(@—2)=(y—2) = (@Vy—2).
The translation of the latter is equal to
AT =20z A=2)V2(ly A=z) V2(=z )V 2.

The formula AT is not derivable in the affine logic, as it is not accomplishable.
However it is uniformly computably winnable (if exponentials are interpreted
as countable branching recurrence and corecurrence). Indeed, by Lemma 13 the
formula

B=7?-zN—-y)Vv(lzU!ly)

is uniformly computably winnable. It is easy to verify that the sequent - ~BV AT
is derivable in the affine logic. Hence it is uniformly computably winnable. The
sequent = AT follows from - =BV AT and - B by Cut, and hence is uniformly
computably winnable as well.

Thus translations of all axioms of IPC are uniformly computably winnable.
The closure under Substitution and Modus ponens is proved similar to The-
orem 1. The second part of the theorem is proved similar to Theorems 4
and 12. O

Theorem 17 is true for the Girard’s translation as well, and the proof is
similar.

2.5 Historical and terminological remarks

The notions of a computably winnable and uniformly computably winnable
formula were defined in [6] under the name a (uniformly) valid formula. The
uncomputable versions of these were also considered in [6], as a property of
games rather than a property of formulae. The notion of a winnable formula
(only for countable branching recurrence) was first considered by Blass in [2].
Although Blass has considered only strict games and his definition of a countable
branching recurrence differs in some technical details from the above definition,
the class of winnable formulae is the same.
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2.6 Uncountable branching recurrence

Theorem 17 is true for uncountable branching recurrence as well, which was
shown in [11]. Our proof of Theorem 17 (based on Theorem 5) also works for
uncountable branching recurrence and corecurrence and provides a shorter proof
than that of [11].
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