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Abstract both of the lengtm. Alice has to outpuy. We are inter-
ested in the communication complexity of problémhow

In this paper we study thendividual communication  many bits have to be transmitted between Alice and Bob in
complexity of the following problem. Alice receives an in- order to let Alice learn Bob’s string?
put stringx and Bob an input string;, and Alice has to It is easy to see that the worst case complexity, i.e. the
outputy. For deterministic protocols it has been shown [3] maximum complexity over all inputs of the same size, of
thatC'(y) many bits need to be exchanged even if the actualthis problem for deterministic protocolsis The same ap-
amount of informatiorC'(y|x) is much smaller thai(y). plies for randomised protocols in both public and private
It turns out that for randomised protocols the situation is coin models.
very different. We establish randomised protocols whose Assume therefore that andy are somehow correlated.
communication complexity is close to the information the- The problem has been studied in the following frameworks
oretical lower bound. We furthermore initiate and obtain of this kind:
results about the randomisedundcomplexity of this prob-
lem and show trade-offs between the amount of communi-
cation and the number of rounds. In order to do this we
establish a general framework for studying these types of

e We assume that a probability distribution over input
pairs is given and we allow the protocol to be incor-
rect on a small fraction of input pairs (according to the
given distribution); we consider worst case communi-

questions. cation length. In such setting the problem was studied
in [13, 10].
1 Introduction e We assume that a probability distribution over input
pairs is given (known both to Alice and Bob) and we
In this paper we continue the study iolividual com- measure the average length of communication on a
munication complexity introduced in [3]. We focus our at- random input pair picked according to that distribu-
tention on the following communication problem denoted tion. In such setting the problem was studied in [12].

by I. Alice has a binary string and Bob a binary string, e We assume that the input pair belongs to a predeter-
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settings. We allow all input pairs (thus Alice and Bob have
no a priori knowledge about the input pair) and we do not
consider any probability distribution on pairs. We are in-

bility of error). By the same argument one can prove that the
worst case randomised complexity of computing the length
of the largest common prefibep(x, y) of  andy is also

terested in how the communication length depends on theO(logn) (for completeness’ sake we present the proof in

input pair. The only paper studying the problem in such
setting is [7]. There, a deterministic 1 round protocol with
communication lengtli’(y|z) + O(log n) (conditional Kol-
mogorov complexity ofy givenz) is designed that solves
the problem correctly on all input pairs provided Bob gets
O(logn) bits of extra information from a third party who
knows bothz, 3. The first result of our paper can be consid-
ered as getting rid, in this protocol, of exttdlog n) bits of
help information at the expense of increasing the number of
rounds and allowing randomised protocols.

To introduce our results we start with a toy example.
Consider the following protocol. Bob with inpyt sends
the bit0 if y is the string that contains onlys, otherwise
he sends d followed byy. Clearly, fory = 00...0 this
protocol communicates only one bit, and for all ot&rit
communicates + 1 bits.

This protocol can be easily improved by letting Bob send
a program that outputg instead of sending itself. This
corresponds then to sendidgy) bits from Bob to Alice,
whereC'(y) is the Kolmogorov complexity of. No deter-
ministic protocol can do better [3], i.e., the individuaheo
munication complexity of this problem is essentiallyy).

In particular, the string: which Alice holds is of no use for
any protocol.

When one considerandomisegrotocols one can make
use of Alice’s stringz as the following protocol demon-
strates. Alice and Bob first perform a randomised equality
test ofz andy which is well known to require only(1)
bits of communication. If they conclude that= y then
Alice outputsx otherwise Bob sends a descriptionypfo
Alice and she outputg. Thus, the protocol requires only
O(1) bits of communication on inputs whefe= y and at
mostC(y) + O(1) otherwise. The individual communica-
tion complexity of the string/ has gone down significantly
when Alice’s inputz equalsy. The question we are inves-
tigating here is how Alice’s input influences the cost of
communicating Bob'y.

We say thatRA(I,z,y) < g(x,y) if there is a public
coin randomised protocol in which Alice outputs Boly's
with probability at leasi — ¢ after communicating at most
g(z, y) bits. Since Newman (see [4, Th. 3.14]) shows that a
public coin protocol can be turned into a private one using
an additionalO(logn) bits of communication our results
can be easily adapted to such a setting as well.

Section 3.1). This implies that the individual complexity o
our problem/ is at most

RM1,z,y) <n—lep(z,y) + O(logn)

for any constant positive. (Bob first learndcp(z,y) and
then communicates to Alice the missing- lcp(x, y) bits
of y.)

There are many other ways than having a common pre-
fix in which z andy can share a common information. For
examplex andy can differ in the first bit and have the
same suffix of lengtlh — 1. Clearly, for suche, y the ran-
domised individual communication complexity of problem
I is also small. To catch all possible ways to have common
information consider the conditional Kolmogorov complex-
ity C(y|x) of y givenz.

In this paper we compare the randomised individ-
ual communication complexity of problerh to C(y|z).
Namely, we show thatRA(I,z,y) < C(ylz) +
O(\/C(ylr)).

Is it possible to do substantially better? That is, is it
possible to solvel with communication length less than
C(y|x)? The answer is no. We prove that if a randomised
protocol solved with probability of errorz < 1 forall x, y,
then for allz andi there isy such thatC(y|x) < i and the
protocol communicates on y at least +log(1—¢)—0(1)
bits.

Our protocol achieving communicatio (y|z) +
O(4/C(y|z)) runs inO(y/C(y|x)) rounds. We can also
obtain a protocol that solves the problemilog C(y|z))
rounds by exchanging onl{t + §)C(y|x) bits for an arbi-
trary constand > 0. Is it possible to reduce the number of
rounds in these protocols to a constant keeping the commu-
nication length close t6¢'(y|x)? We don’t know the answer
to this question.

The paper [7] shows that there is a deterministic 1 round
protocol with communication lengtl'(y|z) + O(logn)
provided Bob get®)(logn) bits of extra information from
a third party who knows both, y.

It seems that the core of the problem lies in estimating
C(y|z) efficiently. In particular we show that if Alice and
Bob knowC'(y|z) andC(z|y) then they can solve the prob-
lem I deterministically in a single round by communicating
2C(y|z) + 2C(x|y) bits. In randomised setting a single
round and onlyC'(y|x) + C(z|y) bits suffice.

We first observe that the above mentioned protocolbased Thus we identify the problem of efficiently approximat-

on equality tests can be generalised as follows. Nisan [9]

ing C(y|z) as a crucial problem. We say that a protocol

has proved that the worst case randomised complexity of A-approximates a functioffi(z,y) if on input z to Alice

the predicate GTaf is lexicographically greater thay) on
strings of length is O(log n) (for any fixed positive proba-

andy to Bob the protocol outputs a value betwegn, y)
andf(z,y) + A. In the case of a randomised protocol with



error probabilitye this should happen with probability at
leastl — ¢ for eachx andy. We show that &-round ran-
domised protocol that-approximateg” (y|«) with prob-
ability of errore < 1/2 must communicat€((n/A)'/*)
bits. This can be translated into a lower boudg:'/*) on
RAKroundy 1 22 4/) as once Alice knows andy she can de-
termineC (y|z).

So far we have compared the cost of the protocol with
the conditional Kolmogorov complexity of andy. Since
Alice and Bob are all powerful there really seems to be
no good reason why Kolmogorov complexity should be the

right measure to consider. For example Alice and Bob could
a priori agree on some non-computable oracle and use Kol-

mogorov complexity relative to that oracle. It turns our
that most of the results stated so far hold not only for Kol-
mogorov complexity but rather for any measure that we call
anormalised functionA functiond : {0,1}* x {0,1}* —
N U {400} is normalisedif for all x,i the number ofy
with d(x,y) < i is less thare!. The normalisation con-
dition requires that the number gfthat are close ta is
small. ClearlyC'(y|x) is normalised and it is essentially op-
timal among all lower semi-computable normalised func-
tions. Another useful normalised function is the function
s(z,y) =n — lep(z,y) — 1 wheren is the length ofr and
y; if the lengths ofr andy are different, the functios(z, y)
takes the valug-co.

Our upper boun®2 (1, z,y) < d(x,y) + O(\/d(x,y))
as well asRA(I,z,y) < (1 + 6)d(z,y) hold for any nor-
malised functiond(z,y). Also, if Alice and Bob know
d(z,y) andd(y, ) for their inputsz andy, then they can
in a single deterministic round solve the problénusing
2d(z,y) + 2d(y, =) bits of communication. If the function
d(x,y) satisfies the additional property that for some con-
stantc and allz the number ofy such thatd(z,y) < i is
at least2’=¢, then for any randomised protocol that solves
I with probability of errore < 1 for all z,y, for everyz
and: we can findy such thatl(z,y) < i and the protocol
communicates om, y at leasti — ¢ + log(1 — ¢) bits.

In order to show stronger and more interesting lower

bounds one has to however focus on particular functions

d(z,y). For example in the case dfz,y) = |y|, one can
solvel in one round with communicatiaf(z, y).

The normalised functior(z, y) plays a key role in our
lower bound proof forA-approximatingC(y|x). In fact
the Q((n/A)'/*) lower bound holds for\-approximating
s(z,y) in k rounds as well. However as opposedit@y|x)
we know how to efficiently approximatéz, y): we canA-
approximates(z, %) in k rounds using)((n/A)Y*) com-
munication. This allows us to solve problehin & rounds
using at mosk(z, y) + O(n'/*) communication, which for
k=1,2is tight.

We conclude by three interesting open questions:
1. Is there a randomised protocol to solve probleimcon-

stant rounds by exchanging at mé&ty|z) + o(n) bits?

2. What is the worst case randomised complexity of ap-
proximatingC'(y|z)?

3. What is the worst case randomised complexity of ap-
proximatingC'(y|x) in k rounds § is a constant)? We give
only a lower bound and only for error probability less than
1/2.

2. Notation and definitions

We establish our notation here. We consider the usual
model of two-party communication complexity. In this
model Alice and Bob get inputs € X andy € Y, re-
spectively, and either one or both of them want to learn the
value of some functiorf(x, y). More generally, for some
relationT” C X x Y x Z, they may want to learn some
valuez such tha(z, y, z) € T. (We will identify a function
f: X xY — Zwithits graph{(z,y, f(z,y)) | (z,y) €
X x Y}.) They accomplish this goal by exchanging mes-
sages according to some fixpibtocol For each pair of
inputsxz andy we measure how many messages and how
many bits of information were exchanged during the com-
munication. We call the first quantity theimber of rounds
and the second quantity tfength of communicatian

To avoid any ambiguity we can define our terms formally
as follows. Aprotocol P over domainX x Y with rangeZ
is a finite rooted binary tree, whose nodes are divided into
two parts,A and B, called Alice’'s nodes and Bob’s nodes.
(They indicate the turn of move.) Each internal Alice’s node
v is labelled by a functiom, : X — {0,1} and each inter-
nal Bob’s nodev is labelled by a functiow, : Y — {0,1}.
Each Alice’s leafv is labelled bya, : X — Z and each
Bob's leafv is labelled byb, : Y — Z. A nodereached
by a protocolP on inputsz, y is the leaf reached by start-
ing at the root ofP and walking towards leaves where in
each encountered internal node we go lett,jfx) = 0 or
b,(y) = 0, depending on whose nodss, and we go right
otherwise. We say that using on inputz andy, Alice
learnsa relationT if the leafv reached onx andy belongs
to Alice and satisfiegx, y, a,(z)) € T. Similarly, Bob
learnsT if the leafv belongs to him andz, y, b, (y)) € T.

The length of communicatioof the protocolP on in-
putsz,y is the length of the path from the root éf to
the leaf reached om,y. A protocol P runs ink rounds
on inputsz, y if there arek — 1 alternations between Al-
ice’s and Bob’s nodes along the path from the root of the
protocol to the leaf reached ahy. The message sent by
Alice in the [-th round of the protocolP on z,y is the
concatenation of bitsi,, (v), a,,,, (z),...,a,,(x) where
Vi—1,Vs, Vi+1, - - -, Uj+1 are the nodes along the path from
the root the the leaf reached ony, and the(l — 1)-th alter-
nation between nodes labelled hyanda,, occurs between
nodesv;_; andv;, and thel-th alternation occurs between



v; andvjqq. tion requirement the binary length of the index is at most
A randomised protocol is a probability distributigimon d(z,y) + 1.

protocols. For a relatiorl’, we say thatR? (T, z,y) < Assume now that Bob know#z, ) but does not know
g(z,y) + O(¢'(n)), if there exist a randomised protogol z. One can prove that, foi(z,y) = C(yl|z), it is im-
and a constant > 0 such that for everyz,y) € X x Y, possible to transmij to Alice in aboutd(z, y) bits deter-
with p-probability at leasit — ¢ for a random protocoP  mjpjstically (see [3]). Using randomness, we employ the
the length of communication on, y is at mostg(z,y) + technique of fingerprints and proceed as follows: Bob ap-

cg’'(n) + c and Alice learng” onz, y (wheren is the length plies a random linear functioh : {0,1}" — {0,1}™ over
of z,y). Similarly, RE (T, z,y) < g(x,y) + O(g'(n)) for GF(2) to his inputy (called the fingerprint of; in the se-
the case where Bob learls We say that??(T,z,y) > quel) and sends it to Alice. The coefficientsbfare read
9(z,y) +Q(g'(n)) if for every randomised protocgi and  from the shared random source. Since we assume that Bob
every functionh(n) with R2(T', z,y) < g(x,y) + h(n) we knowsd(x,y) he can choosen = log(1/¢) + d(z,y). Al-
haveh(n) = Q(g'(n)). ice compared.(y) with fingerprintsL(y’) for all 3 with

It f:{0,1}* x{0,1}* — Nanda : N — Nare g /) = d(z,y). She outputs the first such with
functions, Alice or Bob may want to learn the value of L(y') = L(y). By union bound the probability of error
f(z,y) only a-approximately. This means that they want (y # y but L(y') = L(y)) in this protocol is at most
to learn the relatiol” = {(z,y,i) | f(z,y) < i <  gd@wa=m — - We now turn to the actual proof.
f(z,y) +a}. Wewrite RE(f, a,n) < g(n) +0O(g'(n)), if
RE(T,z,y) < g(Jz]) + O(¢'(|z])). In the similar way we
defineRZ (f,a.n) > g(n) + (g (n)).

When we restrict ourselves to protocol withrounds we

,k-round

. ; X X Proof of Theorem 1Since Bob knows only, Bob will try
will use notationR::. ---) to denote the appropriate

> to guess an upper bound fdfz,y) probing the numbers
quantity. _ 1,3,6,...,5(j + 1)/2,... successively. At the beginning
Afunctiond : {0,1}" x {0, 1} — NU {+oo}isnor- ot the nrotocol he prepares fingerprinits(y), La(y), - .-
malisedif for all z, i the number ofy with d(z,y) < i is where eachL; : {0,1}" — {0,1}™ is a linear function
less tharg’. Normalisation condition requires that the num- ., 5sen indeéendently at random using the shared random

ber ofy that are close ta is small. The conditional Kol- - g4 rce andn; will be specified later. Then our protocol
mogorov complexityC'(y|z) is minimal (up to an additive | ,ns in rounds numbere 2,.... In round2j — 1 Bob

constant) among all normalised functions for which the set o145 to Alice the fingerprint;(y). Then Alice in round
().

{{z,y,3) | d(z,y) < i} is computa_lbly enum_erable._This 2 looks for a string,’ with
means that for every such normalised functibtinere is a

constant such thaC(y|z) < d(x,y) + cforall z,y. This , o
property ofC'(z|y) can be considered as its definition since d(z,y") < j(G+1)/2
it defines it uniquely up to an additive constant.

We will use the following probability distribution on  such thatZ;(y') = L;(y) for all i = 1,2,...,5. If she
{0,1}™ x {0,1}". To generate a random pdir, y) choose  succeeds to find suchi, she outputs it, informs Bob that
first a random number € {0,1,2,...,n — 1}, and then  she has succeeded and stops the protocol. Otherwise she
choose uniformly at random a pdit, y) with lep(z,y) = informs Bob that she has not succeeded and the protocol
i. That is, the probability of a paifz,y) is equal to continues.

glep(ew)=2n+1 /. We call this distributiomuasi-uniform Clearly, the protocol stops after at mastrounds where

j is minimal such thati(z,y) < j(j +1)/2. Asj =
3. Non-constant number of rounds O(+/d(x,y)) the protocol works in these many rounds and
exchanges at mogt+- m; + - - - + m; bits.

In this section we consider protocols using non-constant  Now we will adjustm; so that the probability of error is

number of rounds. We start with the fO”OWing theorem. less thare. An error may occur only if there arﬁ #+ y and
. / N =1T1.

THEOREM 1. For all normalised functions d, {f < jlls,uih Ihgd(x’%c) E k(f]? +d112/2 %”‘?I{;](y ) _bLE)('%l'z

RA(L 2,y) < d(z,y) + O(/d(@,1)). oralli = 1,2,...,k. For fixedk andy’ the probability

that thek fingerprints ofy andy’ coincide is2 =™t~ ~™k,
Before proving the theorem we start with some remarks Sinced(z, y’) is normalised, by union bound ovef the
explaining why the problem to communicatdo Alice by probability of error is less tha2f(k+1)/2=mi——mr_Thys
exchanging about(z, y) bits is hard. ifwe letm; =2+logl/eandm; =j+1forj=2,...,
If Bob knewz then he could just send to Alice the index then for fixedk the probability of error is at mos2—*. By

of y in the set{y’ | d(z,vy') = d(x,y)}. By normalisa-  union bound ovek the total probability of error is less than



€. The number of communicated bits is (RET) tox, y. If they find out that: # y, they apply RET
to the first halves of andy, and so onlog n times. At each
Jtmi+--4my time they have a pair of numbelg- such that the length-
=2j+7(j+1)/24log(1/e) prefixese,, y, of x,y are different and the lengthprefixes
of z, y are supposedly equal. They recurse by applying RET
=d(z,y) + O(Vd(z,y)) +log(1/e). O to length{l + /2 prefixes ofz, y and replace eithel or
In the previous proof we have chosen,m., ... soas " PY (I +7)/2 depending of whether the outcome of the
to balance the number of rounds of the protocol and the (€St is positive or negative. They use fingerprints of length
quality of the estimate ori(z,y). If for somes > 0 we log(logn/e). That implies that the probability of failure in

chosem; = 3 +log1/c andm;, = (1 +6)7 forj =2, ... each test is at most/ logn. By union bound the overall
in the previous proof and probed as upper bounds(ery) probability of error is at most. .
the values of the fornil + 6)7, we would obtain a proto- This protocol communicate8(log 7 loglog n) bits. To

col that runs inO(log d(z, y)/ log(1 + &)) rounds and ex- get rid of th_e factotog lognvye use thg following trick. In-
changes1 + &)d(z,y) + log;_s d(z, y) + log 1 /e bits of stead of using I_ong fmgerprlnts we will use constgnt Iength_,
information. say length-3, fingerprints. To compensate the increase in
error probability we will sometimes double check the equa-
tion z; = y;. More specifically, at each step we will have
a pair of numbers, » corresponding to a node in the search
tree { = 0,7 = n correspond to the root of the tree, and
l,(l4+r)/2and(l +r)/2,r to children of the nodé r). At

LEMMA 1. Assume that for some constanand allz the  the start we are in the root. We then repehig » times the
number ofy such thatd(z,y) < i is at least2i-<. If  following loop.

The following lemma provides a lower bound on the
amount of communication needed for solvifigand it is
applicable to alli(x, y) that satisfy certain natural property.
That property holds for bott’(y|x) ands(z, y).

a randomised protocol solvek with probability of error (1) Check whether; = y;, using RET. If the

e < 1 for all z,y, then for allz andi there isy such that outcome is negative, backtrack, that is, return to
d(x,y) < i but the protocol communicates any at least the parent of the current node and skip (2).

i —c+log(1l — ¢) bits. (2) Otherwise move to one of the children of the

nodel, r, as in the normal binary search (unless

Proof. The proof is based on the relation between ran- ’ . X S
you are in the leaf, in which case skip this step).

domised complexity and average case complexity. a=ix
and: and assume that there is a protocol such that foy all The average number of failed tests is at niokig n /8.
with d(z, y) < ¢ with probability at least —e Alice outputs By Chernoff bound with probability at least- O(1/n) the
y after receiving at modtbits from Bob. Consider the uni- number of failed tests is less th&gn. Let us prove that

form probability distribution ony’s such thatd(z,y) < . in this case we reach at some moment the target node in the
By standard arguments one can show that there is a detersearch tree (it is easy to see, that if we get into the target
ministic protocol allowing Alice for a fraction at least- ¢ node, we stay there forever).

of y’s to learny after receiving at mosgtbits from Bob. By way of contradiction assume that this is not the case.

On the other hand, Alice’s output depends only on the Itis easy to verify that then the following value
concatenation of Bob’s messages. Thus the cardinality of

the setA of strings which Alice can output after receiving (the number of performed tests)

at mostl bits from Bob is2! or less. As the number afs + 2(the distance in the tree from the current node to
with d(x, ) < iis at leasR’~¢, 2! > 217¢(1 — ¢). O the target node)

For the sake of completeness we finish this section by 4(the number of failed performed tests)
presenting a protocol computingp(z,y) with O(logn) does not increase after each repetition of the loop. Indeed,
communication and thus enabling Bob to transmit his in- if at least one test errs, then the last term decreases by at
put to Alice with communication length(z, y) + O(log n). least four, which compensates the increase of the first two
The proof is the same as that of Nisan [9]. terms, as we make at most one move in the wrong direction

_ _ and make at most 2 tests. If no tests err then we make a
3.1. Computing the largest common prefix by ex-  move in the right direction, thus the second term decreases

changingO(log n) bits. by 2 while the first term increases by at most 2 (the last term
does not change).
To find lep(z, y) with error probability at most Alice At the the start the distance to the destinatiotoisn

and Bob use binary search of the leftmost different bit in  thus the value in question is always at miogtn. However
andy. That is, they first apply the randomised equality test at the end it is at leastlogn + 2 — 4logn > logn.



4. Constant number of rounds Let us estimate first the probability of an error. The
length of the last segment is at mostm”* < a. Thus
In this section we consider the feasibility of reducing @n error can occur only ifep(z, y) does not belong to that
the number of rounds in the protocol of Theorem 1 to a Segment. If this happens then there is a round in which the
constant while keeping the communication length close to fingerprints of the leftmost different sub-strings.ondy
d(z,y). Whether that is possible of course might depend on coincide. By union bound the probability of this is at most
the functiond in question. For example, if(z,y) = |y| k27 =k27180/9 = ¢,
then the problem can be solved in 1 round and communi- N €ach round except the last one they setld+ log m
cation |er]gthd(x7 y) However we are interested primar“y bits and in the last one bits. Thus the total |ength of the
in the more natural functions liké'(y|z) and s(z,y) =  communicationisml + (k — 1)logm = O(n'/¥).
n —lep(z,y) — 1. To finish the proof of the theorem, first apgly- 1 round
We do not know the answer in the case(®ffy|z). For ~ Protocol allowing Bob ta:'/*-approximatdcp(z, y) with
s(z,y) the answer is positive: we can solve the problem ~communication lengttO((n'~1/*)1/ (=) = O(n'/¥).

in two rounds and communication lengthe, y) + O(y/n), ~ BOP thl‘/?]? learns a number such thatp < lcp(x,y) <
which is only slightly worse than the bound of Theorem 1. P + /", Theq/?e_sends to Alice the last — p <
Moreover, ink rounds we can solvEwith communication 7 — lep(z,y) +n'/" bits ofy and Alice learng. O

lengths(z,y) + O(n'/*):
4.1. Tightness results for Theorem 2
THEOREM 2. For all £k and ¢ > 0 we have

A k- d k H
REEONKL, 2,y) < s(z,y) + O(n'/*). The constant in In the case of one and two rounds we are able to show
O-notation depends oh ande. that the bound in Theorem 2 is tight.
To prove this bound we first show that the randomised Teorem 3. For k1 = 1,2 and all e < 1 we have
worst case complexity of approximatigp(z,y) by a k- RAKOUNGST 1 4y > s(z,y) + Q(n'/*). This means that
€ )y &y - I .

round protocol isO(n'/*).* Once Bob has learned the there is a positives depending on such that for all large
largest common prefix of andy, he sends to Alice the  anoughy and all k-round protocols there are, y of length
Iasts(a:,_y) bits of y. The c_iescrlbed protocol Wprks Int1 n such that the communication length of the protocoton
rounds instead of the claimédrounds. To obtain &-round is at leasts(z, y) + onl/5. AsCl(y|z) < s(z,y) + O(1),

protocol, we modify the protocol so that Bob first approxi- ne same lower bound holds f6H(y|z) in place ofs(z, ).
matesicp(x, y) in k — 1 rounds with precisiom!/*. That

is, he finds a numbersuch thap < lep(z,y) < p+ n'/k, Fist we prove the theorem fér= 1.
Then he sends Alice the last- p bits of y and Alice learns
Y. Proof. We use again relation between randomised and av-
erage case complexity.
Proof of Theorem 2L et us show that Fix ¢ < 1 andn and assume that there is a randomised
1-round protocol such that for atl y with probabilityl —e
RAKTOUN ey o m) = O((n/a)/*). the communication length is at mostz, y) + [ and Alice

_ . learnsy. Thenthere is a deterministic 1-round protocol such
Instead of binary search Alice and Bob performary  that for at least — ¢ fraction of the input pairéz, y) (with

search, wheren = (n/a)'/*. Divide the interval  respect to the quasi-uniform distribution) the communica-
{1,2,...,n} into m segments of equal length. For ev- tjon length is at most(z, y) + [ and Alice learng).

ery SUb'Segment Alice finds a fingerprint of |ength: Depending on h|S |an!I Bob Chooses a messa@and
log(k/e) of the corresponding sub-string of Then Al-  sends it to Alice. Based onand her input: Alice outputs

ice sends all fingerprints to Bob and Bob compares themj stringy’. We need to upper bound the fraction of pairs
with the corresponding fingerprints of his sub-strings. He ;. 4 such that/ = y and|b| < s(z,y) + [ (call such pairs
finds the leftmost Segment where the fingerprints differ. In Successﬂ)] To this end fix a messageand |eth denote
the second round Bob sends to Alice the number of that segthe set of all Bob's inputg for which he sendé. Note that

ment (if & = 1 then he just outputs that number timep for every z there is at most one successful pairy with
Then Bob divides it again im sub-segments and for each y €Y,

sub-segment sends to Alice the fingerprint of lerigththe Let p, denote the total probability of all successful pairs
corresponding sub-string gf And so on fork rounds. (z,y) such thay € Y;,.

1The same upper bound holds for GT, which is a slight improveme LEMMA 2. pp < )\(Yb)  H42—log A(Ys) —b| where ) stands
) — n

of the known boundR¥ U GT n) = O(nl/*1 stated in [6 ; N
without a proof). et (nHlogm) { 1" for the uniform probability distribution 040, 1}™.



Proof. By definition p,, is the sum of probabilities of suc- to ! — log d-approximatdcp(x,y) on a fractionl — & — §
cessful pairse, y with y € Y},. Fix ¢ and upper bound the  of all input pairs. Then we show that this is possible only
contribution to this sum of all pair&e, y) with s(z,y) = . whenl = Q(y/n).

By the definition of the quasi-uniform probability, the con-
tribution of each such pair &'~ /n. LEMMA 3. For at leastl — ¢ — ¢ of input pairs picked ac-

We distinguish three cases: @@y |b| — I, (b) |b| — I < cording to the quasi-uniform distribution the length of Bob
i < n — k wherek is the smallest integer number such that Mmessage is betweelw, y) + log § ands(z,y) + [ and the
AY3) < 28 and ()i > n — k. length of Alice message is at mést log §.

Case (a). The contribution of all such pairs is zero, as for ) . . .
every successful pai(z, ) > [b| — 1. Proof. Estimate the fraction of successful inputs pairg

Case (b). We upper-bound the quasi-uniform measure ofSUCh that Bob communicates to Aliée- log 4 bits and Al-
all pairs (successful or not) such tHat — | < s(z,y) < ice’s output is correct. Fix: andi. The string output by
n—k. - Alice depends only om and Bob’s message. Thus the num-

ber of differenty’s printed after receiving less than-log §
the contribution of each such pair &°~"/n. Thus the bits from Bob is less thaﬁi-l-logcf — §2¢. On the other hand,
contribution of all pairg(z, y) with s(z,y) = i is at most ~ there are" differenty’s for which s(x, y) = 7. Hence for
Y327 /n = \(Y3) /. every f|xed_x, i the fraction ofy’s such that(z, y) is a suc-
cessful pair and Bob sends less thah log ¢ bits among

all y's with s(x,y) = i is less tharw. Averaging over, i
shows that the fraction of all successful input pairs on Wwhic
Bob sends to Alice at mos{(z, y) + log d bits is at mosb.

Thus for at least — ¢ — § input pairs Bob’s message has
at leasts(z, y) + log § bits and Alice’s message has at most
oy < AY)[(n — k) — (]b] = 1)] + 2k I —log ¢ bits. O

n

< AYy)(=log A(Yy) — bl + 1)) + 2A(Y) I We have shown that for at least— ¢ — § input pairs

- n ’ the length of Bob’s message- log j-approximates(x, y).
Thus there is a 1 round protocol with communication length
I—logd tol—log d-approximatécp(x, y) on1l—e—§ input
pairs.

For every fixedy there are’ pairs withs(z,y) = i and

Case (c). The contribution of every pair witk, y) >
n — k is at mos*~2" /n. For everyz there is at most one
successful pait, y with y € Y, hence the contribution of
all such successful pairs is at mast ™ /n.

Thus we obtain

The lemma implies that the total probability of all suc-
cessful pairs (for alb) is at most

25 M) (L +2 — log A(Yy) — |b])

LEMMA 4. If a deterministic 1-round protocol on at least
1 — ¢ pairs z, y (with respect to the quasi-uniform proba-
_ 24 50 A (= log AYS)) — 30y ARS) 6] bility distribution) a-approximatess(z, y) transmitting at
n most! bits thenl = Q(n/«).

Consider the mapping, — b as a prefix code of the source Proof. Th ion implies that there is a d L
consisting of all differenty}’s, where probability of the 1roo : q eassulmptlﬁnr:mp |es']E atF eref|sz|:\ eterministic
source lettelt}, is A(Y;). By Shannon’s Noiseless Coding -roun Erotoco suchthatona r?ctlon ofatle@dstc)/a
Theorem we havd™, A(Ya)[b] > 33, A(Ys)(—log A(Y;))  Pairs Bob computesp(x, y) exactly.

and thus the total probability of all successful pairs is at X @ message sent by Alice and leX' = X (a) be the
most(l + 2) /n. Hencel > (1 — &)n — 2. 0 set of allz such that Alice sends the messagen input

x. After receivinga Bob knows that Alice’s string is itX .

Depending on his string, Bob chooses a numbg(y). The

goal of Bob is to maximise the quasi-uniform probability of

Fix ¢ < 1 andn and assume that there is a randomised 2-the setZ = {(z,y) € X x {0,1}" | b(y) = lep(z,y)}. We

round protocol such that for all, y with probabilityl — ¢ need to prove that whatever functibfy) Bob chooses, the

Alice learnsy after exchanging at mostz, ) + [ bitswith ~ quasi-uniform probability of the séf is smalll.

Bob (Alice sends the first message and Bob the second one). ForX C {0,1}", letA(X) = | X|/2™ denote the density

Then there is a deterministic 1-round protocol such that atof X.

leastl — ¢ fraction of the input pair$z, y) (with respect to

the quasi-uniform distribution) is successful, that isical ~ LEMMA 5. For every functiorb mapping strings of length

learnsy after exchanging at mostz, y) + [ bits with Bob. 7 to integers{0,1,....n — 1} and every seX of strings
Fix such deterministic protocol and fix any positives of lengthn the quasi-uniform probability of the sétis at

1— . We first show that this protocol allows Bob in 1 round MOSE2A(X)(1 + In A(X)~")/n.

4.1.1 Proof of Theorem 3 fork = 2



Proof. Fix X. Then the setZ depends only on the func-
tiony — b(y). We use a game interpretation of the quasi-
uniform probability of Z. Consider the following game
played by one player against a “random” adversary. The
adversary chooses at random a stringf lengthn. We
choose its non-empty prefixand flip the last bit of. Then

the adversary chooses a random continuatiofi lengthn

of the resulting string’. We gain 1 ifz gets intoX and 0
otherwise.

Our strategy is essentially to choasef lengthb(y) + 1.
Clearly, our gain in the game is-times the quasi-uniform
measure of/.

Let us modify slightly this game: in the modified game
we do not flip the last bit of and we are allowed to choose
the empty prefix. The maximal gain in the modified game is
at least half of the maximal gain in the original game. Thus
it suffices to prove that the maximal gain in the second game
is at most\(X)(1 + In A\(X)71).

We will prove this claim by induction on. To prove the
induction step, we have to generalise the (second) game a
follows.

Letr by areal number ifD, 1]. Consider the third game:
the adversary chooses at random a stginglengthn. Then
we either stop the game, in which case we gairOr we
continue as in the second game.

Let w"(X) denote the maximal possible gain in the last

The first term in the numerator correspondsytstarting
with 0 and the second one to the remainingIf the ad-
versary chooseg starting with 0 we have three options:
either gainr, or gain \(X) (by letting letb(y) = 0), or
let b(y) > 0. The last option means that we play the sec-
ond game forX, in place ofX. Thus, our average gain for
y starting with 0 is at mosty™>{"A(X)}(X,). A similar
bound holds foy starting with 1.

By induction hypothesis we have

wmax{mAX)} (Xo) < fmax{r,AX} (AX0),
wmax{r,)\(X)} (Xl) < fmax{nAX} (/\Xl)
Thusw” (X)) does not exceed

fmax{r,)\X} ()\XO) + fmax{r,)\X} ()\Xl)
5 .

By concavity this does not exceed

. FradrAXT (X, + AX;)/2)

— fmax{r,)\X}(/\X) _ fr()\X) 0
Let us finish the proof of Lemma 4. By Lemma 5 we
haved" A(X(a))(1+In A (X (a))™') > (1—¢)n/2a. The
left hand side is at most 1 plus the Shannon entropy of the
message sent by Alice. The Shannon entropy of every ran-

game. Note that the second game is a special case of the lagfom value having at mo8t outcomes does not exceka 2

game ¢ = 0). Thus it suffices to prove the following
CLAamM 1. Forall r, X we have
w"(X) < f1(AMX))

rrw =

Note thatf%(u) = u + uln(1/u). We prove the state-
ment by induction om. The tricky definition of /()
is explained as follows. To make the induction step we
needf”(u) to be concave in: and satisfy the inequality
f(u) < f"(u) for r < w. The functionf”(u) is indeed
concave: both functions + «1In(1/r), v + wln(1/u) are
concave and in the point = r they coincide and have the
same derivative. For the base of induction we need the in-
equalities:r < f7(0) and1 < f"(1). One can verify that
/7 (u) is the minimal function satisfying these requirements.

Base of inductionn = 0. In this case we need to verify
the inequality forA X = 0, 1 as these are the only densities:
r < f7(0) andl < f7(1). Both inequalities are obvious.

Induction step. LefX, denote the set of alt of length
n—1suchthadz € X. Let X; be defined in a similar way.
We claim that

wmax{r,k(X)} (XO) T wmax{r,k(X)} (Xl)
9 .

where

if u <,
if u>r.

r+uln(l/r),
u+uln(l/u),

w'(X) <

and we obtain the inequality+(In2 > (1 —e)n/2a. O

By Lemmas 3 and 4 iR2~UN ] . y) < s(x,y)+1(n)
theni(n) — logd = Q(n/(l(n) — logd)) for some positive
constan®. This implies thai(n) = Q(y/n). Theorem 3 is
proved.

Remark. We could handle the caBe= 1 similar to
the casek = 2: with probabilityl — ¢ — § the length of
Bob’s messagé — log §-approximatescp(z,y). Without
any information ofr the maximal probability of success in
such approximation i§ —log d)/n, thusl > (1—e—d&)n+
logd. The choice off that maximises this lower bound is
0 = loge/n. In this way we obtain the bound> (1 —
e)n —logn — O(1), which is slightly worse than the bound
[ > (1-¢)n—0(1) from the first proof.

4.2. Approximating C(y|z)

We have already noticed that the problem of transmit-
ting Bob’s input to Alice ink-rounds by exchanging about
C(y|z) bits reduces to approximating'(y|z) in k — 1
rounds by exchanging few bits. For the latter problem we
are able to prove the following lower bound.

THEOREM 4. For all K > 0 and alle < 1/2 we have
REOUNIS(C(y|z), a,n) = Q((n/a)'/*). The constant in
Q-notation depends oh ande.



Note that the bound of Theorem 4 does notimply similar
bound for alle < 1. We do not know if this is the case.

To prove Theorem 4 we use the round elimination tech-
nigues from [6]. Previously this techniques was used to
obtain the bound?F™U"GT, n) = Q(n'/*) for the ran-
domised worst case complexity @¥1’ predicate onn-
length strings £ is lexicographically greater thay). It is
based on the Round elimination lemma that implies the fol-
lowing: for every positives there is a positivé such that
if RE™UNIYGT, n) < I thenRE-1OUNNGT, n/l) < 1. We
need an average case version of this lemma for the proble
of approximatingep(z, y) in place of GT'. An analysis of
lep(z, y) on quasi-uniform distribution will provide a bound
for the complexity of approximation @' (y|z).

Recall the quasi-uniform distribution: To generate a ran-
dom pair(z,y) € {0,1}™ x {0,1}" choose first a random
numberi € {1,2,...,n}, and then choose uniformly at
random a paifz, y) with lcp(x,y) = i. We need the fol-
lowing lemma: for every positive there is a positived
such that every deterministic protocol that computes-in
roundslcp(z, y) on strings of lengtm with error probabil-
ity & (with respect to the quasi-uniform distribution on input
pairs) exchanging at mostbits can be transformed into a
deterministic protocol with the same communication length
that computescp in & — 1-rounds on strings of length/{
with error probabilitye. Fortunately, [6] proves first the av-
erage case version of Round elimination lemma in a form
very close to what we need, and only then derives its ver-
sion for randomised protocol.

Applying this lemmak times we can prove thad-
approximatingcp(z,y) in k rounds on many input pairs
requires communication lengt((n/a)'/*). How this
bound is related to approximatin@(y|x)? It is because,
relative to the quasi-uniform distribution, with high pab
bility C(y|x) is close tdcp(x, y).

We first prove a lemma on average cassound com-
munication complexity ofcp(z, y). To this end we need a
version of Round elimination lemma from [6].

Assume that there we are given a communication prob-

lem, where Alice has & € X, Bob has ay € Y and Bob
wants to find az € Z such that the tripléz, y, z) is in a
given relationl’ on X x Y x Z. Furthermore, assume that
we are given a probability distribution over X x Y and
they want to find a right with high v-probability.

For any naturalm associate withI" a new commu-
nication problem denoted by;,: Alice has a tuple
(x1,...,xm) € X™, and Bob has @ € Y and the tu-
ple (z1,...,z;—1) for somei < m (thus Bob knows a part
of Alice’s input). They want to find a € Z such that the
triple (z;,y,z)isinT.

Consider the following probability distributiarn,, on in-
puts toT,,. We chooseé < m at random, then choose in-
dependentlyn pairs{x1,y1), . - ., (Tm, Ym ) With respect to

distributionv. Then we sey = y; (and throw away all other
y;'s). Assume that the first message in communication pro-
tocol forT,, is sent by Alice. Intuitively, that message is not
very helpful, as she does not knayeand thus there should
be a deterministic protocol with less rounds and with the
same communication length that computes relafionith
small probability of error. The Round elimination lemma
clarifies this intuition.

LEMMA 6. Assume that there is A-round deterministic
rotocol with communication lengththat solvesr;,, with
Um-probability of error at most=’. Assume that the first
message in that protocol is sent by Alices’If< Wig/a)
andm > 20(!/In2 + In5)/e then there is & — 1-round
deterministic protocol with communication lendtbolving

T with v-probability of error at most.

Actually this lemma is stated in [6] for functional rela-
tions only (for every, y there is a unique with (x,y, z) €
T) and for worst case complexity of randomised protocols
instead of average case complexity of deterministic proto-
cols. However its proof from [6] works as well in our case.

LEMMA 7. For everyk there is a positive such that the
following holds. For every, « if there is a deterministic
protocol a-approximatinglep(z, y) after communicating
bits on at leastl — ¢ fraction of pairsz, y according to the
quasi-uniform distribution, thed = Q((n/a)'/*). (The
constant irf2-notation depends oh.)

Proof. We prove the lemma by induction. The base of in-
duction: fork = 1 lete’ = Wig/a) wheree = 1/2. As-
sume that there is a 1-round communication protocol with
probability of error at most’ and communication length

[ a-approximatinglcp(z, y) for strings of lengthn. Let
m=20({ln2+1n5)/e.

Let T' be the problem ofv-approximatingcp(z, y) for
strings of lengttm/m. Clearly, the problent;,, reduces to
a-approximatingep(z, y) for strings of lengthn and the
reduction preserves the quasi-uniform probability distri
tion. Thus there is a 1-round communication protocol with
communication lengtfd to solveT,,. By Round elimina-
tion lemma there is a 0-round protocol éeapproximate
lep(z,y) for x,y of length n/m with probability of er-
ror 1/2. That is, with probability 1/2 Bob can approxi-
matelcp(z, y) without any knowledge of. Obviously the
largest probability of success for Bob dg/(n/m). Thus
we havea/(n/m) > 1/2, and2ma > n. Recalling that
m = 20(IIn2 + In5)/e we obtain thatal + b)a. > n for
some constants, b.

Induction step: let’ = Wig/s) wheregz is the positive
constant existing by induction hypothesis feround pro-
tocols. Assume that there iskat 1-round communication
protocol with probability of error at most’ and commu-
nication lengthl to a-approximatecp(z,y) on strings of



lengthn. Letm = 20(Iln2+1n5)/e. Thenthereis &+1-

round communication protocol with communication length

[ to solveT,, whereT is the problem ofx-approximating
lep(z,y) for z,y of length n/m. By Round elimina-
tion lemma there is &-round protocol tox-approximate
lep(z,y) on strings of length /m with probability of er-
ror . By induction hypothesial + b)*a > n/m for some
constants, b. Recalling thain = 20(Iln2+1n5)/e we see
that(a’l +b')**1a > n for some other constant$, v’. [

LEMMA 8. If REF0OUNd(C(y|2), o, n) < I(n) then for any
0 < 0 < 1 — £ one can deterministically’-approximate
lep(z,y) by ak round protocol usind(n) bits of communi-
cation onl — ¢ — ¢ fraction of pairs(z, y) with respect to
the quasi-uniform distribution, wher€ = a+logd~—! +c.

Proof. Assume thaRZ-*°und(C(y|z), a,n) < I(n). Then

there is a deterministic k-round protocol such that with

probability of error at most over pairs(x,y) distributed
quasi-uniformly Bobx-approximates’(y|x) after at most
I(n) bits of communication.

Now we reduce approximatirigp(z, y) to approximat-
ing Kolmogorov complexityC(y|z). For some constant
we haveC(y|z) < s(z,y) + ¢ for all z,y. On the other
hand, if for fixedi andx the stringy is chosen uniformly
at random among strings witf{z, y) = ¢ then with prob-
ability at leastl — 2™ we haveC(y|x) > s(x,y) — m.
Set2=™ = 4. Therefore if a deterministic protocal-
approximate€’(y|z) on 1 — ¢ fraction of pairsz, y it also
o/-approximatesécp(z, y) on1—e—4 fraction of pairs. O

4.3. Protocols using an a priori knowledge ofi(z, y)

It turns out that some non-trivial upper bounds hold even
for deterministic 1-round protocols to solve problém_et
d be a normalised function. It appears that the main obstacle
for our protocol to communicate exactyx, y) bits in few
rounds is our inability to efficiently and accurately estima
d(z,y). If Alice and Bob would know in advancé(z, y)
andd(y,z) they would need only to communicate about
2(d(z,y)+d(z,y)) bits in a single round. This is exhibited
by the protocol in the following theorem.

THEOREMS. Forevery normalised functiodhthere is a de-
terministic protocol such that on inpuis y, Alice learnsy
after communicating at mo2td(x, y)+d(y, x))+O(log n)

bits with Bob in a single round, provided that they are given
d(z,y) andd(y, z) for free. There is a deterministic proto-
col such that on inputs, y, Alice learnsy after communi-
cating of at mosti(n — I(x : y)) + O(logn) bits with Bob

in a single round, provided that they are givét: : y) for
free. HereI(x : y) = C(y) — C(y|x) is the information in

x abouty.

For a pair of Kolmogorov random strings with lots of
information in common this theorem presents a substantial
improvement over previous deterministic protocols.

Proof. Assume that Alice and Bob knowi(z,y) and
d(y, x). Consider the set

S =5(y)
= {y/ | 3z’ d(x/,y) = d(xvy)a d(ylvx/) = d(yvx)}

By normalisation property we have| < 2¢@y)+dly.2),
The paper [2] shows that for evekyn there is a family
fi,- -+, farrones ) OF functions mapping string of length

The previous two lemmas prove that Theorem 4 holds to strings of lengthk + O(log n) with the following prop-

for sufficiently small positives. To show that it holds for

erty: For every2*-element sef of n-length binary strings

anye < 1/2 we can use amplification. There is a small and every elementin S there isj such thatf; (=) # f;(2')
technical problem though: assume that we repeat the proforall 2’ # z in S.

tocol 2m — 1 times in parallel, using in each trial fresh
random coins. We obtaifm — 1 contiguous segments
Dy, ..., Dy Oflengtha such that with large probability
more than half of them contaiep(z, y). How to approx-
imate lcp(z,y) given Dy, ..., Ds,,_1? Pick anym seg-
ments ofDy, ..., Ds,,—1 that have a common point. The
union of those segments is a len@h-segment containing
lep(z,y). (Indeed, assume thétp(x, y) does not belong
to that union. Then there is a setxafsegments containing

Alice and Bob choose such a family (before starting the
communication) fok = d(z, y)+d(y, z). Then Bobfindsa
function f; distinguishing his string from all other strings
in S and sends botfiandf;(y) to Alice. Alice finds a string
y' with d(y', z) = d(y, =) and f;(y") = f;(y) and outputs
it. As 3’ belongs taS, Alice cannot err.

Assume that Alice and Bob knoW(z : y). Alice finds
C(z) and sends it to Bob. Then Bob findgy) and sends it
to Alice. Thus they both know'(y|z) = C(y) — I(x : y).

lep(x, y) and each of those segments is different from any By the Symmetry of information (see [5]), we havér :

of the picked segments, since it contalas(z, y).)

y) = I(y : =) + O(logn). Therefore they both can find

Remark. We could use Lemma 7 in the proof of Theo- C(z|y) with O(logn) accuracy and apply the previous pro-

rem 3 fork = 2 instead of Lemma 4 However in this way

we would prove the statement fer< 1/2 only. Besides,

the overall proof would be more complicated and would

yield a smaller constant it (\/n).

10

tocol. The communication length of this protocol is

2(C(ylz) + C(z]y)) + O(log n)
=2(C(z) +C(y) — 2I(x : y)) + O(logn)



but it runs in 2 rounds. If, instead of the precise value of
C(zx) they use upper bound + O(1) for it, we obtain a
protocol sending at most

2(n+ C(y) — 2I(z : y)) + O(logn)
<4(n —I(z :y)) + O(logn)

bits in one round. O
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