1 HeobpaTrnmbie 1 0JHOCTOPOHHUE (PYHKIINNI

1.1 Omnpenenennd

Ilycts umeercs: cemeitctro dbynkimii f,: BF™ — B rre k. [ mekoropsie
GYHKIMN HATYPAJIHHOTO apTyMeHTa ¢ HATYpPAJbHBIMYA 3HAYEHUSIMHA, OIPAHW-
YEeHHBIE CBEPXY HEKOTOPBHIM MOJUHOMOM OT N.

Mbl XoTEM onpeaeuTh moHaTue “miaoxo ooparumoit”’ ¢ynkmuu. Obpa-
tuth f(x) o3navaer Haiitu Haiitu Kakoe-to ' takoe, uro f(z') = f(x). Bos-
MOXKHBI Pa3Hble BAPUAHTHI ONpejieieHus:: ciadblit n cuibubiit. Hedpopmasbao
roBopsi, obOpailenne cjabo HeoOpaTuMoit PYHKIINW OKa3hIBAETCA HEBEPHBIM
¢ 3aMeTHOI (He TIpeHeOPeKMIMO MaJIoit) BEPOSITHOCTHIO; JIJIsi CHJIBHO Heobpa-
TUMOiT (DYHKIIMU OHO HEBEPHO LOYTH BCerja (BepOATHOCTH yJAYHOIO 00pa-
nieHust npeHedpekuMo Masia). B kadecrse nporneayp obpalieHusi Mbl Oyjem
paccMaTpuBaTh nocaeaoBaresbHoCTH cxeM O, n3 GYHKIINOHATBHBIX 3/IEMEH-
TOB, pa3Mep KOTOPBIX OTpAaHWYeH HEKOTOpPBIM mojnaoMoM ot n. Cxema O,
JIOJIKHA nMeTh [(n) BxomoB u k(n) BBIXOIOB.

Jlajum TOYHBIE ONpe/Ie/IeHH.

CewmeiictBo yHKIUA f,, ONMCAHHOIO BUIA HA3BIBAETCS CAGO0 HEOOpAMU-
MbLM, €CJIU CYIIEeCTBYeT HEKOTOPBIH MHOIOYIEH P ¢ TAKUM CBOWCTBOM: JI/Isi
Jr000it mocaegosarenbrocTn cxem C, 3 PYHKIMOHAJBHBIX 3JIEMEHTOB, pas3-
Mep KOTOPBIX OrpaHUYeH HEKOTOPBIM MOJJMHOMOM OT 7 BEPOSITHOCTH COOBITHS

Fa(Co(fu(@))) = ful2),
(rae Bee coBa & JUIMHEL k(n) CINTAIOTCST PABHOBEPOSITHBIMIL) HE MPEBOCXOTHT

1

p(n)

Jutst Beex stoctarodno 6oabimux n. Ecau f,(C,(fn(x))) = fu(x), 10 MBI rOBO-
pum, uro cxema C), ycuemno obpamaer f,(x).

B srom onpesesienun Ha Bxoj cxembl C), (PMIOTETHYECKOIO AJIrOPUTMA
obpalleHusi) 1aeTcss CJI0BO JJIMHBI [(n), W OHa JOJZKHA HAWTH CJIOBO JIHHBI
k(n), nomanatomiee B f,-mpoobpa3 BXogHOTO caoBa. Takoii mpoobpas cyiie-
CTBYeT, TaK Kak OOpAIeHNo MOJIEKUT CJI0BO Buaa f(x) jisi HEKOTOPOTo
(HEM3BECTHOIO AJITOPUTMY) CJIOBA .

Bazkno, uto Mbl He Tpebyem Tounoro obpaenus (pasencrsa C,(f(x)) =
x). Ecom 661 TpeboBasin, To Jirobas byHKINST, CKJIeNBAIOIIAsT BCE CJI0BA B OJIHO,



oKazaJjach Obl HeoOparumoil.) Eimg ormerum, 4ro paBHOMEPHOE paciipejieie-
Hue Gepércst Ha CJI0BaX T, a He Ha ux obpasax (MHA4Ye TPYJHOCTb OOpAIlEeHUs:
Obla ObI CBsI3aHA € TeM, YTO MHOTHE CJIOBA He MMEIOT Mpoobpasa).

Haxkownern, 3ameTrnm, 9TO MHOTOWIEH P, 3aJAIOIINNA JOII0 HEYIAUHBIX TMO-
OBITOK ODpAIeHusi, He J0JIKEeH 3aBUCETh OT TocjeaoBaresbaoctu cxem C,.
Eciin okazbiBaeTcst, 4T0 ¢ POCTOM CJIOZKHOCTH CXeM (B HPeJe/iax H0JUHOMU-
AJIbHOIT) 0OpallleHre CTAHOBUTCS BO3MOZKHBIM BCE JIy4llle U JIydile, u omubKa
MOZKeT OBITh CJieJIaHa MEHBITe JII000r0 HATepé 1 3aIJAaHHOTO TIOJIMHOMA, TO 3TO
HE TOJINTCS.

CewmeiicTBo (byHKIWiT f, HA3BIBAETCS CUALHO HEOOPAMUMBLM, €CITH ISt
J000i1 nocaegoBarebHocTH cxeMm C), 13 PYHKIUOHAJIBHBIX 3JIEMEHTOB, pa3-
Mep KOTOPbIX OI'PAHUYEH HEKOTOPBIM HIOJIMHOMOM OT 71, BEPOSITHOCTD COOBITUS

fn(B(n, fu(2))) = fulz),

(rae Bee cioBa @ juHbl k(n) cYUTAIOTCS PABHOBEPOSITHBIMHU) CTPEMUTCS K
HYJIFO IIPU 1. — 00 ObIcTpee JTIF0H60ro 0OPATHOIO HOJHHOMA. JTO O3HAYAET, 9TO
JUTs JTFOOOTO MHOTOUJIEHA ¢ OHA HE TIPEBOCXOIAT

b
q(n)

JUIst Beex Jloctarodso Goubiux n. (Pasdymeercs, ta rpanuna, ¢ Koropoii Ha-
YUHATOTCS “10CTATOYHO DOJIbIINE” M, MOXKET 3aBUCETH OT ¢.)

CemeiicTBO f,, HA3BIBACTCS MOIMHOMHAIBHO BBIYHCJUMBIM, €CJIH HMEeTCsI
aJITOPUTM, KOTODBIl Mo n Berancisier k(n) u [(n), a TakyKe MMETCS MOJIH-
HOMUAJIBHBIN AJTOPUTM, MOJYYAONHA Ha BXOA N W CJOBO X JynHbl k(n) n
BBIYHCIIAIONMI (32 moJIMHOMEAIbHOE OT 1 BpeMst) ¢ioBo f,(x). Heobparu-
Mble HOJIMHOMUAIBHO BBIYHCIUMbIE ceMeicTBa DYHKIU HAZBIBAIOTCS OJIHO-
CTOPOHHUMH. AHAJIOIHYHO, ¢1a00 HEOOpATHMbBIE CeMeilcTBA, BBIYUCIUMBIE 34
TOJINHOMHUAJILHOE BPEMST HA3BIBAIOTCS CJ1a60 OJHOCTOPOHHUMH.

B nasnbHeiinmem Mbl Oygem M03BOJIATH cebe CJeIYIONYI0 TePMUHOJIOTHYe-
CKYIO BOJIBHOCTH: MbI Oy/1eM roBOpHTH “|ci1abo] HeobpaTtnvast byHKIHs” BMe-
cro “|ciabo| meobparumoe cemeiictBo dbyukuuii” u “|ciabo| ogHOCTOPOHHSIS
dbyukuusa” Bmecro “|ciiabo| oguocropontee cemeiictBo dyHkuuit’.

3adauwa 1. (1) Jlokaxkure, uTo onpejesenue ciaabo HeobpaTuMmoil dyHKIHH
MOZKHO TiepedOopMyIupoBaTh CJICAYIONIAM 00pa3oM: JJIs HEKOTOPOTO TOJIH-
HOMAa P Jiis JIOGOro IOJMHOMA ¢ JIMLIb JI/Is KOHEYHOIO YMC/Ia 71 CYLecTBYeT
cxema pasmepa ¢(n), yeuemno obpamatomas f, () ¢ BEposiTHOCTBIO HE MeHee



1—1/p(n). (2) Jokazure, 9410 onpe/eneHne CHILHO HeOOpATUMOil GyHKInK
MOXKHO 11epedopMy/InpoBaTh CJEJYIONUM 00pa3oM: Jijis JI000T0 MOJIUHOMA (
CYIIECTBYET TOCJIeI0BATETHHOCTh UUCEN £,, CTPEMSIIAsiCs K HY/II0 ObiCcTpee
JIF060T0 0OpPATHOTO MOJIMHOMA OT M W TaKast, 9TO JINTITh JIJIsi KOHEYHOTO YHCJa
n CYIIECTBYET cxeMa pa3mepa He GoJiee ¢(n), ycnernHo obpamatormast f,(z) ¢
BEPOSITHOCTHIO OoJiee &,,.

3adaua 2. Tlycrb jis GECKOHEYHO MHOIMX 7 Jijisi BCEX CJIOB T JijiuHbl k(n)
BoioHeHo f, () = 00...0. Jokaxure, uro rorja f, He apisercs ciabo 06-
patumoit. /lokazkure, 9T0 (DYyHKIUS HE SABJIsI€TCS CIa00 HEOOpaTUMOil JarxKe,
eCJIM MOIIHOCTh MHOYKECTBA 3HAYEHWil f,, OrpaHWYeHAa HEKOTOPHIM MOJIMHO-
MOM OT N (/1711 GECKOHEYHO MHOTHX 7).

3adaua 3. TlycTs gansr cuibHo [caabo] meobparnvas dynxmus f, : {0, 1} —
{0, 1}™ 4 wuciopas dynxius m(n), orpannyennas MHOIOYJICHOM U BbIUUC-
JMMAas 32 IO0JMHOMUAJIbHOE 0T N Bpems. Jlokazxure, 410 TOoraa (yHKIus
xy +— fn(x)y oupesenennas Ha caoBax jmHbl k(n) + m(n) cuabao [ciabo|
HeoOpaTuMa.

3adaua 4. JlokaxKure, 9TO HEOOpATUMBIEe (DYHKIIUU CYIIECTBYIOT.

3adaua 5. Ilycrb ganbl e 6MEKTUBHBIE IIOJIMHOMUAIBLHO BLIYUCIUMBbLE (DYHK-
man fr, gn ¢ {0, 1350 — 10,1} JJoxaskure, aTo ecim XoTs OB OnHa W3
HUX CHJIBHO [c1abo] HeobpaTtnMa, To M uX KOMIO3UIUA CHIBHO [cnabo]| Heob-
paTuMa.

3adava 6. Jokarkure, 910 CyMECTBYIOT CUIBHO HEOOpaTuMbie hYHKIUA fr, Gy
{0, 1} — 10, 1}*(™) | kommnosumus KOTOPHIX He ABJISETCS HaRe c1abo Heob-
paTuMOii (IOJIMHOMUAJIbHAST BBIYUCIUMOCTD (DYHKIMA HE Tpedyercs).

3adawa 7. Jlokaxkure, 910 CymecTBYIOT ¢1ab0 HeoOparumbie (DYHKIUHU, HE
SIBJISTFOIIINECS CUJIbHO HEOOPATUMBIMH.

3adaua 8. Ilycrs f,, : {0,1}" — {0,1}"™ Beibupaercs ciaydaiino cpean Bcex
dbyukImit (Heobs3aTe bHO GHEKTHBHBIX). Bee yHKIMI CYUTAIOTCS pABHOBE-
POSITHBIMU # f,, HE3ABUCUMBI IPU Pa3HbIX N. /loKaykuTe, 9TO ¢ BEPOSITHOCTHIO
1 cemeiicTBO f,, HEOOPATHMO.

3adava 9. Jlokaxkute, uto ecan ¢yHKIus f, HeoOparuma, TO U (QyHKIHS
gn() = fu(x)0 HeobpaTuma.

3adawa 10. Jokaxkure, 9T0 CcylecTByer HeoOparumast (DyHKIus f, Taxkas,
aro dyuxius x — (f,(z) 6e3 nocaeauero 6ura) obparuma.



3adawa 11. Jokaxkure, 910 CyIECTBYIOT MYHKIUA [, G,, HE ABISIONIAECS
c1abo HeoOpaTuMbIMK 1 Takue, 9To dbyHkius T — f,,(x)gn () cuibHO HEOD-
paruma.

3adauwa 12. okaxkure, uato ecan QyHKIWs f, CHIbHO [c1abo] HeobpaTmwva,
to u byukuus x — f,(z)f,(x) cuapro [crabo| HeobparTuma.

3adava 13. JlokakuTe, 4TO CYIIECTBYIOT CHJILHO HeoOpaTumbie (YHKIAN
fns gn Takue, ato byHKIMs T — f,(x)g, () He gBASETCA HaXkKe caabo HeOO-
paTumoii.

Hazosem BepositTHOCTHOM cxeMoit Ji00y0 cxemy C', BXOJbI KOTOPOil pas-
JieJIeHbl HA JIBE I'PYUIbL, Y1, ..., Yk U T1,...,T s, HA3bIBAEMbBIX OCHOBHBIMH U
CJAYy9IalHBIMU BXOJAMHU.

3adaua 14. Jokaxkure, uro eciu dyukuust f, |ciabo| veobparuma, 1o s
060 MOCIeI0BATEILHOCTH BEPOSITHOCTHHIX cxeM C,, pasMep KOTOPHIX orpa-
HIYeH HOJIMHOMOM OT 7, ¢ [(n) OCHOBHBIMHI BXOZaMHI # k(1) BBIXOJAMH, BEPO-
araocTh coobTus fr, (Cy(fn(2))) = fu(x) cTpemurest K HyJ0 GBICTPEE JTEOOOTO
obparHOro noauHoMa ot n e Gosbie 1 —1/s(n) wis HEKOTOPOro MHOrOYIe-
HA 7 JIsl BCEX JIOCTATOYHO OOJIBIIUX N|. 3/eCh Mbl CYHTAEM, YTO BCE CJI0BA
@ juHbl k(n) cauTaoTcs paBHOBEPOSITHBIMU, & HA CJIy9aillHbIe BXO/bI CXEMBbI
MOJIATOTCST HE3aBUCHMbIe OT & W JAPYr OT Jpyra MCXOAbl GpOCaHWil CHMMeT-
PUYHOI MOHETKH.

HemnsgecTHO, cyIIecTBYIOT I OJJHOCTOPDOHHWE WJIW XOTs OBl c1ab0 OIHO-
cropounnn dynknun. J[0Kkazars ux CymecTBOBaHUE CJI0KHO, HOCKOJBKY W3
Hero ciaemyer, 1ro P=NP.

Teopema 1. Ecau P~ NP, mo a060e NoAUHOMUAALHO BbLYUCAUMOE CEMET-
cmeo pynkuul f,, ne asasemea caabo obpamumvim. Boaee mozo, cyuecmasy-
em anzopumm, Komopwvil das Beex T no n u fp(T) 3a nosuHomuarvHoe om
n epema narodum wexomopwuit npoobpas f(x) dauno, k(n).

Jlokazamenvemeo. Bajava HAXoxK ieHust 1poobpasa f,(x) ecrb yacTHblil Ciy-
Jaii MOJMHOMUAIBHOI 3a/[a4u OKCKA, OCKOJIbKY OoTHOLeHue “f,(2) = y u
|z| = k(n)” paspemmmo 3a moaunHOMUAILHOE Bpems. Kak Jsobas 3a1ada 1mo-
HCKa, OHA MOYKeT OBITh periena 3a nojnHoMuaabuoe spems, ecqim P=NP. [

[TpuBesem jiBa cemeiicTBa (DyHKIUA, KOTOPbIE BO3MOYKHO SIBJISIIOTCH OJI-
HOCTOPOHHUMM.



IIpoussedenue namyparvHols wucen: fn(x) paBHO NPOU3BENEHUIO 1EPBOi
¥ BTOPOH 110JIOBMHOK T, DACCMATPUBAEMbBIX KAK JIBOUYHbBIE 3AIIUCH HATYPA/Ib-
HBIX quces. 3aech k(n) = [(n) = 2n (npousBenenne ABYX n-OMTOBBIX UHCEIT
cozepKuT He Gostee 2n OGUTOB).

Oynxuus SUBSET-SUM. Onpenenenne stoit dyuaknnn HaBesino NP-mosrroii
sajaueil o cymme noamuoxkecrs (SUBSET-SUM). Buecs k(n) = n? + n,
[(n) =n?+2n+ [logn]. Bnadenue f, ua cjaoBax T JIUHBL N + N OUPe/IeIs-
ercst Tak. Paspexkem x Ha n + 1 610KOB JUIMHBI 1 1 GyeM IOHUMATh TePBbIe

n GJIOKOB KaK 1 HATYPaJIbHBIX YUCEJ L1, . .., T, B ABon4HOI 3anucu. [loce-
Huil 610K OyaeM MoHWMATh Kak TMoAMHOXKecTBO | MHOXKecTBa {1,2,...,1n}.
Io onpexenennio f, () PABHO KOHKATCHAIMH X1, ..., Ty U ), p T;.

Badana 15. Mycers f, : {0,130 — {0, 1} ounocroponnee cemeiicrso Ta-
koe, 410 k(n) crporo Bospacraer. JJokaxkure, 4T0 CyHIECTBYeT 0JHOCTOPOHHEE
cemeiicrBo g, : {0, 1} — {0, 1}* takoe, 10 f;, = gr(n) Mgt Beex n. (Cemeii-
CTBO ¢,, MOXKHO OBLIO OBl Ha3BaTh BCIOAY OINpPEIEIeHHBIM OJIHOCTOPOHHUM
POJIOJIZKeHNeM f,,.)

3adava 16. Pacemorpum cieayromnuii crmocod npoposkennss GyHKIAA [, 10
BCioay ompezesennoii dbynknun. [onoxknum g, (z) = f,(x00...0), rae n BB
OpaHO KaK HauMeHblee Takoe ducao, uro m < k(n). Jokaxure, 4ro cyuie-
CTBYeT HEOOpPATUMOE CeMeHCTBO f,, /I KOTOPOH TaK OIPeIeIeHHOe CeMeii-
CTBO ¢, HE SIBJSIETCS JIayKe cJ1aD0 HEOOPATUMBIM.

Kak roBopujioch, cyniecTBoBaHue CUILHO OJIHOCTOPOHHUX CEMEHCTB sIBJIsI-
eTcst JINTIG TUTOTe30i. (DTa runoresa JieXKUT B OCHOBE MOYTH BCEX KPHUIITO-
rpaduaecknx MpoTokoJoB.) Ho okaspiaercst, 910 n3 ¢1abo 0JHOCTOPOHHETO
cemMeicTBa MOYKHO TOJIYyYUTh CUJIIBHO OJHOCTOPOHHEE.

1.2 VYcuiaenwume

Teopema 2. Ecau cywecmsyrom caabo odnocmoporrue Gyrkyus, mo cyuie-
CMBYIOM U CUNOHO 0OHOCMOPOHHUE PYHKUUL.

(3ameTnM, 9TO B 9TOM CJIy9ae CYMIECTBYIOT W ¢1a00 OJHOCTOPOHHUE (DYHK-
IIWW, He SIBJISTIONINECS CUJIBHO OJHOCTOPOHHWMHU, CM. 3ajady 7.)

Hoxka3zareascrso. [lycrs f, — ciabo ognocroponnee cemeiictBo u p(n)
TAKOI IOJINHOM, 4TO BEPOSITHOCTD YCHEIHOT0 obparienust f,(x) cxemamu pas-
mepa poly(n) upu gocrarodno 6osbmux 1 He npesocxoaut 1 — 1/p(n). Hus
KpPAaTKOCTU MBI OyjieM OMyCKaTh WHJEKC 7. ¥ TOBOPUTH 00 OJHOW (DYHKIHN.



(Umeercst B Bujly, 4TO 9TO HOCTPOEHUE U BCE PACCYZKJIEHUS BBIIOJIHSIOTCSH
napaJiIesibHO JIist Beex n.) PaceMorpum HOBYHO (DyHKIUTO N, s kKoropoii

Nz .. xn) = flo) f(22) ... flzn).

Ouna oupesesiena Ha ciaoBax juinabl Nk(n), KOTOpble OTOXKJIECTBIAIOTCS C
koprexkamn u3 N cjioB Jumubl k(n), n npuanvaer 3navennst qauasl NI(n).
B kagectBe N MBI BO3bMEM HEKOTOPHIH JOCTATOYHO OOJIBIION MHOTOUIEH OT
n (Kakoit  CKaykeM JajIbIIe).

Hauném ¢ npocroro (HO, yBbl, HEIIPABUILHOIO) OObICHEHUSI, I0OUEMY LPU
nocraTouno 6Gosibimom N dynkmus fY gBasercs CHIbHO OJHOCTOPOHHEII.
B camowm nese, obpamenne fV(zy...xx) 1 cayuainoro ... xy Tpeby-
eT OJJHOBpeMeHHOTo obparuennst f(x1),..., f(zx) Mpu HE3aBUCHMBIX CIIyJaii-
HBIX Z1,...,2TN. B KaxkaoMm u3 N ciaydaeB BepOsSITHOCTh OINMUOKU HE MEHbIIe
1/p(n). Iosromy obiias BEposITHOCTD yerexa He GoJibIie

1\V
p(n)

n)B

Ecan nonoxuts N = np(n), To Bepaxenne 3to pasro (1 — 1/p(n))?¢
CTEeTeHN N, YTO IKCTIOHEHINATLHO yObIBaeT (MpuMepHO pasHo e~ ™). [Tosromy
dbyaxmns fY cuabHO ogHOCTOpOHHSAA. 3aberas BHepe], OTMETHM, UTO XOTS
9TO paccyzK/ieHre u omudoYHoe, BbiOpaHoe 3Hadenne N OKaxKeTcsi HPaBU/Ib-

HbIM.

Wcnpasienne

Yro HEBepHO B dTOM paccyxkiaennu’! /leso B Tom, 9T0 MBI paccMaTpuBaeMm
BEPOATHOCTD YCIIENMHOro obpaiienus [V ¢ HOMOLIBIO aJrOPUTMA CleHalb-
HOTO BH/IA, COCTOAIIEI0 B TOM, 9TO HEKHI aaropuTMm obpaiieHust (pyHKIANR
f mpuMeHsieTcst mapaJsielbHO JIJIS BCeX n. A 9TO Je1aTh, eCan aJITOPUTM
obparennst Takoro Bujga He nMmeer! Karkercss cTpaHHBIM, 9TO KaKWe-TO aJl-
ropuTMBI obpamenus Gyakmun fV MOTYT JeiaTh 9T0-TO GoJee CIOMKHOE,
yeM obpaliarb B OTAEJbHOCTH Kaxkjaoe f(x;), HO 3T0 He joKa3aTeabeTBO (u
HEHOHATHO, KAK 9TO MOXKHO ObL10 Obl (hOpMaIn30BaTh OYKBAJIBHO).
[IpaBuibHOE J10KA3aTEIHCTBO JIOJKHO UATH B APYTOM HAMpPaBIECHUN: BMe-
CTO TOTO, YTOOBI HAYMHATH C AJITOPUTMA OOpatmeHust st [ U 3aTeM CMOTPETh,
9TO TOJIYIUTCS PH €10 Pa3ieJbHOM NpuMeHeHun K f(x;), Mbl JTOJKHBI pac-
CMOTPETh IPOU3BOJIbHBIN ajaroputm R, uperenjyiomuii Ha oOparienue yHK-
uuu fV, 1 10Ka3aTh, YTO €CJIM OH UMeeT HellpeHeOPeKIMbIe HMIAHCH HA YCIeX,



10 g pyHKMKH [ ecrb anaropurm R, y KOTOPOro BEPOATHOCTL OMIMOKH 00-
pauienust Menbine 1/p(n). Bamerum, 9ro ajaropurm R u peajusyonias ero
cxema 13 (pyHKIUHAIBHBIX 3JIEMEHTOB 110 3a1a4e 14 MOTyT OBITH BEPOSITHOCT-
HBIMU.

[Tonipobyem ciemyroruii (eré He OKOHYATETBHBI) BEPOSATHOCTHBII aaro-
purm obpamenus f(x). Ilycrb HaM JaHO HEKOTOPOE CJIOBO ¥, HPOoGpas Ko-
TOPOro Mbl uieM. MbicieHHo npejcraBum cebe, uro y ectb f(xy) s Hens-
BECTHOTO X1 W JIOTOJHUM CJIOBO Yy ciaoBamu f(xq), ..., f(xy) Juist caydaiiHbix
CJIOB g, ...,TyN. [IpuMeHUM K MOJIYyYEeHHOMY CJIOBY

yf(z2) ... flay)

aJaropuT™ R M MOCMOTpHM, YTO OH JIaCT Ha MEpBOM MecTe (KaKOBbI MepBbie
k(n) 6utoB). D10 cI0BO U OyIET PE3yaHTATOM PAbOTHI AJATOPHTMA.

Herpy/iHo HOHSTH, 4T0 BeposTHOCTD yeuexa ajgroputma R (s f(xq) upu
CJIy4aiiHOM X1) He MEeHbIIIe BePOSTHOCTH yeremHoro oopamenust f(xq) ... f(xy)
ANrOpUTMOM R JIIst CIydallHbIX X1 . . . L. DTOrO HAM MAJIO, MOCKOJIBKY HAJI0
nepeiiTu OT He OYeHb MAJIOH BEPOSTHOCTU K BEPOSITHOCTH, OJIU3KON K €JIMHH-
Ie.

Kak moxkHO ycopepienctBoBarh ajroput™m R'? Cpasy BO3HHMKAIOT JBe
ujen. Bo-nepBbix, MOKHO IPOU3BOAMTH HECKOJILKO MONBITOK OOPALIEHUS 110/I1-
psiyi (1 BbIOMpATh U3 HUX YJAUHYIO, €CJM TAKOBas CJy4duiach). Bejb cama
byHKIMA [ TOIMHOMUAIBLHO BRIYUCANMA, TTOITOMY MBIl MOYKEM 34 OJTUHOMHU-
aabHOE BpeMs MPOBEPHTH, yAalach JIM NONBITKa obpamenus. Ipyrast nuest:
MBI MOKET CTaBUTH OOpamaeMoe CJIOBO Y He TOJIHKO Ha MepBOe MECTO, HO W
Ha Jiiodoe jipyroe mecto or 1 g0 N.

Anaropurm obpaiieHus

ODTUX JBYX HJEH OKAXKeTCd JOCTATOYHO I JOKA3aTeJIbCTBA TEOpeMbl. A
MMEHHO, JUUId JIAHHOH cxeMbl R, nperenjyiomieil na obpatenune ¥, Mbl pac-
CMOTPHUM BEPOSITHOCTHYIO cXeMy jijist obpariennst f(x), IefcTBYOILyO Clie-
JIVIOIIINM 00pa3oM.

Jlns xaxkaoro ¢ ot 1 o N moctaBuM oOpalaemMoe CJIOBO ¥ Ha 1-€ MeCTO
u okpyzxum ero N — 1 cjioBamu, 1o/1y4uB HaOOP

f(x1)7 SRE) f(flfi—1>,y,f(flfi+1), SR f(fL’N)

CinoBa 21, ...,%;_1,Tit1,-- ., TN BBIOUPAIOTCS HE3ABUCUMO U PABHOMEPHO PaC-
npenenens B B¥™ . K nosyuennomy maGopy npumensiercst cxema R. Ecin i-s1



KOMIIOHEHTA Pe3yJIbTaTa JIEXKUT B IPO0Opase y, KOHCTaTupyeM yjaady (4 cBo-
pauduBaeM BCE JlajibHelilee).

Oru neiicTeust (N MONBITOK, MO OIHOMN JJIst KAZKIOTO 7) COCTABISAIOT OJINH
stan anroputma R'. TToanocteio R/ cocTonT B MOBTOpEHMN 3TOrO JAeHCTBUS
HeCKOJIbKO pa3. O6o3naunM wncsio nosropennii vepes M (u BbiGepem ero
JIAJIBIIE) .

[Bamerum cpasy, uro craBuTh Y Ha pasHble HO3uIKMKE He0OX0uMO. B camom
qesie, ecyim R moyemy-to He paboraer HAa oOpa3ax CJIOB, B KOTOPBIX MEPBBIil
our (TepBoro CJI0BA) paBeH HYJI0, TO OH BIOJHE MOXKET WMeTh BEPOSITHOCTh
yerexa 1/2. Ho rtorma m amroputm R’ (ecam y cTaBuUTCS JWNIH Ha TEPBOE
MecTo) He Oyzer paborarh Ha 00pa3ax TaKUX CJIOB, U BEPOSTHOCTH yClieXa He
HOJBIMETCsE Bbile 1/2, CKOJIBKO IOBTOPeHuii Hu jieJiai. |

Terepb HaM HY’KHO TI0A06paTh 3Hauenne M. (3wauenne M mMoxer 3aBu-
ceTh TOJBKO OoT n, dbyHkuuu f, u cxembl R.) Ham Hy»KHO, 9T00BI U3 TOTO,
910 BepoATHOCTH ycnexa R’ menwine 1 — 1/p(n), caegosano 6bl, 9T0 Bepo-
arHocTh ycnexa R venbire 1/g(n). st toro arober nogobpars M ¢ srum
CBORCTBOM, HEOOXOAUMO Pa300PaThCs, KaK CBA3aHbl BEPOATHOCTH YCIIeXa JIId
anropurmoB R u R'. O6o3nauum uepes $1(x1) BEPOSITHOCTD TOIO, aJIrOPUTM
R npaBuibHO oOpamaeT cJaoBO

flx) f(za) ... flan)

JUIS CJIy9aifHO BRIOPAHHBIX T, . .., T N. BEPOATHOCTH yCHEenHoro obpaimenus
JUTsT TIepBO#i MOTMBITKA (KOTJa MBI CTABUM Y Ha MEPBOE MeCTO) sl CJOBA
f(z1) we menbmie sq(x1). AHaJIOrWYHBIE BEPOSTHOCTH MOYKHO PACCMOTDETH
v I JIPYIUX HONBITOK (Beero B kaxKoit dasze N nounbitok). [lo anasioruu
0003HAYUM UX S2(T2), ..., Sn(TN).

KakoBa BepositHOCTH ycnexa Ha ojHOil daze? g Bxoga f(x) ona 3aBe-
JIOMO He MeHbIIe

max(s1(x),...,sny(x)),

IOCKOJIBKY YCIIeX OJIHOI TOMBITKY 03Ha4Yaer ycrnex Beeii daspr. (Bosee TouHo
CKa3aTh TPY/HO, 9Ta BEPOATHOCTH, BOOOIIE TOBOPsI, HE ONPEJIEIsieTCs 3Hade-
HUSMU S;(Z), TOCKOJIBKY YCHEXH B HONBITKAX 3ABHCHMBbL: MOXKET OKA3aTbhCs,
CKazKeM, 9TO HEKOTODBIE CJIOBa TPYAHBI JJist OOpAIIEHNsT BO BCEX KOOPIMHA-
tax.) OG03HAYMM 3TOT MAKCUMyM uepe3 §(x).

JanpHeiimmii Xo/1 10Ka3aTeIbcTBA MOYKHO OMHCATh TakK. [[ocMOTpHM, CKOJIb-
KO UMEETCsi CJIOB T, JiIst KOTOPBIX Ben4IrHa $() 0OYeHb Masia (MEHbIIe HeKO-
TOPOI I'PAHULIbI £, KOTOPYIO Mbl BbiOepeM BiocJiecrBun). Takue ciosa, Hedop-
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MaJIbHO I'OBOPs, TPY/HbI /it oOpaiienusi. Herpygabie cjioBa xopoiio obpaiia-
10TCa anropurmoM R/, 10cKoIbKy Ha Kaxka0i dase BepoaTHOCTL 0OOpaleHns
He MeHbIe &, ¢pa3bl HeE3ABUCHMBI W UX MHOTO. [10B3ysICh TeMm, 4TO BEepOosIT-
HOCTH Heygadn R’ Gosbie 1/p(n) MBI JOKaXKeM, 9TO TPYAHBIX CJIOB MHOTO.
Orciona Gyzer caegosath R obpamaer fV ¢ BepostHocThIO Menbie 1/q(n).
O1u HedOPMAJIBHBIE PA3TOBOPBI CJIEAYET, KOHEYHO, YTOYHUTD.

Ouenkn

[Iycrb € — HEKOTOpBIE HOJIOKUTEIbHOE uucio, nopsaka 1/poly(n). Byuem
Ha3bIBaTh CJI0BO T “rpyiaubimM”, eciau p(xr) < e. OBGo3HauYuM 4depe3 § JOJIIO
TPYJAHBIX CJIOB CPejld BCeX CJIOB JUIMHBLL 1. Torjaa BepodaTHOCTL BEPOATHOCTD
ommuOKy 1pu obparnennn cjaoBa f(x) (st caydaiiHoro ) MeHbine

§+(1—e)M.

[Tosnoxkum M = n/e, BTOpoe ciaraemoe TOT/ia TPUMEPHO PaBHO e~ ™.

Anropurm R’ peanm3syercst BEpOATHOCTHOMN CXeMO#, KOTOpast 10 CyIIeCTBY
cocrout u3 MN cxem R 1 TAKOro ke KOJHIECTBA CXEM JIJIs BBIYUCAEHUS f,,
a 3HAYUT PEAM3YeTCd CXeMOi pa3Mepa, OrPAHMYEHHOIO MHOIOYJIEHOM OT 7.
ITo ycsoBmio BepositHoCTh omubkn R we Menbine 1/p(n) (ecaun n gocratodno
BesnKo). [ToaToMy TIpl Beex J0CTaTOYHO n BHIMOIHEHO O > 1/2p(n).

BoigenM W3 TPYJIHBIX CJIOB 9acTh, 06pa3yoIyo 1010 poBHO 1/2p(n).
Ouenum cBepxy BepoATHOCTL ycmemHoro obpamenns f(xq,...,xy) amro-
purmom R Ha cayuaitnom sxoge. OuenuBast €€, pa3gesiuM HPOCTPAHCTBO HA
JIBE YaCTU: KOIJA OJHO M3 CJOB I; ABJILETCS BbIJACJICHHBIM U KOIJA BCE OHU
He BhIeIeHbl. [IJ1s BTOpoii acTn HaM He BayKHBI 3HaYeHWs $(T), MBI MOJIb-
3yeMcsl TeM, UTO 3Ta vacTh cama mo cebe MMeeT BEepOsSATHOCTH He 0OJIbIe
(1 —1/2p(n))N (xaxmoe u3 z; BeIEAeHO ¢ BepoaTHOCTBIO 1/2p(n), a Beero
X N U OHU HE3ABUCHUMBI).

[TepBas 4acTh: Mbl OLCHMM BEPOATHOCTH B CJIydae, KOLJAa BbIACJCHHBIM
(a 3HAYMT TPYAHBIM) OKA3AJO0Ch CJIOBO T;, & 3aTeM YMHOKHUM OIeHKY Ha N
(BeposiTHOCTH OObeIMHeHNsT COOBITHIT He DOJIBITIe CyMMBI BeposiTHOCTEiH ). Be-
POSITHOCTH TOTO, YTO CJIOBO ; OKAYKETCs BBIIeJeHHBIM, paBHa 1/2p(n), a as
KazKJI0I0 U3 BBIACJICHHBIX CJIOB X; YCJIOBHAA BEPOATHOCTL YCHEITHOW paboThl
anropurma R (npu JaHHOM 3HAYEHUU i-il KOOPJAMHATHI) MeHblie €. B urore
noJiydaeM J7ist epBoii yactu onenky Ne/2p(n), a ajst cyMMbI (BepOSITHOCTH
yernentHoit paborel R Ha ciiydaiiHOM BX0Jie) OIEHKY

Ne/2p(n) + (1= 1/2p(n))".
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Hawm nasio BeiOpars €, N tak, 4To0bl 3Ta BejiMduHa OblIa CTPOrO MeHbIel
1/q(n). Kak 6b10 yzxke obermano, nonoxum N = np(n). Torna Bropoe cia-
raemMoe B 3TOil cymMMe paBHO

L\ 1\ ]

2p(n) N 2p(n)

—n/2

a 3HAYUT NpH GOJIBIMIX N HAMHOTO MenbIe 1/g(n). Tloaromy € MOXKHO Onpe-
JIeJIUTH TaK, 9TOOKI TTepBoe ciaraeMoe ObLI0 paBHbIM 1/2¢(n), TO ecTh moJo-
2KUTb

1

Ezm.

Teopema mokazana.

1.3 YactwuyHo HeoOpaTmmbie (PYyHKITAN

B onpenenennn nHeodOpatumocTn TpebyeTcst, 9TOOBI s JIFOOOW TOCJIe10Ba-
resibHOCTH cxeMm (), TOJMHOMHUAJIBHOIO pa3Mepa BeposiTHOCTH ycnexa C), Obl-
JIA TIPEHEOPEeKUMO MAJIA 110 PABHOMEPHOMY PACNPEIENEHUIO HA CAOBAT OAUHDL
n. Ternepb MBI pa3pernnuM BMeCTO PABHOMEPHOTO PACIpEJIE/IeHUsT UCITOIb30-
BaTh JI000€ pacrpejeeHne BeposATHOCTEH, KOTOpOe MOYKHO MOPOXKJIATh 3a
MOJTMHOMUAJIBLHOE OT N BpeMsi. HeobpaTumbie B 9ToM cMbIcie GpYHKIN Oy1eM
HA3bIBATH YACTUYIHO HEOOPATHMBIMH.

[Tepeitgem K popmaibHOMY onpejeenuto. IlociemoBare/ibHOCT pacipe-
JIeJIeHU BEPOSITHOCTEH [1,, HA MHOXKECTBE JIBOMYHBIX CJIOB HA3BIBAETCS I'eHE-
pUpyeMoii 3a MOJMHOMHUATLHOE BPEMSI, €CJIU CYIIECTBYET MOJTUHOMUATHHBIN
BEPOATHOCTHBI aaroput™ K takoil, uto mis Beex x € {0, 1}* BeimosiHeno

Pr[K Boimaer x Ha Bxoje n| = p,(z).

Anropurv K mosyvaer Ha BXOJ 9UCI0 N B YHAPHOI 3aMUCH W MPH JTIIOOBIX HC-
X0JaxX CBOUX 6pOC3HI/II71 HOJIZKEH OCTaHOBUTCHA 3a IIOJIMHOMHAAJIBHOE OT 71 BpeMs#d
U BBIJATH HEKOTOPYIO ABOMYHYIO cTpOKy. Cilyuaiinasi BeJIMIMHA HA3BIBALTCS
reHepupyeMoii 3a NOJMHOMUAILHOE BPEMsl, €CJIU €€ PACHPEIeJIeHue TeHepH-
PYETCst 32 MOJIMHOMHAIBHOE BPEMSI.

I[lycts f, cemeiictso dbynxmmit suma {0,110 — {0, 1} Tocnenona-
TEJILHOCTh CJlydaiiHbiX BequduH {qv,}, Bce BO3MOXKHbIE 3HAYEHUS KOTODOW
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umeroT jutnHy k(n) HasbiBaercs TpyHOl i pyHkuuu f, ecau jist JI00O0I
nocepoBareabnocru cxem C), pazmepa poly(n) BeposgrHOCTb COObITHS

fa(Crn(fulan))) = flan)

CTPEMUTCST K HYJIIO ObIcTpee J1i000ro obparHoro nojannoma ot n. [locaemona-
TEJILHOCTD { (v, } HA3BIBAETCST HEIErKoil it byHKuuu f, eciiu jiis HEKOTOPO-
0 MHOTOYJIEHA P Jyist JiF00oil noceoBarebaoctu cxem C), pazmepa poly(n)
BEPOATHOCTH COOBITHS

fa(Crn(fulan))) = flan)

menbire 1 — 1/p(n) ayst Beex J0CTATOIHO GONBIINX N.

CewmeiicTBO f,, HA3BIBAETCS YACTUIHO CUJIBHO HEOOPATHMBIM, €CJIH CYIIE-
CTBYeT JOCTYHHAsI U TPyAHAs s f, HOCIeI0BATEIbHOCTD C/IydailHbIX BeJIu-
quH. CemeiicTBO f, Ha3piBaeTcst ¢1ab0 IACTUIHO HEOOPATHUMOIl, €CIu CyIIe-
CTBYeT JIOCTYTHAsl W HeJierkasi Jiis f, TOCJeJ0BaTeIhHOCTh CJIydaifHbIX Be-
e, CemeiicTBO f Ha3BIBAETCSI YACTHYHO CHIBHO [c1a00] 0JHOCTOPOHHNM,
€CJIM OHO TIOJIMHOMHUAJIBHO BBIYHCJIMMO U YACTHYHO CHJBLHO |cs1abo| HeoGpa-
THMO.

Korga HeobxoaumMo OTInduTh 9acTUYHO HeoOpaTuMbie (DyHKIUU OT HEOO-
PATUMBIX B OOBIYHOM CMBIC/IE, OYeM Ha3bIBATh MOCAEIHUE TTOJHOCTHIO HEOD-
patumbivu. JI0basi MOJHOCTHIO CUIBHO HeoOpaTuMasi MYHKIWS YaCTHIHO
HeoOpaTuMa, TPYAHBIM PACIPEIEeJTeHHEM /Il Hee SIBJIA€TCA PABHOMEPHOE pac-
npejesieHue (i, Ha MHOXKECTBE CJIOB JIMHBbL N. 10 Ke camMoe OTHOCUTCS U K
c1abo HeoOpaTuMbIM (DYHKIIHSIM.

3adawa 17. Jlokaxkure, 9T0 CYyMIECTBYET YaCTHIHO CUIBHO HeoOpaTuMasi (pyHK-
sl ¢, He SIBJIATOIIASICS IOJHOCTHIO CHJIbHO HEOOPATUMOIA.

DT1a 3a/Ja9a MOKA3bIBAET, YTO OLPEAETeHAs YJACTHIHO U MOJTHOCTHIO CHJIb-
HO OJJHOCTOPOHHEH (DYHKIMU HEPABHOCU/IbHBI (IIPU YCJIOBUU, YTO CYIIECTBY-
0T MOJHOCTHIO OffHOCTOpOoHHME byHKIMN). OTHAKO W3 CYWECME06aHUA Ta-
CTUYHO CUJBHO OJHOCTOPOHHEH (DYHKIUU CJIeyeT CYIIeCTBOBAHWE TOJIHO-
CThIO CUJIBHO OJITHOCTOPOHHEN (DyHKIIHH.

3adava 18. Tlpeamonoknm, cymecTByeT 9acTHIHO CUIBHO OTHOCTOPOHS ST (DYHK-
nus. Jlokaxkure, 9T0 TOTJA CYIMIECTBYET W HOJHOCTHIO CUJIBHO OJIHOCTOPOHSIS
dbyHKIMSA.

3adaua 19. TIpeanonokum, CymecTByeT 4acTUIHO ¢1ab0 OJHOCTOPOHsIsA (DyHK-
nus. Jlokazkure, 910 TOI/IA CyHMIECTBYET U CJIaDO OJHOCTOPOHsIst (DYHKIIHSI.
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3adawa 20. TIpeanonokum, CymecTByeT 4acTUIHO ¢J1ab0 OJHOCTOPOHsIsA (DyHK-
uust. Jlokazkure, 4ro TOrga CymecTByer u (IOJHOCTHIO) CUJIBHO OJHOCTOPO-
Hsist DYHKIIHS.

3adava 21. JlokazkuTte, 9TO CYIIECTBYET 9aCTHIHO CHILHO HeoOpaTnMas dyHK-
IUsl ¢, HE SIBJISIONIASICS TIOJIHOCTHIO CJ1a00 HeOOpaTUMOIA.

3adawa 22. JJokaxKure, 9TO CyHmecTByeT caabo HeoOpartumas (DYHKIUH, HE
SIBJIAFOLIALACS YACTUYHO CUJIbHO HEOOPATUMOIA.

ITpumepsl NpPeanoI0XKUTEIHBHO YAaCTUYHO CHUJIBHO OJHOCTOPOHHBIX
bysKIINIi

Bo Bcex Tpex npuMepax mpejoJIoKUTebHO TPY/AHOE pacupejiesenue oyer
B HEKOTOPM CMBIC/IE OIM3KO K PABHOMEPHOMY PACHPE/IeJeHHIO HA HEKOTOPOM
MHOYKECTBe.

CraTucTHYIeCKIM PACCTOSTHHEM MEXKJy PACTpeIeeHusIMI BepOsITHOCTElH
[L U V HA MHOXKECTBE JIBOMYHbIX CJIOB Ha3biBaercst makcumym |p(A) — v(A)|
110 BceM MHOKecTBaM ¢j10B A. HerpyJHO mOHSTH, 4TO 9TOT MAKCUMYM J10-
cruraercss Ha Muoxecrse cioB A = {z | p(x) > v(z)} (a Takxke Ha ero
JIOTIOTHEHHH) U PaBeH 1y |u(z) — v(z)]/2.

[Tocs1e10BATEILHOCTH PACTIPEICICHUI BEPOSITHOCTEH (i, U Uy, HA3BIBAIOT-

Csl CTATUCTUYECKH HEOTJIMYIUMBIMHE, €CJIH CTATUCTHYECKOE PACCTOSTHUE MEXK LY
[y M UV, CTPEMUTCH K HYJIIO ObiCTpee JIF0OOro 00paTHOIO MHOTOYJIEHA OT 7.
AHAJIOTUYIHO OLPEJIESeTCs CTATHCTHIECKAs] HEOTJIMIUMOCTD CJIy9allHBIX Be-
JIMYUH: CIy9IaliHbIe BEJIMYUHBI (v, U [3,, 3aBUCANINE OT HATYPATHLHOTO Mapa-
MeTpa M, Ha3bIBAIOTCS CTATUCTHYECKH HEOTTMYMMBIMU, €CJN UX pacIpejieie-
wust p,(z) = Prla,, = z] n v,(x) = Pr[f, = x] cratucruaeckn HEOTININMBI.

Ecnun ciaydaitabie Bemaunbt o, u 3, CTATHCTUYECKHA HEOTJTUIUMBbI, U OJJHO
U3 HUX SIBJISIETCS TPYJAHBIM JIsi 9acTUYIHO Heobpatumoit dbyuknuu f,, 10 u
JIpyroe OyJIeT TPYIHBIM.

Oynruyus Pabuna. Oyaxknus Pabuna f, onpenenena Ha caoBax IIuHB 47
Ha cJIOBe Bujaa xy (MMeeTcss B BUJY KOHKATeHAIWsl CJIOB), riae |x| = |y| = 2n
ee 3HaueHue paBHO KonkaTeHanuu 2 mod y u y (cji0Ba T, y NOHUMAIOTCS KAk
JIBOUYHbIE 3AIUCU HATYPAJIbHBIX YUCE).

[IpegnosioxkuTe/IbHO TPYAHAS CydaiiHas BeJIUYNHA (v, PABHOMEPHO pac-
npejesieHa Ha MHOXKECTBe, COCTOSIIEM W3 BCeX CJIOB XY JINHBI 4n ciemxyromnte-
ro BHUJA: Y €CTh JIBOMYHAS 3AIUCh YUCIA D - ¢ , TJE P, MPOCThIe YHUCJa U3 N
OUTOB, a T NPOU3BOJILHOE 2n-OMTOBOE YUCJIO. AJITOPUTM FeHepaluu CaIydaii-
HOI BEJIMYNHbBI, CTATUCTHYECKNA HEOTJIMIUMOil 0T v, paboraer Tak. Boibupaem
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cirydaitHo 9ucio u3 N OUTOB U MPOBEPSIeM, ITPOCTO JIX OHO, ¢ HOMOIIBIO TTOJTU-
HOMHAJIBHOTO AJITOPUTMA IPOBEPKH MPOCTOTHI. ECau 0HO POCTO, HOJIOZKUM
P PaBHBIM 3TOMY umcy. Unaue mosTopseM MONBITKY n T.1. Ecam mocae n?
MOTIBITOK MPOCTOE YUCI0 He Haiijgercs, To nosoxkuMm p = (. N3 3akona pac-
MpeJIe/IeHUsT TTPOCTHIX YUCE] CJAEYeT, 9TO BEPOATHOCTh 3TOTO COOBITHST OYIeT
venbie (1 —&/n)" < e " 1151 HEKOTOPOIO LOJIOKUTEILHOO €. 3aTeM TaK
JKe reHepupyeM ¢. Hucsio x BbiOMpaeM paBHOMEDPHO CPeJid BCeX N-OUTOBBIX
ancest. (MoKHO BMECTO aaropuT™Ma TpeX WHIWHAIEB WCIOJb30BaTh U BEPOSIT-
HOCTHBIH TECT Ha TMPOCTOTY C BEPOSITHOCTBHIO OMUOKHU, ckaxkem 27 ". Torma
CTATUCTUYECKOE pacCcTosiHue OyjerT OOJIbIe Ha BEJUYWHY, PABHYIO BEPOSIT-
HOCTb TOTO, 4TO P WM ¢ COCTaBHbIE, TO ecTh 27" T1))

Oynkyus RSA. Oynkiusa RSA ectb 0606menune dyukimun Paduna. Ouna
ompejie/ieHa Ha cJ0BaxX JAAWHBI 6n. Fe 3Hadenne Ha Ha cJI0Bax BUIA TYZ, TIe T,
Y ¥ 2 UMEIOT JIIUHY 21 ¥ TMOHUMAIOTCS KaK JBOUYHBIE 3alMCH HATYPAJTbHBIX
qnces, paBHo KoHKaTeHannn (x® mod y), y u 2.

[IpeanookuTebHO TPyAHAS CAydaiiHas BEIUIUHA PABHOMEDHO PACIIpe-
JIeJIEHA HA BCEX CTPOKAX BUJA TYZ, TJE Y = P - ¢, P,q — UPOCTbIEe N-OUTOBBIE
qucia, a T, 2 TPOu3BOJIbHBIE 2n-O0uToBble Yncia. CTaTHCTHIECKH HEOTIUIU-
Mast OT Hee cJydaiiHasi BeJNYNHA TeHEePUpYyeTcs 3a MOJUHOMHAJIHHOE BpeMs
Tak »Ke, Kak Juisd pynknun Pabuna. Tounee, y renepupyercst Tak Ke aJjiro-
purMoM, Kak it bynkiuun Pabuna, a x, 2 BeibuparoTcs ciydaiiHo.

Oxnonenma 6 Koavue viuemos (Pynkyus Baroma u Mukaau). Oyakuus
fn cnoBax gnuubl 3n. Ee 3nadenue Ha cioBe xyz, rje T,Yy, 2 CAOBA JIJIMHBI
n, TOHUMaeMble KaK JBOMYHBIEC 3AIMCH HATYPAJBHBIX YHUCE/I, PABHO KOHKATE-
Hamun ° mod y, x u z. Owmune or ¢yuknun RSA 31ecs B Tom, 910 nipn
oOpallleHny HY>KHO HaliTH TOKa3aTe/b CTENEHU, a He ee OCHOBaHue. 10 ecTh,
obpailmnenne aBasgeTcs JorapudMUPOBAHAEM, a He U3BIedeHneM KopHs. [1pen-
HOJIOZKUTEILHO TPY/HAS CAydaiiHas BeJIMYMHA PABHOMEDHO PACIIPE/IE/IeHA HA
BCEX CTPOKAX BUJIA TYZ, IJIe Y eCTh N-OMTOBOE MPOCTOE YUCJIO0, & T U Z TPOU3-
BOJILHBIE N-OUTOBBIE UKCIa. 3ajada obparnienust ¢pynkiun biaova n Muksin
HA3BIBAETCS JIMCKPETHBIM JIOTAPpUMDMUDPOBAHUEM.
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2 T'eneparTopsl nceBaOCHaYydaliHbIX YHUCE

2.1 Onpeaenenue

CaydaiiHple BEIMYUHBI (v, W [3,, 3ABUCAIINE OT HATYPAJIHHOIO MapaMeTpa 1,
CO 3HAYEHHSIMU B MHOYKECTBe CJIOB HEKOTODOIl JIHHBI [(n) HA3BIBAIOTCS BhI-
IHUCJIUTETHHO HEOTJMIMMBIMH, €CJIH JJisi JIF00O# T0CIe0BaATETLHOCTH CXEeM
C,, pasmepa poly(n) (¢ I[(n) BxogaMu # OJHUM BBIXOJOM) BEPOSTHOCTH CO-
obitnit Cp(ay,) = 1 u Cp(f,) = 1 ormuuaorcs Ha TPEHEOPEKUMO MAJIYIO
pesanuanny. Cxema C), B 9TOM KOHTEKCTe HA3bIBAETCSI TECTOM W Mbl TOBOPHM,
qTO CayvaiiHas BeImduHa oy, npoxomut tect C,, ecin Cp(ay,) = 1. Taknwm
00pa3oM, MBI TpebyeMm, YTOOBI (v, U (3, TPOXOIWUIN JOBIe TECTHI TOJHHOMY-
AJIBHOIO pasMepa ¢ HpUbIM3UTebHO PABHOI BEPOSATHOCTHIO.

Ecmu o, m 3, crarucTudecku HEOTIHYUMbl, TO OHH U BBIYHCIUTETHHO
HEOTJIMIUMBIMH, TMOCKOJIBKY PA3HOCTh BEPOSITHOCTEN MONajaHus o, W 3, B
muoxkectso {z | C,(x) = 1}, 3amaBaemoe Tectom C),, He TPEBOCXOANT CTa-
THCTHYECKOTO DACCTOSTHUMST MeXKIY vy, W [3,. TlocienoBarebHOCTh pacmpe-
JiesieHuit (cJydailHbIX BEJIMUYUH) HA30BEM JIOCTYIHOM, eC/id OHA CTATUCTUYe-
CKH HEOTJINYUMA OT HEKOTOPOil 1OC/Ie0BATEIbHOCTH pacupeaesenuii (ciy-
YAl HbIX BEJMYUH), TeHEPUPYEMOH 3a MOJTMHOMHAIBLHOE BPEMs.

Hawm mouaobsITcsi HEKOTOpPhIe POCTHIE CBONCTBA MOHITHS BBIYHCIHTE b
HOI HEOTJIMINUMOCTH.

Jlemma 3. 1) Omuowenue 6uHucAumesshol HeomAUNUMOCU PePaekcue-
HO, CUMMEMPUYHO U MPAIH3UMUBHO.

2) Iyemo oy, u By, sviucaumensho neomauiumoi, o L(n) nexomopas @ymk-
UYUA HAMYPANLHORZO APLYMEHMA, HE NPEBOCTOOAULAHA OAUHDL 3HA%eHUT Oy, To-
20a CAYMATIHAA BEAUNUHDL, NOAYUAEMBE U3 Oy U [y 0MPE3AHUEM NOCACOHUL
[(n) 6umos, 6bUUCAUMENDHO HEOTNAULUMDL.

3) Ecau oy, u B 66UCAUMENDHO HEOMAUNUMbL, D HEKOMOPLIT NOAUHOM, G
Vr CAYUATHAA BEAUNUNRA, HE3ABUCUMARL OM Oy U [, U PABHOMEPHO pacnpede-
NEHHAA CPedu BCET CMPOk Hekomopol daunv, k(n), mo caywatinoe eAusuHbl
QpYn U B Yn BUHUCAUMENDHO HEOTAUSUMDL.

4) Ecau oy, u B, eviuucaumenvro neomausumol, a Cy, nocaedosamesvHocms
CLTEM TOAUHOMUGALHOZO 0m N pasmepa ¢ L(n) exodamu, mo caywatinoe 6eau-
wunvs Cp (o) u Cp(Br) 8briucaumenso HeomauumoL.

/oxazameavcmeo. 1lepBoe m BToOpoe yTBep:KaeHns 09eBUIHBI. /[oKaykeM Tpe-
The. /lomycTiM, 9T0 CcymecTByeT Moc/aie/I0BaTeTbHOCTh CXeM-TeCTOB 1;, T0JIu-
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HOMUAJIBHOTO 0T 1 pasMmepa ¢ k(n) + [(n) BxogamMu Takas, 4T0 BEPOSTHOCTH
coobrruit Ty, (anyn) = 1 u T,(8yyn) = 1 owmmuatores wa € = 1/poly(n).
®ukcnpyem ogHO U3 3TuX n. BepositHocTh cobbitust T, (v, y,) = 1 ecThb cpej-
Hee apudmernyeckoe BepositHoCcTel coObTHii T),(cv,r) = 1 s pasananbx
r € 0,1}, Ananormanoe Bepro mus sepostocTn coobitus T, (B,7,) = 1.
[TockonbKy cpeanue apudmMerndeckue OTIMYAOTCS He MeHee, 4eM Ha &, Hali-
gerca rakoe = 1, € {0, 1} qro seposrnocru cobbrruii T, (a,r) = 1 u
T,.(Bnr) = 1 otmnuaatorcst He MeHee, vyem Ha €. [Ipeobpasosanne © — T, (zr,)
BBIUNCISIETCS HEKOTOPOii cxemoii C),, pasmep KOTopoii He bosbie pasmepa 1,
(“sanawBaem” 1, B cxemy T),). Ilosyunim poTHBOpedne ¢ BHIYUCIUTEIHHOI
HEOTJIUYUMOCTBIO (v U [y,.

Jokazkem 4yerBeproe cBoiicro. [TycTh maHa 10CIE10BATEILHOCTD TECTOB
T, MOIMHOMHIAJILHOTO OT n pa3Mepa ¢ §(n) Bxogamu (rae s(n)  KOJIHIECTBO
BeIx0710B C),) Ha ormanmocth Cy(ay,) n Cy(5,). Torma mocienoBaTeibHOCTH
cxem D, (z) = T,,(Cy(x)) MOXKHO paccMaTpuBaTh, Kak TeCT Ha OTIHIUMOCTh
a, 1 (,. Pasmep cxembr D,, ectb cymma pasmepos 1, u C,, a 3Ha4uT Orpa-
HUYeH noaMHOMOM OT 1. Clie0BaTe/IbHO BEPOATHOCTH TOIO, YTO (v, IIPOXO-
aut Tect D, npeHeOpezKuMo MaJio OTJIMYAeTCd OT BEPOSTHOCTH TOrO, 4TO [3,
npoxoaut Tect D,,. Ocranoch 3aMeTuTh, 9TO MepBas BEPOSTHOCTH PABHA Be-
POSITHOCTH TOTO, 9TO caydaiinast Beamauna C, () mpoiiaer tect T),, u TO xKe
camoe BepHo st Cy(5,). O

3adawa 23. JlokazkuTe, 9TO OMNpEJIe/IEHNe YaCTUYHO OJHOCTOPOHHEH (DyHK-
MU HEe U3MEHHTCS, ecJii MoTpeboBaTh, YTO TPYAHAS CIydailHast BBIYHUCIIH-
TEeJHHO HEOTJIMYAMA, OT HEKOTOPOW CAYYaNHOW BEJIMYWHBI, TEHEPAPYEMON 3a
II0JIMHOMHAJIbHOE BpeMsi (a HEe cama IeHepUpyercs 3a HOJTMHOMUAIBHOE Bpe-
Msl, KAK TPeDOBAJIOCH).

[IycTh J@HbI HOJIMHOMHAIBHO BBIYUCIUMbBIE (DYHKIMU HATYDPAJIBHOIO ap-
rymenta k(n), [(n), orpanrdeHHble CBEPXY HOJIMHOMOM OT 1 Takue, 9ro [(n) >
k(n) mns Beex n. Teneparopom ITCY rtuna k(n) — I(n) Gyaem HasbBaTh Ce-
meiictBo dyuknuii G,,, rje s kaxkaoro n dbyukiust G, orobparkaer JIBONY-
HblEe CJIOBA JiIMHbL k(N) B ¢10Ba jutuHbL [(1), yA0BJIETBOPSIONIEE CJIe/YOIUM
JIBYM YCJIOBHSIM:

(1) CemeiictBo G, BBIMHCIMMO 3a IIOJHHOMHAJIBHOE BpeMsi (110 JAHHBIM
n W $ 32 MOJWHOMHAILHOE OT N KOJIMYECTBO TMAroB MOxKHO Haith G, (s)).

(2) Cnyuaiinas sequanna G, (s) (rae o Beibnpaercst ciydaifno cpean Beex
CTPOK JjituHbL k(1)) BBIYUCIMTEIBHO HEOTJIMYUMA OT PABHOMEPHO PacIpe/ie-
JIEHHOM cpesu ¢JI0B JTHHbBL [(n) caydaiinoii Bequdunbl (IIPU CTPEMJICHHU 1 K
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OECKOHEYHOCTH). DTO CBONCTBO NeHEPATOPA HA3BIBAIOT HAJIEKHOCTHIO.

3adawa 24. Jlokaxkure, 9T0 BTOPOe TPeDOBAHHME HEJIb3s YCHIUTh, HOTPEOO-
BaB CTATHCTHYECKON HeoTmanmoctn G, (S) W pAaBHOMEPHO paclpeieseHHoil
CAYYaNHOW BEJIWYUHBI. [HyCTb A MHOKECTBO BCEX MCXOJIOB CJydaiiHas Besu-
unHOil Besmuunbl G, (s). BepograocTb Toro, 4o ciydaitHo BBIGDAHHOE CJI0BO
nonajier B A 3HAYMTEILHO MEHbIIe BEPOATHOCTH TOro, 4o G, (s) nonajer B

Al

Omnpenennm takzxke rereparopsl [ICY tuma n — oo, kak cemeiictBa G,
rae (G, oToOparkaeT JBOWYHBLIC CJIOBA JJIMHBI 7. B OCCKOHCYHBLIC JIBOMYHBIC
LOCJIeJ0BATELHOCTH, YI0B/IeTBOPLIOIUE CIeLYIONUM TPeOOBAHUIM.

(1) CymecrByer aaropurm, KOTOPbIH 110 CJIOBY § M HATypaabHOMY [ 3a
IOJIMHOMUAJIBHOE OT |$| + | Bpemst Braucisier [-blif GUT 10C1€10BATETbHOCTH
Gn(s).

(2) Cayuaitnast Bemanua Gy, (S) BEIYMUCIUTENBHO HEOTININMA OT PaBHO-
MepHO paciipeieIeHHON DeCKOHEeTHO 1MoC/Ie0BATeILHOCTH HYJIeH W e IWHUIIL.

B sroM onpejiesieHuy BoIUUCIATEIbHAS HEOTJIMIUMOCTD JIBYX CJIydaiHbIX
BeJIMUUH Wy, &, CO 3HAYEHUAMU B MHOMKECTBE BCeX OCCKOHEUYHbIX JBOMYHbBIX
MOCJIEIOBATEILHOCTE TOHNMAETCA B CJEAYIOIEM CMbICIE: JIJIs JII000i mocie-
nosarenbroctn cxem C), pasmepa poly(n) BepositHocTh cobobituii C,(w,) = 1
u Cy,(&,) = 1 ormmaatorcst Ha nperebpeknmo Masyto eandanny. 3aech C, (wy,)
0603HauYaeT pesy/blal UPUMEHEeHUs CXeMbl K K LepBbIM OuraMm w,, rie k —
kosimuectBo BxojoB C,. Ananoruano nounumaercs Cy,(&,). dpyrumu ciosa-
MU, Wy, U &, BRIYUCINTETHHO HEOTINIUMBI, €CJIH JIJIs JII000T0 moanHoMa p(n)
BBIYHCINTETHLHO HEOTJIMINMbI CJIyYaiiHble BeJMIHHBI, DaBHbIe U MepBhiM p(n)
ouTam CaydaiHbIX BEJINYUH Wy, 1 &,.

Umeercst ciiejyroniee COOTHOIIEHUE MeKJly IeHeparopamu tuta k(n) —
[(n) u remeparopamu tuma n — oo. Ecm G, : {0,1}* — {0,1}>* — re-
HepaTop TUHA N — 00, TO s JOLX [,k nociejgoBarebHOCTL yHKIUIT
H,(s) = (Gn(8))in), tie s € {0, 1} Gyner reneparopom tuna k(n) — I(n).
O6paTHO, MBI JIOKazKeM, 9T0 1o Jbomy renepatopy tuna k(n) — I(n) (ka-
Kue Obl Hu ObLin K, [) MOXKHO LHOCTPOUTH PEHEPATOP THILIA 1 — OO.

3adaua 25. Jlokaxwure, uro cymecrByer dyukuus G, (He 06g3aTeIbHO Bbl-
YUC/IMMAst 32 HOJMHOMUAJIBHOE BpeMsi), Tuia n — n + 1 rakas, 410 cjydaii-
Hast Besmanaa (G, (S) BHIYMCAUTENBHO HEOTMYNMA OT PABHOMEDHO pacripe-
JEJIEHHON CJIydaiiHON BEJIMYAHBI.

3adaua 26. Jlokaxkure, aro eciu pynknusa (,, sSBISIETCA FeHEPATOPOM THUIIA
k(n) — l(n), a x, uocieno0BaTebHOCTb CJIOB JIUHbL [(1N), BBIUUCIAUMAsS 32
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Bpewmst poly(n), 1o dbyukius s +— G, (s) @ z, gBIsIeTcs reHePATOPOM.

2.2 Tenepatopsl IICY u ogHOCTOpOHHME (DYyHKITUM

JTro6oii renepatop G, Tuna k(n) — I(n) seasiercst ciiabo HeobpaTuMoit hyHK-
numeit. JleficrBuTe/bHO, HUKAKasi MOCIEA0BATEILHOCTE cxeM Cj, MOJHHOMHE-
AJIBHOIO pasMepa He MoxeT 00paruth G, ($) B BEPOATHOCTBIO yelexa, 60.1b-
medi 3/4 (nyist 6ecKoHedIHO MHOTUX 1), JIOTyCTHM, Takas MoCIeI0BaTeIhHOCTh
cxeM cymecTByer. Torma paccMOTpUM CJIEIYIONHA TeCT Ha MOCJIeI0BATE N b-
HOCTSIX JTHHBI [(n): mpnMeHsieM K mocsenoBareasnocTn y cxemy C,, 3aTeMm
IIPOBEPSIeM, ¢ HOMOIIBIO AJIOPUTMA, BbIYUC/ISIONEro (G, UPABUIBHO JIH CXe-
ma C), obparuia y (1o ecrb, G,(Cy(y)) = y). Ecam obpamenue npousonio
yla4qHo, T0 BhiAaeM 1, a waave (. BeposiTHOCTH TOTO, 4TO TecT GyaeT mpoii-
JieH caydaiinoii Bemannoii G, (s), He Menee 3/4 (17151 GeCKOHETHO MHOTHX 1),
TECT BBIJIAeT eIuHUIly Ha y, ecan C, MpaBUILHO obpamaer y. BeposTHOCTH
TOrO, 9TO PABHOMEPHO PACIPE/Ie/IeHHAs] CIlydaiiHasi BeJIMIUHA IPOHIET TECT,
He GoJibiie 1/2, HOCKOJIbKY MHOXKeCTBO 3Hadenuii G, cocrapisier He Gojiee
II0JIOBUHBI BCEIO MHOZKeCTBa 1mociepoBaresbaocreii puunst [(n). Tockonbky
C,, n G,, MOXKHO BBIYHMCJINTEH CXEMOH TOJHHOMHAIBLHOTO OT 1 pa3Mepa, OIH-
CAHHBINA TECT MMEET TMOJUHOMUAAJIBHBIN pasMep.

Urak, ecim pis kakux-10 [(n) > k(n) cymecrByer reneparop tuna k(n) —
[(n), To cymecTBYIOT U ¢1ab0 OJHHOCTOPOHHUE, & 3HAYUT U CHJILHO OJHOCTO-
pornne dyHknun. OKa3bIBAeTCsI, BEDHO U 0OPATHOE.

Teopema 4. [1/ Ecau cywecmeyem cusbvio 00HOCMOPOHHAAL PYHKULAL, MO
cywecmeyem u 2enepamop IICH muna n — oo.

Mpr1 jtokazkem DoJiee ciiaboe yTBepzKIeHne: eciu CyIecTBYeT 0JIHOCTOPOH-
Hsisl IEPECTAHOBKa, TO cyiiecrByeT u remeparop [ICH tuna n — oo, Cragana
JIAJIMM OLPEJIe/IEHIEe OJIHOCTOPOHHEN lepecTaHOBKMU.

Oyuknus f, : D, — D, Ha3bBaeTcss 0JHOCTOPOHHE!H MEePECTAHOBKOIi, ec-
m (1) D, € {0,1}*) u orobpaskenne n,x +— f,(z) BHMACIIMO 32 Bpems
poly(n), (2) dyukuus f, sBasercs nepectanoBkoii MHOXKecTBa D, u (3) ciy-
JaifHas BeJIMYMHA, PABHOMEPHO paciipejie/iennast Ha [, siBJasieTcst J0CTYITHOR
U TPYAHOR i f,.

3adawa 27. Jlokaxkure, 910 JI0OAst OJHOCTOPOHHSS IEPECTAHOBKA MOZKET
ObITH IPOJOJIZKEHA 0 CHJIBHO YACTHYHO OJHOCTOPOHHEH (yHKIUEN.
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[TpuBejiem npumepsl (IPEJNOIOKUTENBHO) OJHOCTOPOHHUX HEPECTAHO-
BOK. VI3BECTHBI TPU IIPUMEPA U BCE OHU SBJISIOTCS OJHOCTOPOHHUMU IEPecTa-
HOBKaMu. A mMeHHO, B obsacTsx ompejenennst ¢pyuakinnn Pabuna, dyHknnm
RSA n dyukmun Baovma-Muksam Mbl BBIIEIAM HEKOTOPOE MOIMHOMKECTBO
D,, ¢ takumu croiictBamu: (1) paBHOMepHOe pacipejesienne Ha D,, T0CTYTHO
u (2) upejcraBisgercst HpaBJAOIOJO0OHBIM, YTO PABHOMEPHOE PACIPE/Ie/ICHUE
ua D,, siBJistercst TPyAHBIM (TOBOPsl TOUYHEe, JI0 CUX LOP He YJIAJI0Ch OlIPOBEpPI-
HYTh 9TO MPEANOTI0KEHNE).

Oynrxuyus Pabuna. Paccmorpum caeayroimee muoxkectBe D,,. OHO cocTo-
UT W3 BCEX CTPOK BUJA XY, TJIe Y = P - ¢ W P, ¢ B3AUMHO TPOCTHIE N-OUTOBBIE
aucsia Buga 4k—+3, npudeM x u y B3aUMHO HPOCThl, a T € [0, y) sBJiseTcs 10J1-
HBIM KBa/JIpaToM 10 Moy y. Jdokaxkem, aro dyukinus Pabuna siBisiercs
nepecranoBkoit D,,. ¢cuo, aro f orobpawkaer D, B cebs. [lostomy mocra-
TOYHO JIOKAa3aTh, 9T0 f WHLEKTHBHA. llycTh o = 2% m 2 B3amMHO TPOCTO C P.
Torya no x? MOXKHO HallTH X 0 MOJYJIIO p, BO3Bed X B crenennb (p + 1)/4.
Heitcrsuresbno, (22)PHD/4 = 2P+l = 22 — 2 (mod p). To ke camoe BepHO
M 110 MOJLYJIIO ¢, HO3TOMY 10 X2 U Yy = pq MOKHO Bocctanouth x. (I3 3T0-
ro, KOHEYHO, He cjegayer obparuMoctb pyHkiun PabuHa, HOCKOJIbKY LIS ee
obpaliieHnsi HYy’KHO PA3JIOKUTh Y HA TPOCTHIE MHOKHUTEJIN. )

CrartucTudeckn HEOTIUIUMYIO OT PABHOMEDPHO pacrpejeenuoit va D,
BEJIMYMHY MOXKHO N€HEPUPOBATDH CJIEJYIOIUM 00PA30M TaK Ke, KAK PaHbIIe.
[Tpu 31OM HAM BazKHO, 4TO MPOCTHIX Yuces Bujga 4k + 3 J0CTATOYHO MHOIO:
cpeii BCeX n-OUTOBBIX YUCET OHH COCTABJISIOT 1010 He Menee 1/poly(n).

Oynkuyus RSA. Jlna dyuxnun RSA paccmoTpum ciieayroree moaMHOKe-
cTtBO D,, ee 001acTH OMpeJeIeHNs: B HETO BKJIIOYAIOTCS TOJIBKO Te Tz, JIJIs
KOTOPBIX Y €CTh MPOU3BEIEHNE ABYX MPOCTHIX N-OUTOBBIX YHCEN P U (, YACTIO
x Haxoxutcs B uaTepBase [0,pg), a 2 B3AMMHO HPOCTO €O 3HaYeHHeM QyHK-
uuu Ditiepa Ha pq, ¢(pq) = (p — 1)(¢ — 1). OueBuano, yro dynkuus RSA
otobpaxkaetr D, B ceds. IHbeKTHBHOCTH CJeayeT W3 TOr0, YTO MO MOJIYJIIO
¢(pq) umcao z wveer obpaTHBI sjaeMeHT u. [To9TOMY MO ¥ MOXKHO HafiTH
x, Bo3Benst x” B crenenb u. JlefictBuTenbHo, ¢(pg) €CcTh MOMIHOCTH MYJIBTH-
IJTMKATUBHON I'PYIIBI BBIYETOB 1O MOJLYJIIO PG U 110 TeopeMe JlarpaHzKa Mbl
umeem 7% = 'R0 = 1 (mod pq). U3 sroro, koneuno me ciaemyer, oopa-
tuMHOCTh byHKIE RSA, MOCKOJIBKY /151 o6patieHusi Hy>KHO 3HAThH u (Wjn
GHCJA P W (¢, IO KOTOPBIM U MOYKHO BBIYHCJINTH).

JlocTynmHOCTh pABHOMEDPHOTO pactpejesenns Ha [, He OYeBHIHA W3-3a
TOrO, YTO HAJI0 YMETh MOPOXK/IATH YUCIa, B3auMHO 1pocteie ¢ (p—1)(g—1).
st 3roro Ham HyzKHO 3HaTh paszsioxkenue (p — 1)(¢ — 1) Ha upocTbie MHO-
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kuren. OKa3blBATCs, MOXKHO MOPOXKJIATH PABHOMEDHOE PACIPE/Ie/IEHUE HA
LPOCTHIX N-OUTOBBIX YUCJIAX BMECTE ¢ PA3JIOKEHUeM ducja p— 1 Ha npocrbie
mMHOKHUTETH (eM. [2]).

Oynruyus Baroma v Mursau. na dyaknun Biaoma u Muksam pacemor-
pUM CJIeyolnee NoAMHOXKeCTBO D, ee 00J1aCTH ONpeIe/IeHNs: B HETO BKJIIO-
YAKOTCS TOJBKO T€ TYZ, Y B JIJIsk KOTOPBIX Y €CTh N-OUTOBOE POCTOE YUCIO, T
SIBJISIETCSI TEHEPATOPOM MYJIBTHILIMKATUBHON I'PYIIIBI BBIYETOB 110 MOJLYJIIO Y,
a z € [0,y — 1). ITo onpezenennto reneparopa, Gynkuns Biaroma n Muksan
SIBJISIETCS TlepecTaHoBKoi D,,. JIoCTyHOCTH paBHOMEDPHOTO pacIpeIeIeHnst
na D, HeoueBHHA, 3TO JOKA3aHO B [2].

Teopema 5. Ecau cyuecmeyem 00nocmoportas 0000ueHHas Nepecmanos-
Ka, MO CYUECTBYEN, 2eHEPATOP MUNG N — 0.

2.3 Tpynusiit 6ur

Cravajia MBI HAYIUMCST JT00ABJISTH OJUH CIYUIANHBI OUT K y7Ke WMEOIIMCS.
JLst 3TOrO HAM TTOHAIOOUTCS TIOHSATHE TPYAHOTO OUTA s JaHHOW (DyHKINH.
[Iycts f3,, v, TOC/I€I0BATETHLHOCTE TIAP COBMECTHO PACTIPEIETeHHBIX CIyaii-
HBbIX BEJMYHH, NpUYeM ciydaiiHas Beandusna (3, umeer 3nadenus 0,1. Mbl
POBOPHUM, 4TO (3, SIBJSIETCS] TPYIHO BBIYHCJIUMON 1O IS 7Y, €CJU JIIsd JIEO-
6oit nmocaenosareabroctn cxem C, pasmepa poly(n) BeposTHOCTH COOBITHS
Cy(vn)) = B, npubausurensHo paBaa 1/2 (1o ecth, crpemurest K 1/2 GbicT-
pee 106010 obpaTHOro moarHoMa ot n). To ecTh, caydvaiinyo Beaudanny (3,
HEJIb3sl BBIYUCIUTD 10 Y, C BEPOSTHOCTHIO CYHIECTBEHHO Jiydlneil, 4em npu
npocrom yraapisanun.t Ecin (3, asiserca TpyaHO BBIYACIUMOIL 110 ¥, TO 062
CBOWX 3HAYEHMUsT OHA MPWHUMAET ¢ TIPHMEPHO PABHOI BePOSTHOCTHIO (MHAYE B
kavectBe (), MOXKHO B35ITh CXeMy, KOTOpasi Bbigaer () He3aBUCHMO OT BXOJA).

[Monmuomunasnbao Bbrancanvasi dbyakuns h, : D, — {0,1} gasasgercs
Tpy/AHbIM Outom st byukiuu g, @ D, — D,, eciu ciaydaiinas Bequ4u-
Ha h,(ov,) TPYJHO BBIYUCJIUMA 110 CAyYaiiHOH BesnuuHe ¢, (o), rae o, —
cilydaiiHasi BeJIMYMHA, PABHOMEPHO pacupejiejieHHas B D,.

3(11()(11’%(11 28 OKazKuTe, 4TO €CJInu uMeeTcd T HBbI 6I/IT JId 1epeCrTaHOBKU
)
gn : D — D, TO nepecTaHoBKa CUJIbHO HEOOpaTHUMA.

'B obmiem ciiydae BEpOATHOCTH JIOJIKHA ObiTh npubjnsuTesno pasuoi 1/|M,|, rue
M,, — MHOXKECTBO BO3MOYKHBIX 3HAYEHUH (3.
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Tpyaubivm 6urom st byHkuuu Pabuna siisiercst nocjaepnuii our (uer-
HOCTB), B IPe/II0JI0KeHuu HeoOparumoctu hbyrkinuu Padbuna). Tpyusbiv Ou-
tom st byrkimn Biatova Mukaiu (B mpenoioxKeHnn Heo6paTuMOCTH ITOI
dbyukiyn) spasiercs byukuus h,(xyz) =0, ecin z < (y—1)/2, u h,(xyz) =
1 nnaue.

Jlemma 6. Cayuatinas eesuwuna 3, mpyono 6uluuciuma no vy, mozda u
moavko mozda, k0206 CAYHATUHBE BEAUNUHB [nYn U T GUHUCAUMENDHO
neomausuml. (3dect T ecmu pasromepro pacnpedeeHnolll bum, He3a8uCcU-
MOLTL O, Y. )

Jlokasameavcmeo. B omHy CTOPOHY YTBepZKICHUE JIeMMbI O9€BUIHO: ecan 37y
¥ 7Y BBIYMCJIMTEJBHO HEOTJIMYMMBbL, TO 3 ABIA€TCS TPYAHBIM OUTOM JJId 7.
(Mbr onyckaem ungexc n.) eficTBUTENbHO, 1yCTh UMEETCsl MOC/IeJI0BATE b-
Hoch cxem (), TOTMHOMMAIBHOTO OT 7. pa3Mepa Takas, 9To I OeCKOHEeTHO
MHOTUX 7. BepOSTHOCTD cobbiTust C(7y) = (3 ommmuaercst ot 1/2 ne Menee, deM
Ha ¢ = 1/poly(n). Paccmorpum cirepyrommmii Tect D: OH pUMEHsIET KO BXOJI-
HOil 1nocegoBareabHocT 6e3 nepsoro 6ura C' u BbLgaer 1, eciu pesyibrar
paBeH LepBoMy OUTYy BXOJHOI nociegoparesnbHocru. Ciyuaiinag BeJdduHa
77 MPOXOAUT 3TOT TECT € BEPOATHOCTHIO POBHO 1/2) IOCKOJIBLKY €€ NepBblii
OWT He 3aBUCHUT OT TIOCJEAYIOINX ONTOB 1 npuauMaet 3nadenns 0,1 ¢ paBHbI-
MU BEPOATHOCTAMHU. BeposgTHOCTH TOTO, 9TO TMOCAEI0BATEHLHOCTE (37 TPOii-
JIET 9TOT TECT, B TOYHOCTH PaBHA BeposdTHOCTH TOro, uro C(y) = [. dcHo,
g0 Tect D 3agaercd cXemoil HOJMHOMUAILHOIO OT 1 pasMepa.

Teneps jokazkem ooparnoe. omnycTum, 910 CyHECTBYET MOC/IEI0BATE b
HOCTh cxeM D pasmepa poly(n) rakasi, 9T0 st GECKOHEYHO MHOTHX 7 BbI-
TOJTHEHO

Pr(D(87) = 1] - Pr{D(ry) = 1] = <,

re le| > 1/poly(n). Pukcupyem Jjiioboe u3 srux GecKoOHEIHO MHOIEX N. [TycTh
Juts onpejgenerHocta € > 0. D910 3HaumT, 910 cxema D “Gosbmie jrodur” 3,
gem ciaydaitaerit out. Paccmorpum cienytommii agroputm C' Berauciaenus
o .

Ecau D(0y) = D(17v), o Beigaem 0 n 1 ¢ paBabiME BeposiTHOCTSIME. Ecin
D(0y) = 0, D(1v) = 1, Boigaem 1 (medopmanbhoe obbsicaenue: [ ckopee
pasen 1, yem 0, 10ck0JIbKY cxema Oosibiie Jirobur 1, yem 0). Ecoiu D(07) = 1,
D(1v) =0, Beigaem 0.

BeposiTHOCTh TOrO, YTO 3TOT aJArOpuTM BhigacT (3 pasHa 1/2 + . Yrobwr
JI0KA3aTh 3TO, JIOCTATOYHO JIOKA3aTh ITO MpH JiI0O0M (DUKCHPOBAHHOM 3HA-
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YEeHUU Y CJIy4ailHON BeJIMYMHDBI 7Y BbIIIOJIHEHO PABEHCTBO

Pr[C(7) = 6] = 1/2+ Px[D(87) = 1] - Pr[D(r3) = 1]. (1)

(B 3TOM ypOBHEHWH BCe BEPOSITHOCTH BBIUUCJSIOTCS TPU YCJIOBUH 7y = 7.)
[Tycts 4 dukenporano. Ecau D(05) = D(19) To cxema He 9yBCTBYeT 3aMeHbI
0 ma 1. Ilosromy npasast wacts (1) pasna 1/2. JleBast 9acTh Takzke paBHA
1/2 1o onpenenennto C'

Ecmu D(05) = 0, D(15) = 1, ro seBas gacte (1) pasua Pr[l = f],
a B npaBas paBua 1/2 + Pr[f = 1] — 1/2, u pasencrso Bbinosneno. Ecin
D(0%) =1, D(1%) = 0, To sieast wacts (1) pasna Pr[0 = ], a npasas pasna
1/2 + Pr[8 = 0] — 1/2.

Astropurm C' 3aaeTcst BEPOSTHOCTHOR CXeMO#l NPUMEPHO BJABOE 00JIb-
meit, yem D, 103TOMY HUMeEIOIeil Tak»Ke MOJIMHOMUAIbHBIIH pasmep. MoxKHO
060fiTHCh U ¢XeMoil pa3mepa, HPUMEPHO PABHOIO pa3Mepy cxembl D, eciu
sameTuth, 9T0 C(7) = D(vyr) @ r @ 1, rae r cayvaiineii 6uT, He3aBUCHMBIIT
OT 7. U

[Iyctb h,, — TpymsbIil OUT JAJ1si OAHOCTOPOHHEH IepecTaHOBKH ¢, : D, —
D,,, a ciy4daiinas BeJiM4uHA v, paBHOMEPHO pacupejesneda B D,,. [lo jiemme
ciaydaiinple BenauHbl Ry, () gn() 1 7gn(Q,) BBIYUCTUTEIBHO HEOTINYH-
MbI. BTopasi mMeer To e pacnpejesienne, 9To u rg,(a,). Takum obpasom,
caydvaiinbie BemauHbl hy, (v, ) gn () ¥ TQy, BRIMUCINTETHHO HEOTIHIUMBIL. [0-
BOpst HepopMaIbHO, caydaiinas Beananna hy, (o, )g,(a,) nmeer Ha oxuH GuT
caydaiiHocTu 0oJibie, 4eM ay,. [ToBTopsst 3ToT npuem, MOKHO J100aBUTH BTO-
poii, Tperuii ciaydaiinbie Outbl, u Tak Jjajee. Ha 3rom npueme m 0CHOBAHO
noctpoenue reneparopor [1CY.

[TycTh gaH MPOM3BOJIBHBI NOMMHOM p(n), 3aJafoMnii KOJNYeCTBO CJIy-
YJaliHBIX OUTOB, KOTOPHIE HAM HYZKHO MOy IUTh. PacCcMOTpHM moc/ie 10BaTe h-
HOCTh

a, g(a),g(g(a)),...,g"™ a)

(/151 HATJISLIHOCTH Mbl OllyCKaeM uHjeke n). [Ipumenum Ko Bcem wienam 3o
nocjae10BaTeIbHOCTH (YHKIWIO h. Y TBEPIKIaeTCsi, 9TO TMOJIyIeHHAsT TOCIe-
J0BaTEIHHOCTH

Oy/JieT BBIYUCJUTE/IbHO HEOTJUYUMAa OT CJIydaiiHOW paBHOMEPHO paclpejie-
JIEHHO#T nocJieoBaresibHocT (npu n — o0). Ha camom jiesie, Mbl JloKazkeMm
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qyTh GObIIe: ecim J100aBUTL B XBOCT 3TOi nociegosareasnocta, gPM (a),
TO IIOJIYy4Y€eHHasd 1OCJIe40BaTe/JIbHOCTD 6y,ZLeT BbIYUCJIUTEJIBHO HEOT/INYUMA OT
PaBHOMEDHO pACTpe/IeJIeHHON MOCIeJ0BATEILHOCTH JUIHHBI p(n) ¢ MpUIHCcaH-
HBIM B KOHEIl (v,. JTO YCUJEeHWe HAaM TOHAJI00MTCSA B JaabHeHeM.

Jlemma 7. Ilycmo h, asazsemea mpyonovim 6umom 0as nepecmarosky g, :
D,, — D,,. Tozda das a06020 nosuroma p(n) caywatinbe 6eaudunol

h(a), h(g(a)),.... h(g"™ " @), "™ (@) u riira, ),

BUHUCAUMENDHO HEOMAUNUMDYL (0L HALAAOHOCTIU MbL ONYCKAEM UHOEKC N).
3decv a pasromepro pacnpedesena 6 Dy, a 117y ... Tpm) CAYHGTNHAA PAGHO-
MEPHO PAcnpPedeseHtas cmpora OAuns, p(n), He3a8UCUMaA OM Q.

Jlokasameavcmso. CHavana JoKaykeM yTBep:KjeHne s ciaydaes p(n) = 1
u p(n) = 2. B nepBoM ciydae BBIYHCINTENbHAS HEOTINIUMOCTD CJIYUYaiiHbIX
sesmann h(a)g(a) n ra crepyer u3 Jlemmnr 6: h(a)g(a) = rgla) = ma.
Bropasi u3 3KBUBaJIeHTHOCTEH UMeeT MeCTO, HOCKOJIbKY ¢ HepecTaHOBKA.

Teneps jokazkem yrBepzenue jis p(n) = 2. Hajo ycranoButh HeoT/11-
auMocTh caydaitnpix Beamann h(a)h(g(a))g?(a) u rirea. Pacemorpum “npo-
MeKyTOUHYI0” caydaiinyio Bernanny rih(a)g(a).

Jlokaxkem ee HEOTJIMYUMOCTH OT 00eux cjydaiinbix Bejimdud. Heoryiman-
MOCTb OT T1Taqv cjiejyer u3 neorimaumoctu h(a)g(a) u ry, jgaHHON HAM B
yeaosuu (06e ciydaifiHble BeJMUYMHBL OJYyYAIOTCA NPUIUCHIBAHUEM K 3TUM
CJYYaiiHBIM BEJIMIMHAM OJIHOTO GUTa).

Heorimuumocts cayuaitnbix sesnunn h(a)h(g(a))g?(a) nrih(a)g(a) yera-
HaBJIMBAETCS HEMHOTO cJoykKHee. Paccmorpum mpeoOpasoBanme 1', KoTopoe
1IEPEBOJAUT CTPOKY 71 B cTpoKy T1h(a)g(a). Dro npeobpazoBanue BbIYUC/IH-
MO CXeMaMM HOJMHOMHA/IbHOrO pasmepa. C Apyroil ¢TOpOHbI, 3TO zKe Lpe-
obpa3oBanue MepeBouT caydaiinyio Besnanuy h(a)g(«) B caydaiinyio Ben-
anny h(a)h(g(a))g?(a). Tockobky ciydaitnbie seqmannb 71 u h(a)g(a)
HEOTJIMIHUMBI, OyIeT HEOTIMIUMBI W PE3YJbTATHI MPUMEHEHUsI K HUM TTPeod-
pazoBanusg 1.

Terneps jokaxkem yTBepzK/eHue B oOmieMm ciydae. domnycrum mocsiegoBa-
TebHOCTh cxeM (), HOJMHOMMAJIBLHOIO pasMepa OLIddaer CaydaliHble Bejiu-
YUHBI

h(O&), h(g(O&)), SERS) h(gp(n)—l(a))7 gp(n)(a) a 71,72, .. Tpn), Q.

To ecTb, A1 GECKOHEYHO MHOI'MX 7 BEDOATHOCTH TOIO, YTO II€pPBas CJydaiiHas
BesimarHa nupoxogut rect Cp, OTIMYaeTcst He MeHee, yeM Ha €, = 1/poly(n),
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OT BEPOATHOCTH TOrO, YTO BTOpad CaydaiiHag Besmduna npoxoaut tect C,.
Dukcupyem J1060e takoe n u s Kaxjgaoro ¢ = 0,...,p(n) paccmorpum
IPOMEKYTOUHBIC BEJTMIUHEI

H; = 11,1, ri h(@), hg(a), - (™™™ 7 (@), g7 7 ().

Cnyuaiineie sesmuunnl Hy n H,,) cOBIagaloT co caydaiiHbIMU BeJTUIUHAMHA
u3 ycjioBus JieMMbl. [ToaToMy 1151 HEKOTOPOTO 7 OYAeT BBIIOJIHEHO

[Pr[Co(H,) = 1] = Pr{Ch(Hia) = 1]] = £0/p(n).

Cityuaitnas Besqimauna H; nosiygesa HeKOTOpeIM npeoOpazoBanuem 1’ ¢Tpo-
KW 7173 . . . 4Ti11Q, BEIYUCIISIEMBIM cxeMoii pa3mepa poly(n). Ecan 910 1peod-
pa3oBaHMe MPUMEHHTE K CTPOKE 7175 . .. 1;h(a)g(av) To moyunTest coydaiinas
sesmanna H;. Tlosromy cxema C,(T(rirg.. .71 1)) pa3indaer BeJHInHbI
T1Tg ... TiTi1 0 U 7179 . .. T;h(a)g(@), KOTOpBIE HEOTIUYUMBI, HOCKOJIBKY Ta-
KOBbI T u h(a)g(a). ]

Nrak, Mbl HOYTH JOKA3AJIU CJIE/IYIONIEE YTBEPK ICHUE.

Teopema 8. Fcau cyusecmeem 00HOCMOpoHAA NEPecmanoska (uiu oms oo
0b0bwertan nepecmanoska) u mpyonsd 6um oas nee, Mo 0L HEKOMOPO20
noaunoma q(n) cywecmesyem zenepamop ICY muna q(n) — oo.

Jlokasamenvemeo. CHavania npeaiiookuM, 9to D, ecTh MHOYKECTBO BCEX
ciao jmabl k(n). Torga B kadecrse reneparopa g(n) MoxKHO B3sTh k(n) u
HOJIOZKHUTh
Gu(s) = h(s)h(g())h(g*(s)) - -

[To Jlemme 7 310 orobpazkenue siBiasiercss reaeparopom [TCH. [leiicrBureib-
HO, JIEMMa YyTBEPZKJIAeT, 4T0 JI060e HAYAI0 ITON 1MOCA610BATEIBHOCTH 11011~
HOMUAILHON JIJIMHBI BHIYACINTEIHLHO HEOTJIMUUMO OT PABHOMEPHO paclpeie-
JIEHHOM TI0CJIeI0BATEILHOCTH TOI YK€ JJINHBI.

B obmem caydae BOCTIONB3yeMcst JOCTYITHOCTHIO PABHOMEPHOTO pacrpe-
jgenenns: Ha D,,. Padukcupyem BeposiTHOCTHH aJjiroputM K, KOTOPBIH 110 n
38 HOJMHOMMAJIBHOE OT 1 BPeMsi IFeHEPUPYeT CIydallHylo BeJUYMHY, KOTOPast
CTATUCTUYIECKN HEOTJMYINMA OT CJIY9IaiiHOil BeJUIMHBI (v,, PABHOMEPHO Pac-
npenesnennoii B D,,. Ilycts K ucnoan3yer cayvaiiHyo cTpoKy § JIIUHB ¢(n) n
K, (s) obo3nagaer BeIgaBaeMyto uM cTpoky. Onpenennm rereparop Gy,. Ero
3HAYEHHE HA CTPOKE § JTHHBI ¢(n) Kak

Gi(s) = h(Kn(s))M(g(Kn(s))h(g*(Kn(5))) ...
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B sroit nocieposatenbuoctu [-biit 6ut pasen h(g'(K,(s))) u moxer GbITh
BBIMUC/IEH 33 HOJMHOMHAJIBHOE OT [ + 1 BpeMs.

JlokazkeM, 9T0 OCTPOEHHBIH reHepaTop G, HajgexeH. [lycts p(n)  mpo-
W3BOIBHBIH TosmHOM. Ciyuaitnast Bemanna K, (s) HeoTImanMa ot CiryJaii-
HOM BeJIMYMHBI v, TecTamu pa3mepa poly(n). [Tosromy u nepseie p(n) 6uTon
G, (s) HEOTIMYUMBI OT

h(a)h(g(an)h(g*(an) - .- h(g"™ ™ (an))

Tectamu TOro ke pasmepa. Ilo Jlemme 7 nocse/nsiss HeOTIMYMMa OT PABHO-
MEPHO PACIpPeJIe/IeHHON 10C/IeI0BaTeIbHOCTH TecTamu pasMepa poly(n). O

['enepaTop, MOCTPOEHHBII B J0Ka3aTEILCTBE TEOpeMbl 8 00J1a1aeT JIBYMs
IIPAKTUYECKU BAXKHBIMH CBOWCTBAME, HE OTPAXKEHHBIM B oupejesenud. (1)
[To panHOMY 1 1 § Gurhl HOCAEAOBATELHOCTU (G (S) MOXKHO BBIUUCIISITH 110
ouepead Tak, 4TO HA BLIYMCJIECHUE OUYepPEeIHOr0 OMTa YXOJUT BPEMs, OTpaHu-
YEeHHOe HEKOTOPHIM MOJMHOMOM OT 7, He 3aBUCALNIMM OT HOMEpa 3TOro Ou-
ta. JleficTBUTEIHHO, BRIYUCANB [ TIepBBIX OMTOB (G, (S), MBI COXpaHseM CJIOBO
gl(s). JL1st BBIYHMCIEHUS OYEPEIHOINO OUTa HAJIO IPUMEHUTH K CHadaJj1a pyHK-
U0 ¢, & MOTOM K II0JIy4eHHOMY CJIOBY npuMeHutb dyukmuio h. (2) dis
JF000T0 HOJTMHOMA P J1I00ble p(n) noApsl uiaymux 6uToB (a He TOJIBKO Hep-
BbI€) CTeHEPHUPOBAHHOI MOCJIEI0BATEHHOCTH BHIYUCINTETHLHO HEOTTHINMbI
OT PAaBHOMEPHO pACIpeJeJIeHHON TOC/Ie0BaTeIbHOCTH JUIHHBI P(1).

Bameuanue. B kakoMm mecte JoKazareabcrBa JIeMMbl 7 Mbl HCHOJIB30BAIT
TO, 4TO @, ABJILETCs HepecTaHoOBKO? POBHO B 0JHOM MecTe, a UMEHHO, KOrjia
UCIIOJIb30BA/IM BBIYUC/IUTEIbHYIO HEOTJIMYUMOCTD CJIy4ailHbIX BEJIMYMH (v, U
gn(a,). TloaTromy B ycjoBuu JieMMbl TpeGOBaHHe WHHEKTHBHOCTH ¢, MOYKHO
3aMeHnTh Ha OoJiee ciaaboe TpeboBaHMe: CJaydaiiHble BEJUIUHBI (, W gn ()
BBIYHCINTETLHO HEOTIIMIUMBI (TJe «v,) paBHOMepHO pacrpejenena B D).
Byusem dynkuun g, ya0BJAETBOPLAIONNE 3TOMY OCJIa0JIEHHOMY TPEeOOBAHUIO
HA3BIBATH 0000UWEHHBLMU NEPECTNAHOBKAMU.

Wrak, MBI ojiydaem CJIeLyIoliee yTBepKIeHNe.

Teopema 9. Ecau cyuwecmeem 00HOCMOPOHAA 0000UeHHAA NEPECNMAHOBKA
u mpyonwl bum o mee, mo das HeKomopozo nosunoma ¢(n) cywecmeyem
eenepamop I1CYH muna q(n) — oo.

13 310it TeOpeMbl Mbl HOJIyHdaeM CJIELYIONIEe CJIeICTBHE:
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Teopema 10. Ecau 0as HeKOmMOPoti NOAUHOMUAADHO SbUUCAUMOT PYHKUUU
k(n), oepanuvennoti ceepry nosunomom, cyuecmeyem zenepamop G, muna
k(n) — k(n) 4+ 1, mo das nexomopoeo noaunoma q(n) cywecmeyem z2enepa-
mop IICY muna q(n) — oo.

Jlokazamenvemeo. Oboznauum yepes hy,(s) nepsbiii 6ur G, (s), a yepes g, (s)
ocrasnbubie k(n) 6mToB. Mbl HOJYYH/IN TOJNHOMHATIBHO BHIYUCIAMYIO 0606~
IIEHAYTO TIepPecTanoBKy g, : {0, 1}¥™) — {0, 1}*(™ pyvecre ¢ Tpyamasiv 6urom
qst Hee. OcTasioch BOCIOJIB30BaThCs Teopemoit 9. U

3adaua 29. JlokaxknTe, 9TO €CJIH JJIsT HEKOTOPOTO MOJNHOMA ¢(n) CyIIecTByer
regeparop [ICH rtuna g(n) — oo, To cymecrsyer u reseparop [ICH rtuina
n — oo.

2.4 OrcrymieHne: HaJIE2KHOCTh TeHepaTopoB no o

B HeKOTOpBIX MPUIOKEHUSIX TeHEPATOPOB TICEBIOCTYIalHBIX YUCE]T HAM BCe-
'O JINTIH HY?KHO, 9TOOBI HEBO3MOYKHO OBIJIO TPeICKa3biBATH HUKAKOI OUT cre-
HEPUPOBAHHOI TMOCIEI0BATEIHLHOCTH TIO €€ TPEIbIIYIINM OUTaM ¢ BEPOSATHO-
CTBIO, CYIIECTBEHHO oTinvaroieiicst or 1/2 (maupumep, B kKa3uno). ['eneparo-
PBbI, YJIOBJIETBOPSIONIKE 3TOMY TPEOOBAHUIO HA3BIBAIOTCS HAJIEXKHBIMU 110 10

(Yao).
Oupesenenne. IycTb nMeeTcst 0CI€0BATENIBLHOCTD CJIyYalHBIX BEJIUINH
al,a? o) ... m Kaxzas @ NIPUHUMAET 3HAYEHWS B B MHOYKECTBE GECKOHed-

HBIX IIOCJIe/I0BaTe/IbHOCTeN HyJieir u ejgunuil. Mbr Oyjgem roopurthb, 410 o
HEOT/IMYUMa 110 710 OT paBHOMEPHO PACIPE/Ie/IEHHON HOC/Ie10BATEIbHOCTH,
ecm Jiisd JIF000# OC/IeJ0BATEIbHOCTH UHJIEKCOB i, < poly(n) cayuaiinas
BEJINIMHA O g (i, + 1-B1it GUT ™) SABJASIETCST TPYIHO BBIYUCINMA MO CJIy Taii-
Hoit Besmumne (a”); (Rawamo AMHBL i, nocaenoBartenbrocTn ). ? Tene-
paTop TUIIA N — 0O HA3BIBAETCA HadescHbiM Nno o, ecim reHepupyeMasi UM
ciaydaiiHasi BeJIMUMHA HEOTJIMIUMa 110 10 0T paBHOMEPHO paclpejieieHHOi
OCIeJOBATETLHOCTH. S

Ecmm caydaitnas BeqndmHa BHIYACAUTETHHO HEOTININMA OT PaBHOMEPHO

pacrpeieJIeHHO| CJIyYaitHOI BeJIMYMHBI, TO OHA HEOTJIWYNMa OT Hee U 1o fo.

in

HeiicrBuresibHO, 110 jieMme 6 ciydaiinas Besmanna (a); 1 TPYAHO BbIYUC/IH-
Ma 110 caydaiinoii Beqmanne (a'); TOrJa U TOJIBKO TOLJA, KOIJA CIydaiiHbie

2MO2KHO 1aTh OlIpe/e/eHHe HeOTIMYUMOCTH 10 10 JIOOLIX JIBYX CJIydailHbIX BEJUMYUH
B MHOKECTBE CJIOB OJIHOf JIMHBI, HO OHO HAM HE MOHATOOUTCH.
3 AHasorudHO JaeTcs onpeiesienne HadeKHOCTH 110 Yo reHepaTopos suma k(n) — 1(n).
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Besmaunbl (@"); 41 1 (@);, 7 BBIYUCIUTEBHO HEOTIHYUMbI. A 1mocjienHee
BEPHO, IHOCKOJIbKY 00€ ciiydaiiHble BeJIMYUHbI HEOTJIMYUMbI OT CJIYYaiiHOM Be-
JIMIUHBI, OT PABHOMEPHO paclpejie/IeHHON Cpesin CJIOB JIWHB 4, + 1. BepHo
n obpaTHoe.

"8 MHOMNCECTMBE DECKOHEYHBLE

Teopema 11. Ecau cayuatinas eeauquna o
nocaedosamenvrocmets Hyset u edunuy, Heomausuma no Ao om pasromepro
pacnpedeserHnoti CAYUaiHoT GEAUSUHDL, O OHA GOLYUCAUTMENDHO HEOTLAUYU-
ma om nee. Caedosamenrvro, 110601 Hadestcnuiti no 5o 2enepamop nadescen

6 00BIYHOM CMDBLCAE.

Jokasamenvcmeso. Tlycrs C,, mpou3BoIbHAS MOCTEI0BATETHHOCTH CXEM pa3-
mepa poly(n). Ham nvago jpokasars, uro C), He orjindaer ' 0T PABHOMEPHO
pacipeje/ieHHOR crydaiinoil Besmautbl. O003HAYMM depes l(n) KOJITYECTBO
BxooB C),. Pukcupyem nponsBojbHoe n u st Kaxaoro 0 < i < I(n) pac-
CMOTPUM CJIyYaiHYI0 BeqimannHy H;, KOTopas MOJydIuTCs, €CIu B TOCJe10Ba-
TEJILHOCTH " 3aMEHUTH BCe OWTHI, HAUNHASA C { + 1-0T0, HA CJIyYaiiHbIe OUTHI,
Hesasucumbie o1 . fcno, uro navyano Hyg, jausel [(n) pacupejesieno Tak
Ke, Kak Hadajao o junbl [(n), a Hy paBaomepno pacupegesena. O6o3Ha-
9UM Yepes i, TOT uHIAeKC, st koroporo |Pr[C,(H;) = 1] —Pr[C,(H;41) = 1|
MakcuMaibHo. CpaBHuUM ciydaiinble Beqnauubl H; n H; . Y HUX nepBbIe ¢
ouTOB paBHbI ¢ 1MepBbIM OuTam a”. [locaeanue n — ¢ — 1 6uTOB BHIOUpAIOTCS
caydaitno. Pazauna To1bKo B ¢+ 1-om Oure, KoTopbiii B H; BoiOUpaercst cJiy-
yaitubiM obpazom, a B H;y 1 Oeperca uz . [lockoiibky o' Heorimduma 110
9lo o1 paBHOMEDPHO pACIPeeeHHOl HOC/IeJI0BATEIbHOCTH, Oy +1 (BepxHuii
WHJIEKC 1 OMYCKAaeM) HeBO3MOYKHO BBIYHCJINTE 110 (();, € BEPOSITHOCTHIO, CY-
MeCTBeHHO oTanvatomieiics ot 1/2. Tlo emme 6 corydaitibie Beanannbl (a);, 11
¥ (@v);, T BBIYUCIUTETBHO HEOTIMIUMBI (3/€Ch 7 CJlydaifHblii PABHOMEPHO pac-
pe/Ie/IeHHbIT OUT, HE3ABUCUMBIH OT (v). SHAYUT U CIydaiiHble Beuaunbl H;,
v H; 1 BBIYMCJIMTEJIBHO HEOTJUYUMbl (OHU 1OJIyYAIOTCsl IIPUIIUCHIBAHUEM K
()i, +1 w (a);, T, COOTBETCTBEHHO, CAYYaiiHON HE3ABUCHMON TMOCJIeI0BATEh-
wocrn). CrenoBarenwro, Besmanna |Pr[C,(H;, ) = 1] — Pr[C,(H;,11) = 1]
CTPEMUTCST K HYJIO0 ObICTpee JI000ro obpaTHoro mnojauaoMa ot n. llocko/ib-
Ky semuunna |Pr[Hy) = 1] — Pr[C,,(Hp)) = 1]| ue 6onee, gem B [(n) pa3s
HPEBOCXOJIUT ATY, TO U OHA CTPEMHUTCS K HYJIIO ObicTpee JIFOOOI0 0OpaTHOIrO
IIOJINHOMA OT 1. O
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2.5 IlocTpoenme (bpyHKINMN, SABJILAIOIIENCS TPYIHbIM Ou-
TOM

[Iycrs f, : D, — D, neobparumas o0000IIeHHas nepectanoBka u D, C
{0, 1}, Paccmorpum dbyukuuu g,, b, oupejenennbie na MuoxKectse D, X
{0, 1Y pagencreavm g, (zy) = fo(z)y m hy(zy) =  © y. 3aech BeIpa-
JKeHne ry o003HaYaeT KOHKATEHAIWIO CJIOB X,y JUMHBI [(n), a £ O y =
Zi(:nl) x;y; mod 2. dcHo, uro bynknuu g, u h, TOJTUHOMHUATHHO BHIYUCIAMBI
u g, sBJsgeTcs 0000IeHHol mepecranoBkoii. Teopema lonbapaiixa Jlepuna
YTBEpIKJIAeT, 9T0 h, ABJIAETCS TPYIHBIM OUTOM sl Hee.

Teopema 12 (Tosbapaiixa Jlepuna). Ecau f, cuavro neobpamuma, mo
Pynruua Oy asasemcs mpyonvm oumom das gyrkuun g, (x,y) = fn(x)y.

JlokazaTeshCTBO OCHOBAHO HA BO3MOYKHOCTH BEDPOSITHOCTHOTO JEKOIHPO-
BaHWs TaK Ha3bIBaeMbIX KOA0B A mamapa. Kodom Adamapa cioBa x JJIAHBI M
HA3bIBAETCS MOCJIE0BATEILHOCTD JIUHBI 2™ COCTOANAs U3 3HAYEHUNH T O Y
JUI BCEX CJIOB Y JUIMHBL m. ZlcHo, 4ro 1o Koay Ajgamapa MOXKHO BOCCTa-
HOBUTb CAMO CJIOBO — i-blii OUT T €CTb CKAJSPHOE IIPOU3BEACHUE T C I-bIM
eMHUIHBIM BEKTOpOM e;. Ham moHamobuTest crmocobHOCTh Koma A tamapa “nc-
NpaBIAThL OMUOKK’. DTO O3HAYAET, YTO €CJW B Koge Agamapa CJIOBa T W3-
MeHNTH He Gosiee dem (1/2 — €)2™ GUTOB, TO MO MOJYIEHHOI CTPOKE MOYKHO
OTBICKATh CIIUCOK U3 poly(m/€) ¢TpoK, cpejiu KOTOphIX eCTh .

JIemma 13. Cywecmesyem sepoammnocmuniii arzopumm, Komopoli, 0it a0-
0020 €066 T OAuHbL T U 4100020 €, NOAYYUE HA BLOD M U £, U UMEA 6 KA4e-
cmee opakyaa aobyro dynkyuro s(y) maxyro, wmo Pr(s(y) = x©y| > 1/2+-¢,
3a noAuHOMUAALHOE om M, 1/ epems ¢ 6epoammnocmyvio He menee 1/2 nazo-
dum nexomopuili cnucok ca06 (pasmepa poly(m,1/€)), codeporcawut x.

D1y JIeMMy Mbl JOKAXKEM 1032ke. A ceifuac 3aBepuiuM J0Ka3aTe1bCTBO
TEOPEMBbI, UCIIOJIb3YsI €e.

Jonyctnm mpoTuBHOE  JIJIst DECKOHEYHO MHOTHX 7 CYIIECTBYET CXema
C,, pasmepa poly(n) rakasi, uro BepositHOCTh cobbiTust Cy,(f(z)y) = z Oy
He menbine 1/2 + ¢, rae €, = 1/poly(n) (cioBo = BbiOupaercsi paBHOMED-
1o u3 D, ciioso 3y Beibupaercsa pasuomepno us {0, 1} nesapucumo or ).
Badukcupyem HEKOTOPOE 1 U3 TOr0 GECKOHEYHOIO MHOZKECTBA U MOCTPOUM
BEPOSITHOCTHYIO CXeMY TOJIMHOMHUAIBHOTO OT M. pa3Mepa, Kotopas Oyaer 00-
pamarh f() ¢ BepOSTHOCTHIO HE MeHbINe £,/4. Dra cxema paboraer Tak:
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OHA 3aIlyCKAeT aJrOPUTM U3 JIEMMbI 13, HCHOJIb3Ysl B KAYECTBE BHEIHEH 11PO-
ueaypot s(y) = Co(f(2)y), u £,/2 B KadecTBe €. 3aTeM It KazKJIOTO W3
Z, BBIJAHHBIX aJTOPUTMOM, cxeMa Bhrancaser f(I), cpaBHUBas TOJIyYeHHOe
sHavenne ¢ f(x) u BIIaeT neppoe I, mias koroporo f(z) = f(x). Ecan takoro
T B CTIMCKE HE HATIJIOCH, TO CXEMa BBIJAET, 4TO YTOIHO.

O1ueHuM BEPOSTHOCTH € KOTOPOI 9Ta cxeMa HnpaBujibHO obpamaer f(x).
O6o3naunm 4epe3 p(x) seposraocrb Pr[C,(f(z)y) = z ® y. [lo nemme 13
cxema 06paTuT f(Z) ¢ BEpOSITHOCTBIO He MeHbIe 1/2 st 11060r0 TaKkoro T,
aro p(x) > 1/24¢€,/2. TloaToMy 10CTATOUHO J0KA3ATH, UYTO ¢ BEPOSITHOCTHIO
He MeHbIne £,/2 Beinonneno p(a) > 1/2 + €,/2. D10 Jgerko 10Ka3aTth OT
pOTUBHOTO. JleficTBUTENBHO, 110 yCJOBUIO CPEJIHEe 3HAYEHUE BeJMIuHbl P(T)
He Menbiie 1/2+¢e,. Paznennm Bee © Ha Te, jis Kotopbix p(x) > 1/24¢€,/2,
1 octasbabie. Ecm Obl 2 Tonagano B nepBblii KJIACC ¢ BEPOITHOCTHIO MEHBIITE
€n/2, TO cpesiHee 3HaUYeHMe BeaudnHbl p(x) OblI0 OB MenbIe (£,/2) -1+ 1 -
(1/2 4+ €,/2) = 1/2 + €, (nepBoe ciaaraemMoe B 9TOH CyMMe OrpaHWYHBAET
CBEPXY BKJIAJL B CPEJIHEE BCEX T U3 NEPBOIl IPYIIbl, BTOPOE CJAraeMoe —
BKJIAJI BCEX OCTAJIbHBIX).

Tenepb HaM HYKHO JioKa3aTh Jlemmy 13.

2.6 JlokazareabcTBO Jlemmbr 13

JekomupoBanue Koma Amamapa, NCIIOPYEHHOTO MEHEE YeM B YeT-
BEPTU OUTOB

Caauasia 00bICHUM, KAK MOXKHO 33 KCIOHEHIMAJIBHOE OT N (JJIMHBI CJIOBA
X) UCHPABJIATH KOJ Ajjamapa cJioBa T, UCIIOPYEHHBI MEHee 4eM B 4eTBepTH
outos. Ilycts 2 Hemcnopuenusiit Ko Ajjamapa cJI0Ba &, TO €CTh CJIOBO JTHHBI
2"y kotoporo out HOMEp ¥y paBen xr ® y. llycts Z WCTIOPYEHHBIH KOJI
Aamapa, TO ecTh HEKOTOPOE CJI0BO, KOTOPOE OTJINYAETCs OT Z MEHee, 9eM B
geprepru nosunuii. Ham mano Z u Hamo Haiitu x.

Bysem nHaxoautb Ourhl cjioBa x 110 odepeju. g Toro, urobbl HalTH -
bIit OUT x;, TepeHyMepyM MBICJIEHHO OUTHI CJIOBA 2 CJAeIyIoONuM odpa3om. bur
HOMeD y Terneph Oyaer paBeH O (yPe;), a He Oy, Kak panbine. (Hamomanwm,
910 €; 0OO3HAYAET CJIOBO, HMEIOIee B i-Of TO3WINW, W HYJIH B OCTATHHBIX.)
OB60o3Ha4NM TIOMyUHBIIeecs CI0BO depes z'. Herpyano moHaTh, 4To

2y =r0Wda)=@0yd@0e) =(r0y) ;.

[Tosromy, eciu i-biit GuT CJI0BA T paBeH HyJ0, TO ' = z, a uHade 2' = Z (rak
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Mbl 0003HAYUIHM CJIOBO Z, B KOTOPOM BCe OuThbl nHBepTUpOBaHbl ). O603HaAYMM
gepes Z' pesyabTaT aHAJIOIMYHO IepenyMepanuyu OuToB cioBa 2. [JocKoabKy
CJIOBO Z OTJIMYAETCS OT CJIOBA 2 MeHee YeM B YeTBePTH TO3WIIWil, JIJIsT HEro
BEPHO cJleylomee. Bean i-brit OUT ca0Ba o paBeH HY/IO, TO 7' OTIMYaeTcH
OT Z MeHee YeM B IMOJIOBUHE TMO3UINIA, a WHadYe OHU OTJIUYAIoTCs Hojiee deM
B nosiopuHe nosunuii. 11o3ToMy, cpaBHEB Z' M Z MBI CMOXKEM IOHSATH, YeMy
paBeH ¢-blii OUT T.

dexonupoBaHme cnuckoM Koaa Amamapa, UCIIOPYEHHOTO MEHEe YeM
B TI0JIOBUHE OMTOB, 3a 3KCIOHEHIINAJIbHOE BpeMs

[Tycth Temepb HaM M3BECTHO, YTO CJOBO Z OTJIMYAETCs OT Koja Ajamapa z
cioBa = He Gosee deM B (1/2—¢)2" nosummit. OGbsICHIM, KaK 3a IKCTIOHEHIH-
aJbHOE OT N BpeMsl HallTu cuucok pasmepa poly(1/e), copepxamuii z. fcuo,
4TO HAJ0 HAfTH CHUCOK BeeX 0B ' Koabl AjaMapa KOTOPBIX OTIMYAI0T-
cst o1 Z He Gosiee yem B (1/2 — £)2" nosunmii (CJIOBO & COMEPIKUTCS B ITOM
CTIIMCKe, U 00paTHO, JII000€e CJI0BO W3 3TON0 CIUCKA MOTJIO Obl OBITH MCXOIHBIM
x). TToaromy Ham HEOBXOIMMO W JIOCTATOYHO YOEANTHCS, 9TO STOT COAEPKUT
poly(1/¢) ciios. Mbi jiokazem, uro B Hem ne Gosee (1/2¢)? cios.

JIis 5TOro paccMOTpPUM Ha JIMHEHHOM HPOCTpaHCTBe BeeX (GyHKIMHA u3
{0,1}™ B R ckansiproe nponssenenne (r,t) onpemesnsieMoe Kak CpeJHee 3Ha-
denne caydaitnoit Besmananl r(y)t(y):

(r,t) =27 r(y)t(y).

Y

(Herpyano npoBeputhb, Bce aKCHOMbBI CKAJISIPHOTO HPOU3BEJEHUS] BbIIIOJIHE-
ubl.) Croenaem B Koze Agamapa ciaoBa x 3amenbl 1 — —1 u 0 — 1. To ecth
OTHBIHE Oy/IeM CUNTATh, UTO y-bIii OnT Koga Aamapa cioBa = pasen (—1)%Y.
Y10 MOKHO CKa3aTh O CKAJISIPHOM HPOU3BeieHUU Z U 2 (OUThl Z 3aMEHSIIOTCs
aHaJI0ruIHbIM 00pa3om)? B noburoBom npoussesenun z u Z Oyjer ue boJiee
dem (1/2 —€)2" MuHyC €JMHUI], & OCTAJIbHBIE YIEHBI HOOUTOBOIO MPOU3BE/Ie-
g OyayT pasabl 1. TTosromy

(2,2) > (1/24¢) = (1/2 —¢) = 2e.

Ausropur™ m3 npegpiymero naparpada (BoccranoBaeHust Koga Ajgamapa,
UCIIOPYEHHOTO MeHee 9YeM B YeTBEPTU 6I/ITOB) MOXKHO U3JIOZKUTH B 9TUX TEp-
MHWHAX TakK. MHBepTI/IpOBaHI/Ie MeHee YeTBepTu 6I/ITOB B OJJHOM U3 BEKTOPOB
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U, v MeHsieT CKaJisipHoe npousseaenue (u,v) menee yem ua 1/2. [Tosromy cka-
JisipHoe npoussejenue (Z, 2') ormuuaercs or (2, 2') menee yem na 1. Tocies-
nee ke paBHo +1 wam —1 B 3aBucnmoctn or x;. I[lostomy no 3maky (Z,Z")
MOYKHO HAWTH I;.

Herpyzano mposepnTh, 910 KOAB Amamapa BCEBO3MOYKHBIX CJIOB JJIAHBI
n 06pa3yloT OPTOHOPMUPOBAHHBIN Oa3uc B mpocTpaHcTse R2': OHU HOIAPHO
OPTOrOHANLHBI, CKAJIAPHBIA KBaJApaT KazKJI0r0 U3 HUX paBeH 1, a uxX KOJu-
YeCcTBO PaBHO pa3MepHocTH mpocTpancTBa. [loaromy mis mwboit dyakmm r
CyMMa KBaJIpaTOB CKAISPHBIX MPOU3BEICHUN 1 ¢ 3TUMN (DYHKIUSIMHA paBHA
CKaJSIPHOMY KBajpatry 7. B wacTHocTH, 5T0 BepHO M 171a Z:

Y (227 =(22"=1
2
(3zech z upoberaer kol Ajiamapa Beex ¢Tpok iunbl n.) CiiegoBaresibHo,
KOJIMYECTBO 2, JUId KOTOpbIX (2, Z) > 2¢, ne upesocxoaur 1/(2¢)% Bee Takue
2 MOXKHO HaiiTi mepeGopom 3a Bpemst 290" u cpean HEX TPHCYTCTBYET KO
Amamapa MCXOIHON CTPOKM.

IlommHOMMaIbHOE JIEKOAMPOBaAHME CONCKOM Koaa Agamapa, mcrop-
YeHHOTO MeHee 4e€M B IOJIOBUHE OUTOB

B nokazarenbcTBe HAM MOHAZOOMTCST CIOCO0 “mernteBo” MPOM3BOAWTH MHOTO
MOTIAPHO HE3aBHCHMBIX PABHOMEDHO PacCHpeIeIeHHbIX BEKTOPOB IJIUHBI 7.
JLnst sToro paccmorpum OyiaeBy marpuna A pasmepa n X [ Marpuma A 3a-
Jlaer JmHeiiHoe orobpaxKenue y — Ay u3 [-MepHOTO B n-MepHOEe JIMHETHOrO
IIPOCTPAHCTBA HAJL 110JIEM BBIYETOB 10 MOJYJ0 2 (BCE OlEpAlldi BbILOJIHS-
IOTCST B TI0JIe BBIYETOB 110 MOJYJIIO 2).

Jlemma 14. ITyemov y; # yo 0d6a pasaununois nenyaeswus sexmopa. Tozda
caysatinoe seaununol Ay; u AYs HE3ABUCUMbBL U PAGHOMEPHO PACTPEOEEHb
cpedu cmpok dauro k (ecau A 66uUpaemcs cAy4atino no pa6HOMEPHOMY Pac-
npedesenuio).

oxasamesvemeo. PaBaomepHas pacupeeieHHOCTb Ay oyeBuana. Jokakem
nezaBucumoctb. Orobpaxenue A — (Ayy, Ays) sBisiercst JuHeHHbBIM 0TOO-
parkeHWeM U3 MPOCTPAHCTBA MATPUIL pa3dMepa k X [ B POCTPAHCTB MATPUIL
pa3mepa k X 2. [losTomy Bce 3jieMeHTHI B 00pa3e 3TOro 0TOOpaKeHnst UMErOT
OJINHAKOBYIO KPATHOCTH (PaBHYIO MOIIHOCTH €ro0 sipa). SHAYHUT, HAM J[0CTa-
TOYHO JOKA3aTh €ro CIOPbEKTUBHOCTL. HeTpyaHo Bugerh, 910 310 0TOOpazke-
HUE COCTOUT B YMHOXKEHHH CIIpaBa Ha MaTpuity M, cOCTOAILYIO0 U3 CTOJI0IOB
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Y1, Yo. HaMm Hy2KHO J0Ka3aTh, YTO PAHI TOH MATPUIBI PABEH 2. DTO CJELYEeT
U3 TOrO, YTO CTOJIOIbI ITOW MATPHUIBI PA3JINYHBI U HE PABHBI HYJIIO. ]

AJIropuT™M IEKOAMpOBAHMS CIMUCKOM OCHOBAH Ha TOIl »Ke uiee, 9To M aj-
rOPUTM UCIPABICHUA MeHee yeM derseprr ommbok. KazKk iplit BeKTop B cuuc-
Ke Mbl OyjeM uckatb 6uT 3a Ourom. I[Ipu uznoxkenun ajiropurMa Mbl OLSTH
OyJieM MCIOIh30BATh CKAJIAPHOE TPOU3BEIEHNE, BBEICHOE B TIPEABILYIIEM Ma-
parpade.

[lycts z  kom Amamapa cioBa x (COCTABIEHHBI W3 IMUIIOC-MUHYC €11~
uun). [lycrs Z orinaaercs or z uaepruposanuem He 6osee, yem (1/2 —¢g)2"
6uToB, TO ecth, (z,%) > 2¢. Herpyauno nposepurs, uro (z,2') = (—1)%(z, 2).
(Meiicrsurensuo, (z,2") = (24,2) = ((=1)%2,2) = (—1)%(z, 2).) [Tosromy,
JUIS1 HAXOYKJICHUS T; IOCTATOYHO BBIYUCIATD (2, Z°) ¢ TOUHOCTBIO 2€: €CJIN MO-
JIYIEHHOE YWCJIO OTPUIATEIHhHO, TO T; = 1, a ecJin MoJ0KUTeJIhHO, TO x; = (.

Kak nam naiitu (2,2") ¢ nyxuoii rounocrsio? [Ipobaemsr 3ech jBe: Bo-
LEePBBIX, Mbl HE 3HAEM Z, BO-BTOPBIX, JazKe IIPH M3BECTHOM Z BbIUYUCJICHUE
CKAJIAPHOIO HPOU3BeAeHus TpedyeT SKCHOHEHIMAILHOIO BpeMeHu. Bropyio
po6JIeMy PENUTh HECI0ZKHO: Belh HaM He HY’KHO TOYHO BHIYUCAATH (2, Z).
MoKHO OmeHnTh (Zz,Z') BEPOATHOCTHBIM AJATOPATMOM € TOMOIIBI0 3aKOHA
OoJibux 4ducesi. st 3T0ro paccMoTpuM BeJIMYUHY

Si=> 2(y)F (),

J=1

rjie yi,...,YN BBIOMpAIOTCS CJAyYailHO cpeju CTPOK JauHbl n. Hackoabko
00IBIIUM HAJ0 B34Thb [N, 94TOOBI ¢ OOJBIION BEPOATHOCTHIO 3TO MIPUOIHKE-
uue 6bu10 2e-61u3k0 K (2, 2°)? [lis oTBeTa Ha 3TOT BOLIPOC HAM JOCTATOYHO
caeayroteit popMbl 3aKOHa OOJIBITNX YNCEJI.

Jlemma 15. Ecau cayuatinoe seauvumo, &1, ..., En NONAGPHO HE3ABUCUMDYL U
umerom 0dunarosoe pacnpedenenue, Mo OAL BCET NOAOHCUMENLHLT O BEPO-

AMHOCTL COOBIMUA
G+ +En

_ >
N E&| >0

ne npesocrodum D &/ (N?). 3decv E& u DE; 0bosnauarom mamemamurie-

ckoe ootcudanue U QUCNEPcuro cAyualinot seaununs, & (no Yycrosu onu He
aaeucam om i).

31



Jloxazamesvemeo. VI3 nonapHoit HE3aBUCHUMOCTH CJIEJYET, YTO JIUCHEePCHUst
caydaiHOi Benumuusbl & + - - - + £y paBHa cymMme gucnepcuit &1,...,&y, TO
ectb, N D¢;. Ilockonbky ciydaiinbie BeJIMIuHbl &1, ..., N OJMHAKOBO pac-
npeJiesieHbl, cpejanee 3uadernne cymMmol & + - - - + &y paBao N E&;. [losTromy,
eCJIN YKa3aHHOE B JIeMMe COOBITHE HMeeT MecTo, TO Beananna (&1 +- -+ &y —
NE&)? ne menbiie 62N?, a 3Ha4uT NPEBOCXOJUT CBOE CPejlHee 3HAYCHUE B
Né&?/ D¢ pas. Beposgrocts aroro ne upesocxoput D &;/(N§?). O

Mpur 6yaem BHIOUpATSH Y1, . . ., YNy HEKOTOPHIM XUTPBIM 0Opas3om. [Ipu srom
OHZ Oy/1yT HONAPHO HE3ABHCHMBI U KazKJI0€ Y; OyJeT PABHOMEDHO PACIpejie-
JIEHO CpeJ CTPOK Jyimibl 1. [Toaromy cpeanee 3nadenue ciydvaiiHoii Besiu-
annbl & = z(y;)Z'(y;) pasuo (z,2"). Jucnepcust 3Tofi BeJMYMHBI HE Hpe-
BocxoauT 1 (moromy uWro oHa mpuHUMaer 3uadenust +1). TTosromy Bepo-
ATHOCTD coObrTust |S; — (z,2")| > 2¢ me mpesocxomut 1/(4Ne?). Tomoxum
N = [n/2e%]. Torpa BepoaTHOCTD 3TOTO COObITHS Oy1er He Goubie 1/(2n).
3HauuT, ¢ BepOSITHOCTHIO He Menee 1/2 s Beex ¢ = 1,...,n Oyjer BbioJ-
neno |S; — (z,2Y)| < 2e.

Terepb MbI yKazkeM crocod BeIGOpA i, . . ., yy. [Homoxum | = [logy(N +
1)] w mycrb wq, ..., uy nepebie N HEHYJIEBHIX BEKTOPOB [-MEPHOTO MPOCTPAH-
CTBA, 3aHyMEPOBaHHbIE B JIIOOOM nopsiike. Bosbmem ciydalinyio MaTpuily
A pasmepa n X | u nonoxum y; = Au;. Ilo Jlemme 14 Bexropa i, ..., Yy
HOIAPHO HE3ABUCHMbI M PABHOMEDHO PACIPEIEIEHbI CPeJAH CTPOK JJIMHBI 7.
A cnemoBaresnbho, mo Jlemve 15 ¢ BeposiTHOCTIO He Menee 1/2 st Beex i
BRITIONHEHO |S; — (2, 2Y)] < 2.

OcTanoch TOIBKO MOHATH, KAK MOYKHO JIJIst JAHHBIX Y1, . . ., YN BHIYACIUTH
S;, HEe 3Has 2z. 3/1€Chb HAM NPUXOJUT HA IOMOIIb OCOOBIH COCOD BbIUYUCICHUS
yj. Benomunm, aro y; = Auj, 10 ectb k-blif OUT y; HOJIydaeTCs yMHOKEHHEM
k-oit ctpokn Ay, matpunsl A Ha BEKTOP u;, 9TO MOYKHO 3alHCATh, HOJIL3YSICh
HamMu obo3nadennsmu, kak Ay © u;. [losromy

2(y;) = (—1)"°% = (_1)2}5:1%(Ak®uj) — (_1)(2}5:1%&)@%'

B srom BeIpakennu » ., _, TxAj €CTh HEHM3BECTHBI HAM BEKTOD JIHHBI [.
Bcero umeercs 2! pasimuubIX BeKTOPOB JUIMHE [, 910 Menbmre 2N . Tlostowmy
HAM HE HYKHO 3HATh 2 — Mbl MOZKEM IepedpaTh BCe BO3MOXKHbIE 3HAYEHUS
BEKTOPA » _p_, TpAy.

Tounee, nmycTh w  NPOU3BOJIBHBIN BeKTOp JauHbI [. OGo3HaYNM Yepes
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Si(A, w) pesynbrar nojgcranosku z(y;) — (—1)"“% u y; — Au; B cymmy

S; = ZZ(yj)ii(yj)-

J=1

To ecrn,
N

Si(Aw) = (—1)"OF (Auy).

J=1

C BeposATHOCTHIO He MeHee 1/2 Jjisi HEKOTOPOro w (a WMEHHO, JUIs w =
Y opy TkAy) musi Beex ¢ = 1,...,n Gyzer Bemonneno |S;(A, w) —(z, 2')| < 2e.
[ToaToMy MOXKHO JeiicTBOBaTL Tak: BbiOMpaem ciydaiino marpuny A; 3arem
JUIS KazKJI0r0 [-MepHOro0 BEKTOPa w JeaaeM cieayiomnee. Bolauciasgem ¢yMMbl
Si(A,w) pst Bcex ¢ = 1,...,n W MO 3HAKY KaxKI0# CyMMbl bopMupyem
BeKTOp = = z(w). 3aTeM BHITAEM CIUCOK, COCTOSIINIT U3 BEKTOPOB Z(w).

3 IMIudpoBanue ¢ 3aKpPbITHIM KJIIOYOM

Cxema mppoBanus ¢ 3aKPBHITHIM KJIIOYOM COCTOUT W3 JIOCTYIHOMN MOCJIe10-
BATEJLHOCTH €, CIYYaiiHBIX BeJWdYnH (Ha CTpOKaxX MOJMHOMHUATIBHON OT N
JUTHHBI) BEPOSITHOCTHOTO TIOJMHOMHUAJIBLHOTO anroputvma F, HazpiBaeMoro aj-
TOPUTMOM WU@POSKY U JeTEPMUHAPOBAHHOTO MOJTUHOMUAAIBHOIO AJITOPUTMA
D, HazpiBaeMOTO aJropuTmMom pacuugposku. CaydaitHas BeJIMIUHA €,, HA3bl-
BAETCS KANUOM,

Anropurmel £ w D mosiygaoT Ha BXOJ HATYPAJBHOE YHCIO N U TAPY
JIBOMYHBIX CTPOK W BBIIAIOT HA BHIXO/I OJIHY JIBOUYHYIO CTPOKY. Tounee, ajiro-
putM E nosydaer Ha BXoj napaMerp 0€301aCHOCTU N, KJII0Y €, U CO0OUEHUE
x € {0,1}* u BblgaeT HEKOTOPYIO CTPOKY Y = E,(e,, ), HAa3bIBAEMYIO witd-
poepammot, JJIWHA KOTOPOH 3aBUCHT TOJBKO OT 1 W JjJuHbl x. Aaroputv D
MOJIydaeT Ha BXOJ M, Y W €, W Bhigaer ¢Ttpoky D, (e,,y), KoTopas I0JaKHA
comnaaath ¢ x. Oba agroputma E, D noiaKabl padoTaTh MOJHHOMAILHOE OT
n W JUIHHBL T BpeMsl (Kakue Obl cilydaiiuble OuThl HE noaydnn E).

[Tpu 3rom, npu J11060M PUKCUPOBAHHOM X U CJIYYAWHO BHIOPAHHOM KJIIO4€
e, mmdporpamma F,(e,, r) He J0o/KHA HeCTH HUKAKoil undopmanuu o6 .
OTn TpeOOBAHUS YTOUHSIIOTCS CJIEAYIONIIM 00pa30M.

(1) IpaBuabHOCTEL pacmudpPOBKH: sl BCEX N, T € BEPOSITHOCTHIO 1 BbI-
nosneno D(e, E(e,z)) = x. (dusa ynpouienust obo3HadeHuii Mbl OLyCKaeM
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UHJEKC 1.) VICTOYHUKOM CIIydailHOCTH 3J1€Ch SIBJISIETCs He TOJIbKO CJlydaiiHast
BEeJIMYUHA €, HO U cjiydaiinbie OuThl ajsiropur™ma F. Mbl npejnoaraem, 4to
caydaitabie OWTH aaropuTva F He3aBUCHMBI OT €.

(2) Hepasraamenne nadopmanuu: st Jr060r0 moauHOMa p(n) st JTH0-
OBIX JABYX IOCJI€JI0BATEIHLHOCTENH COODINEeHu a,,, b, TAKNUX, 9TO IJIWHBI Gy, b,
paBubl p(n), caydaiinbie Benaunsl E(e, a,) u E(e,b,) BlYUCIUTEBHO HEOT-
JrauMbl. VIcTOYHUK CIy9aiiHOCTH B 9TOM OIIPeIeIeHIN UMEETCS B € U B CJ1y-
JaliHBIX OWTax ajropuTMa FE, KOTOpBIE MpEeanoIaraoTcs He3aBUCUMBIMEA OT
e.

Yeaosue (2) 09€BHIHO SKBUBAJEHTHO CBOEMY YaCTHOMY CJIy9YarO: HEOT-
JMYUMOCTH Ciydaiinbix Beqmans F(e, a,) n E(e,00...0) (noapsia n Hyeit).
Bropyto u3 31ux ciaydaiiHbIX BEJMYUH MOXKHO F€HEPUPOBATH, 3HAS TOJIBKO
n. Iloaromy, Kakoe OBl cooOIIeHNEe MBI He 3aNU@POBBIBAIN CJAYyYalHO BbI-
OpaHHBIM KJIOYOM, T porpamMma He OyJIeT HeCTH HWKAKOW WH(OpMaIluu

HEKOTOPYIO HEOTJIMYUMYIO OT Hee CJyYailHyI0 BeJTUYNHY MOYKHO CTeHEepH-
poBaTh M HE 3HAs MCXOAHOIO COODOMIEHHs. 3aMETHM, 9TO B HAIIUX OIIPEe-
JIBHUSIX BayKHO, 9TO KJIIOY BbiOMpaeTcst ciaydaiino, a He ¢pukcupoBan. Mbl He
MozkeM TpeboBarh HeormuumocTu mudporpavmm Ee, a,) u E(e, by,) upu Jjio-
60M (DUKCUPOBAHHOM KJIIOYE €, MOCKOJbKY JI000# (DUKCUPOBAHHBIN KJIIOY €
MOYKHO “3anasiTh’ B CXeMY-OTJINUUTETh, KOTOpast Oy/IeT MPUMEHSITh aJTOPUTM
D n, cxakeM, BbIIABATh HEPBBI OUT pacimudpPOBAHHOIO COODIIEHUS.

U3 ycnoBus (2) caejgyer, 4ro, He 3HAs KJIHOUYA, HUKAKON OUT HUCXOIHOIO
COODIIEHN Heb3sh HARTH 110 udPOrpaMMe ¢ BEPOATHOCTHIO CYIIECTBEHHO
Gosbie 1/2; ecin coobinenne BHIOHpPAETCs CAYYaiiHO ¢ PABHOMEDHBIM Dac-
npejieIeHneM Cpein BCeX CTPOK KaKOoW-TO (PUKCUPOBAHHONW TMOJINHOMHUATIHLHON
ot n pauHbl k. [eiicrBuresnbHo, mycth npoTuBHUK C (CXxeMa MOJHHOMHAAIb-
HOT'O OT M pasMepa) IblTaercs 10 mudporpaMMe BOCCTAHOBUTH, CKAKEM,
1epsblit 6ur coobienust. V3 ycaoBus (2) ciaepyer, 4o BEPOATHOCTH COObITHI
C(E(e,0a)) =1 u C(E(e,1a)) = 1 (rme a cayuaiinas crpoka pymubl k — 1)
npubJIN3UTe/IHHO paBHBL. JIpyrumu cjoBaMu cymMMa BepOSITHOCTE COOBITHI
C(E(e,0a)) = 0u C(E(e,1a)) = 1 npubansurenbHa paBHa 1, cjieoBaTesb-
HO, BeposTHOCTH coObiTust C(FE(e, b)) = b[1] (rume b ciaygaiinas cTpoka JjinHbI
k) upumepno pasua 1/2.
3adaua 30. [lycrs uporuBHuk unTEpecyercst Hekoropoi utndopmanueii f(x)
o nepegaaemom coobmennn x (rae f: {0,1}* — {0, 1}* — mexoropas dbyHk-
wst). JIomycTiM TPOTHBHUK MpuMeHsieT K mudporpamve E(e, ) HEKOTOPYIO
cxemy D, TTOJIMHOMHAJIBHOTO OT M pasmepa JJjisi U3Bjieuenus 3Toit nadopma-
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nuu. Jlokazkure, 9TO CyHMIECTBYeT JOCTYIHAs CoydailHAsi BEJIMYUHA (, Ta-
Kas, 9T0 IJId JIF000# MOCIeI0BATE/ILHOCTA COODIMIEHnH T, HOJHMHOMUAAILHOM
JunHEL, BepositHOcTH cobbrtnit Dy, (E(e, x,)) = f(x,) (BeposTHOCTE ycmexa
aTaku) u o, = f(z,) npubausnrensno pasuel. To ects, nudopmarus f(z,)
MOYKeT OBITh BBIYHC/ICHA U 0€3 MOICAYINBAHNUS C IPIMEDPHO TOM YK€ BepOsIT-
HOCTBIO yCIIEXa.

[Tapa asropurmoB E, D u 110C/1€10BATE/IBHOCTD CJIyYailHbIX BEJIUYUH €,
HA3BIBACTCHA CTEMOT UUPPOBAHUA € 3AKPHIMBLM KAOYOM, €CJIH BBIIIOJHEHbBI
BCe TepeuncienHbie yciaoBus. Cxemy mudpoBaHus C 3aKPHITHIM KJIOYOM
MOYKHO TIOCTPOUTH Ha OCHOBe Jt0boro reneparopa [1CY.

Teopema 16. Ecau cywecmeyem 2enepamopa G, Mo cyuecmsyem u crema
WUPPoBaAHUA € 3AKPLIMBLM KAIOUOM.

Jlokasamesvemeo. Cradasa nocrpoum cxemy nmdpoBaHUs ¢ 32aKPbITHIM KO-
YOM, JIJIsi KOTOPOH CBOHCTBO (2) BBILOJIHEHO TOJIBKO Jijisi KAKOTO-HUOY/ b OJI-
Horo dbukcupoBaHHOro nosmHoMa p(n) (a He st BCeX MOJMHOMOB, KakK Tpe-
Oyercst). DTa cxeMa Ha3bIBaeTCs zammuposaruem (one-time pad). B kauecTse
KJI0Ya BO3bMEM CJIyYaiiHyI0 CTPOUKY 7Y, MauHbl p(n) u nonoxum E(y,, ) =
Yn @ = (m0buTOBOE C10KeHHE 110 MOAYNIO 2) U D(v,,y) = v, @ y. (Ecin
JuHa coobienus He pasHa p(n), To nonoxum E(v,,x) = x, D(v,,y) = y;
BTOPOE YCJIOBHE B TOM CJIydae, pa3yMeercsi, He BBITNIOJIHEHO, HO 3TO W He
Tpebyercs.) Venosue (1) oueBuaHO BHINONIHEHO. B yeaoBuu (2) BepoSITHOCTH
cobbitust Cp (v, @ a,) = 1 paBua Beposiraoctu cobbirust Cp,(7y,) = 1, a noro-
MY HE 3aBHCHUT OT G,. [Ipum 9T0M HaM jazKe He BaxKkHO, 4To cxema C, uMeer
HOJTMHOMMAJIBHBIA pa3Mep — CJiydallHble BEJUUUHBL Yy, & dy U Y, UMEIOT OJ11-
HAKOBOE PACIIPeJIeIeHE.

HeiocraTkoM raMMUpPOBaHUST SIBJISIETCS TO, 9TO JIJTMHA K/II0UA PABHA JIJINHE
COOOINEHNUST, TOITOMY HA MPAKTUKE €r0 MOYKHO MPUMEHSITH TOJIBKO JJIst M-
POBAHUA KOPOTKHUX COOOIIEHMUIA.

Tenepb MojudunUpyeM CXeMMy FraMMUPOBAHUS, 3AMEHHUB CJIydaiiHyIO Be-
JIUYUHY 7Y, Ha TCEBIOCAYYalHYIO BeJUUUHY, TOPOKJIECHHYID TeHEPATOPOM.
Kuttou § paBHOMEpPHO pacipeiesien Cpejii CTPOK JuHbL n. Anroput™m E(s, x)
SIBJISIETCsI JIETEDMUHUPOBAHHBIM W BBIJIAET TIOOMTOBYIO CYMMY T W MEPBBIX |z
ouros nociepoBaresbuoctu G, (s). Byjgem 0003Ha4aTh BbIJIAHHYIO UM 11OC/1€-
JoBaTesibHOCTh Yepe3 © @ G(s). Anropurm D(s,y) Beigaer y & G(s), nobu-
TOBYIO CyMMy Y W 1epBbiX |y| 6uros nociaepoareabnocru G(s). fcno, daro
yeaosue (1) Beimosineno. [1ist mpoBepku yeaoBust (2) hukcupyem mpou3BoJib-
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ublii nosmuaom p(n). Ham Ham0 10Ka3aTh HEOTIMYMMOCTH CJIYUYANHBIX BEJIH-
uul a, BG(s) u b, BG(s), ve ay, by, J0ObIE M0C/IEJ0BATEJIBHOCTH CJI0B JI/IUHbI
p(n). Tlockonbky dbyHakims G sBISETCS TEHEPATOPOM, CJIydvaiiHash BeJINYnHA
G(s)[1 : p(n)] BHIYMCANTEIHLHO HEOTIIMYNMA OT CJIYyYANHON BEIMIHHBI Yp(y),
PaBHOMEDPHO DPACTIPEIEJIEHHOf Cpeiu CJIOB JUIMHBI p(n). 3HAYNT, caydaiinast
BesanHa 4, G G(s) HeOTIMINMA OT CIy9afHON BeJHIUHBL Ay, B Yp(n). B ca-
MOM JieJie, ecjin Obl OHM Oblin oTimauMbl TecroM 1, (y) pasmepa poly(n) o
rect T, (a, @ y), pa3mep KOTOPOTO JIMITh HEMHOTO MpeBbIaeT pasmep 1,
orsmuan 661 G(s) n y). Cayuaiinast BeJudInHa @y, @ Yp(n) WMEET PABHOMED-
HOe pacTpejiesienne, 3HAYNT cjaydaiifHas Beananna a, @ G(s) HeoTaImunma
OT CJIy4alHOW BEJTHMYUHDBL Yp(n)- To ke camoe cupaBejIuBO Jijist CJ1ydaitHOM
Besmannbl b, & G(s), 3Ha4UT OHA HEOTIMIUMA OT a, & G(s). O

4 IlIndpoBaHne ¢ OTKPHITHIM KJIIOYOM

B cxeme mudpoBanus ¢ OTKPBHITHIM KJIIOUOM HMEETCs JiBa KJH04Ya — OT-
KPbITHIH ¥ 3aKpbIThIil. OTKPBITHII KJII0Y UCHOJIb3YeTcst s mudpoBaHus,
a 3akpwuIThiil Juisg pactgposku. OT cxembl g poBanusi Tpedyercs, 9To-
OBl TPOTUBHUK W3 OTKPBHITOTO KJIOYa W TMUGPOTpaMMbl JIFOOOT0 COODIEHN
HE CMOT TIOJIyYUTh HUKaKO# wHopMmanun o coodmennn. Tounee mjist JIFOOBIX
JIBYX COODIIEHUi X1, o OJHON JIMHBI CIydaiiHasi BEJUYUHA, COCTOSIAS U3
OTKPBITOI'O KJI04a U mudporpaMmbl COOOIIEHUST X1, HOJYY€HHON € IIOMOIIBIO
9TOr0 KJIF0YA, ObLJIAa BHIYUCANTEIHHO HEOTJWINMA OT CAydaiiHast BeJIMIUHBI,
COCTOSIIEH W3 OTKPBHITOrO KJKYa W IMH(POrpaMMbl COODIEHUS To, TOJIY-
YEeHHOW C TIOMOIIHIO 3TOr0 KJ04Ya. OTKPHITHIH KJIFOY MOXKHO ONMyOJINKOBATH,
TOTAA JIIDOOH MOXKET HMOCHLIATEH 3amndPOBAHHBIE COODIIEHN, PACIIH(POBLI-
BATh KOTOPbIE MOYKET TOJBKO BJIaJie/Iel] 3aKPhITOI0 KJII0Ya.

Cxema mudpoBaHus ¢ OTKPBITHIM KJIIOYOM COCTOUT U3 MOJTUHOMUAATBHOIO
BEPOSITOCTHOTO aJITOpUTMa F W MOJIMHOMHUAIHLHOTO JIETEPMUHUPOBAHHOTO aJI-
roputma [), Ha3bIBaeMbIX, COOTBETCTBEHHO, aJTOPUTMAMU WUuPposKy N pac-
WU@POBKY U JOCTYIIHONR HOCJIeJI0BATEIbHOCTH CJIydailHbIX BeJudut (€, d,)
(ro ecrb, ciyuaiiHasg BeJuvuHA €,d, JOCTYLHA; 0e3 OorpaHudeHus OOIIHO-
CTH MOKHO IPEJIOo/IaraTh, YTO JAJUHbI €, U d, OAUHAKOBBI, TAK 9TO 10 €,d,
MOXKHO HaiiTh e, u d,). CTpoku e, u d, HA3BIBAIOTCsI, COOTBETCTBEHHO, O1M-
KPOUMBLM U 3GKPOIMBM KAIOUAMU.

AstropurMm E nosiydaer Ha BXOJ, mapamerp 0e30HACHOCTH N, KU €, U
coobwenue x € {0,1}* u BblAET HEKOTOPYIO CTPOKY Y = E,(e,, ), HA3bI-
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BAaEMYIO wu@pozpammoti, ajiMHa KOTOPOH 3aBUCUT TOJLKO OT JIMH 7 U .
Asiropurm D nosydaer Ha BXoj n,y u d u Bbigaer crpoky D, (d,,y), ko-
Topast JoJI’KHA coBmaaaTh ¢ x. [Ipu srom, npu jg060M (pukcupoBaHHOM X 1
cayvaiino BeIOpaHHOM KJIoue e, mmdporpamma E,(e,, ) BMecTe ¢ KJI0YOM
€, He JIOJKHA HeCTH HUKAKOi mHopmanun 06 r. 9T TpeOOBAHUS YTOUHSI-
I0TCS CJIeYIONUM 0Opa3oM.

(1) IpaBuwibHOCTh pAacIUDPOBKU: LI BCEX N, T € BEPOSTHOCTHIO LPU-
onmsurenbro pasuoit 1 Beimosneno D(e, E(d, x)) = x (TO ecTh, BEpOSTHOCTh
oTIIMYnIaeTcst 0T 1 Ha npeHebpeKuMo Masyto Beanuanny). (st ympormermust
0603HAYEHUIT MBI OMycKaeM WHEKC n.) VICTOUHUKOM CIIy9aiiHOCTH 371eCh sIB-
JISI€TCsI HE TOJIBKO CJlydaiiHas BesjimduHa (e, d), HO u cjiydaiinbie OUThbl aaro-
purma E. Mbl npeginonaraem, 4ro ciydaiiubie OuThbl ajaropurma F He3aBu-
cumbl ot (e, d).

(2) Jost mo6oro moauHoMa p(n) u JJist TIOOBIX IBYX MTOCJIEI0BATEIBHOCTE
COOOIIEHNIH @y, b, TAKUX, YTO JJIUHBI Gy, b, pABHBI p(n), ciydaifHbie BeJIn9In-
ubl (e, F(e,a,)) n (e, E(e,b,)) BBIUUCTUTESIBHO HEOTIXIUMBI. VICTOYHUKOM
CJlydalHOCTH 3JIECh $BJISIETC HE TOJIbKO CiydaiiHas Bejauuuna (e,d), HO u
caydaiinpie Ourbl ajgiropur™ma F. Mbl npejnosaraem, 910 cjydaiiabie OUTbI
anropuT™a E He3aBucHMB OT (e, d).

[Tapa anropurmor E, D u nocsie1oBaTeIbHOCTh CJIYyYaiiHBIX BeJINYNH (€, d,, )
HA3BIBACTCHA CLEMOU WUPPOSAHUA C OMEDPLLMBLM KANOUOM, €CJH BBIIOTHEHbI
BCE NepeducjeHnbie ycaoud. s cynmecrBoBanus cxembl mmmdpoBaHUs C
OTKPBITHIM KJIIOYOM Tpedyercsa 0oJjiee CHIbHAs THIOTE3a, Y4eM CyHeCTBOBA-
HUe rereparopa. Hampumep, yjaercst OCTPOUThH TaKyH CXEeMY TIPU YCJIOBUH
CYIECTBOBAHUSI TAK HA3BIBAEMOI OJHOCTOPOHHEH (DYHKIUH C CEKPETOM.

5 OpgaocTopoHHNE (PYHKINUU C CEKPETOM

Ha camowm jsiesie peun mjer #e 00 oiHoi byHKINH, a 0 ceMelicTBe (DYHKITHIA.
['py6o roBopsi, HeobpaTnmoit dbyrkimeil ¢ cekperom (trapdoor function) wa-
3BIBAETCH JOCTYNHAS MOCJAEJ0BATENbHOCTD CAyvaliHbIX Beaudun (€,,d,) n
ceMeficTBO nepectaHoBok f, takue, uro dbyukuus (e,x) — (e, fo(z)) oauo-
CTOPOHHSH, HO IIPU TOM CYHIECTBYeT II0JMHOMHMAJbHBIA aJIrOPUTM, KOTOPbIii
110 fo(x) n d maxomur z (B wacrHocTH, Bee (DYHKINY f, MHHLEKTHBHDI).
Tenepn dopmasbaoe onpeaenenne. [lycTh 3aaHa JOCTYIIHAS TOCJIEI0BA-
TEJILHOCTD CJIydaiiHbIX Besimuun (€, d,,) co 3nauenusmu B MHOKeCTBe A, X B,
(A, u B, HEKOTOPOE MHOKECTBO CJIOB, JUIMHA KOTOPBIX PABHA HEKOTOPOMY
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IIOJIMHOMY OT 7 TO 2Ke camoe BepHo u jiist By,). Ilycrs s kaxoro e € A,
umeercs (YyHKIUSA fe U3 HEKOTOPOro MHOXKecTBa ¢JioB D, jyiuabl p(n), B
MHOZKECTBO ¢JI0B jubl p(n), rae p(n) wexoropsrit nomnaom. Ilycrs 3a1a-
Ha CeMeHCTBO CIyYallHBIX BEJUYUH (., € € A,, n € N, co 3HaueHusiMu B
D.. Tlocnenoarenbtorh Tpoek ({(€,,d,),{fe}, n) HA3BIBAETCST OTHOCTOPOH-
Hell pyHKIMeRd ¢ CeKPeToM, eCiM BBIIOJIHEHbI CJIEYIONMe YCI0BUSI.

(1) @yukuus (e, x) — fo(r) BEUUCIMMA 3a OJUHOMHUAIBHOE OT 7 BPEMsI
(cymecTByeT TOJMHOMHUABHBIN AITOPUTM, KOTODHIH Mo JE00oi nape (e, z),
rae e € A, x € D,, Borunciaser f.(x)).

(2) dns mo6oit mocaenoBarenproctn cxem C), pasmepa poly(n) Beposit-
Hocrb Toro, uro C, no (e, fe(a,)) Halijger o, crpeMuTcs K HyJH0 ObicTpee
JII0H60ro 0OPATHOIO MOJIMHOMA OT 1.

(3) CemeiicTBO (, JIOCTYIIHO PABHOMEDHO IO €: CYIeCTBYET BepOsSITHOCT-
HBI{T TIOJIMHOMUAJIBHBIN aJTOPATM, KOTOPHIl 10 JiloboMmy e € A, 3a moJmHO-
MHAJILHOE OT N BpeMsl TeHepUpYeT CJaydaiiHyio BenanHy X!, cTaTHCTHYeCKH
HEOTJIMIUMYIO OT (vp,. DTO O3HAYAET, YTO CTATUCTHYECKOE PACTOAHUE MEZK Ly
o 1 X! MeHbIIe HEKOTOPOH MpeHeOPezKIUMO MaJIOi HOCIe0BATEILHOCTH (i,
Jutst Beex e € A, (upu crpemiiennu n kK 6eckonednoctu). 113 yeaosnii (1), (2)
u (3) crenyer, aro dyuknus (e, x) — (e, fo(r)) OMHOCTOPOHHSSI.

(4) Cuyuaiinbie Bemanubl (€, ) u (€, fe(Ct)) BHIUNCIUTETHHO HEOTJIH-
YMMBbI.

(5) CyuiecrByer ajaroputm, KOTOPbIii 3a II0JIMHOMHAJIBHOE OT 1 BPeMsI 110
uape (d, fe(c)) ¢ BEPOSTHOCTHIO PUBIU3UTENLHO PABHON 1 BbIUUCISIET (.

[TockoJIbKY HEM3BECTHO, CYIIECTBYIOT JIM OJJHOCTOPOHHUE (DYHKIHUH, TeM
foJlee HEM3BECTHO, CYMIECTBYIOT JIW OJHOCTOPOHHWE (DYHKIMU C CEKPETOM.
['mmoTe3a 006 WX CyIIeCTBOBAHUU MOYTH CTOJIb YK€ MPABJIONOA00HA, KaK U T'H-
HOTE3a 0 CYIECTBOBAHUU HEOOPATUMBIX LEPECTaHOBOK. JleficTBuTe IbHO, ec-
JI1 PENoJIOZKUTEIbHO TPy/HAs CJydaiinas Bemanna g pynkiun Pabuna
B CaMOM JIeJ1e TpyJdHa JJId Hee, WJIN TMPENOoA0KUTEILHO TPYAHAsA CaydaiHast
BesmanHa 11 GyHkmn RSA, B camom fesie TpyaHa 11 Hee, TO CYIIECTBYIOT
OJIHOCTOPOHHUE (PYHKINHU C CEKPETOM. YOeInMCsi B 3TOM.

Oynruyus Pabuna. 3akpeiTeiil K049 d, PABHOMEPHO PACIPEIE/IEH CPe-
U nap n-0MTOBBIX HPOCTHIX 4ucen p,q Buga 4k + 3. OTKpbITHIT KII0Y €,
paBeH NMpOM3BeIeHUI0 pg 3TUX uncea. MuoxkecTBO D, €cTh MHOXKECTBO BCEX
KBaIPATUIHBIX BHIYETORB MO MOIY/IIO P¢, B3AMMHO TPOCTHIX C P, TPH 3TOM
fo(z) = 2? mod pq. Cayuaiinast BelMuMHA (r, PABHOMEDHA paclpejieJieHa B
D.. Yenosus (1), (3), (4), (5) oueBusno BbinoaHensl. Yeiaosue (2) Gyger Bbi-
LOJTHEHO BBIIOJIHEHO €CJIM HPENoJIOKUTEIbHO TPYAHAS CJydaiiHas BeJnIuHa
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B onpejiesienun pynkiun Pabuna B camom Jiejie Tpy/iHa Jijisl Hee.

Oynryus RSA. 3akpbIThlil KJIIOY PABHOMEPHO PACIPEIE/IEH Ha MHOXKE-
cTBe TpoeK (p,q,1), rjie p,q n-OMTOBBIE TPOCTHIe Yucia, a i = 1,...,pg — 1
B3aMMHO TIPOCTO €O 3HaueHuem dynknuu Ditntepa ¢(pg) = (p — 1)(q — 1).
OTKpHITHIT K04 € paBeH mape (pq, i). MHOXKecTBO D, €CTh MHOKECTBO BCeX
BBIUETOB 110 MOJLY/IIO P¢, B3AUMHO HPOCTBIX ¢ pg, 1pH 3ToM fo(x) = z* mod pq.
Coyuaiinasi BeJImduHA , paBHOMepHA pacupejenena B D,. Yeaosus (1), (3),
(4), (5) oueBnAHO BHIMOIHEHBI. YCa0BHE (2) OyIeT BBIIOJHEHO BBITIOTHEHO €C-
JIV TIPENOJIOZKUTENIBHO TPYAHAs CAydaiiHast BeJUIUHA B ONpeaeaeHnn QyHK-
mun RSA B camoMm zee Tpyana s Hee.

Teopema 17. Ecau cyuwecmeyem neobpamumas GyrHKuus ¢ CEKPEmMOoM, mo
CYUWECTNBYEM U CLEMA WUPPOCAHUSA C OTVKEPLLMBLM KAIOUOM.

Jokasamensvcmeo. CHavasia Hay4dnMcs mudpoBath oaua outT. 'amMmvmupona-
HUEe HAM y»Ke He TOMOYKET, IOTOMY YTO B CXeMe FaMMHUPOBaHUs 3aKPbIThIi
KJII0Y COBIAJAA C OTKPBITHIM. HaM onsTh MOHAI00MTCS MOHATHE TPYIHOIO
oura. I[Iyctp umeercs neobparumasi dpyuknus ¢ cekperom. HazoBem cemeii-
crBo dbyukuuii he : D, — {0,1}, e € A,,, TpyabiM OuTOoM K fe, eciiu cirydaii-
Hag BesmunHa he () siBisiercs TpyaHbiM outoMm s fe(o.) (pacupeeienus
CJYYAiiHBIX BEJIMIWH € U (v, 3aJIaHbl B ONPeIeIeHnH HeoOpaTUMOi (DYHKIHN).

Jlemma 18. Ecau cyuwecmsyem weobpamumasn GyKHUUA ¢ CEKPEOM, MO
cyuiecmeyem opyzas HEobpamuman GYHKUUL ¢ CEKPEMOM U MpyoHvLt oum
0N HEE.

Jlokasameavcmeo. 1o caemyer n3 Teopembl Jlesuna Tomapaiixa. [Tycrs f,
nucxo/iHasi HeobpaTumast YHKIUS ¢ ceKpeToM. B HOBOiT HeobpaTumoii pyHK-
KU ciydaiiHas BesimduHa (€,, d,) Ta xKe camast, a QyHKIU g, OIPEJIeISeTCs
Kak ge(ry) = fo(x)y, e y crpoka u3 Hy/eil u ejuHUIL TOW »Ke JIJIMHbL, Y4TO
n x. Takum obpazom o00JiacTh OUpeJie/IeHusl §, COCTOUT U3 BCEX CJIOB BHJA
xy, tne © € D,, |y| = |z|. Cnyuaiinas Beqwuuna ¢, mOJTydaeTcst MPUITH-
CHIBAHMEM K (v, HE3aBUCHMON PaABHOMEPHO PACHpPEIeJeHHON CTPOKM 7 TOii
ke jumabl. Tpyaustit 6ut h, oupejensiercs Kak CKajasgapHOe HPOU3BEIeHUE:
he(zy) =z O y.

YeaoBust (1)—(5) 09eBUIHO BBIOJIHEHDI Jisl . JloKaxkeMm, 410 h, TPY/-
"B O6UT K g.. [Tpeanonoxnm, aro cxema C), NOJIMHOMHAIBHOTO OT N pa3mMepa
¢ BeposATHOCTHIO 1/2 + &, 1o e, fo(a),y Boruncaser a ® 7. Torga ee MOXKHO
llepeJIe/IaTh B CXeMy [OJUHOMUAJIBHOIO pasMepa, Koropas 1o e, fe(a),v, Z
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(rze coyuaiinast BeJIMUMHA Z PABHOMEDHA PACIPE/IEJIeHA CPeU CJIOB TON Ke
JUIMHBI, 4TO €, HE3aBUCHMAasi OT (v,7) BBIYUC/ISET C BEPOSITHOCTBIO 1/2 + €,
CKaJIsipHOE TPOU3BeIeHNe KOHKATeHAIINN e U Z Y, OCKOJIBKY TTOCIeIHEe PaB-
HO ¢ ® Z @ a ® 7. Ilo Teopeme Jlepuna [osgpaiixa orciona ciaemayer, 9To €,
NpeHedPEKNMO MAJIo. O

Tenepn, nmest HeOOpATUMYIO (DYHKIIUIO g. C CEKPETOM W TPYJIHBIH OUT h,
JUISE Hee, TIOCTPOUM CXeMy T pOBaHUs ¢ OTKPBITHIM KJIIOYOM OJHOTO ObuTa b.
Cayuaitayto Bennanny (e,,d,) 3auMcTByemM n3 HeoOGpaTuMoil dbyHkimm. AJ-
ropur™ mudposanus Begaer napy y = (bdh.(a), g.(a)) (rounee, Hago Bme-
CTO (v B3SITh HOJMHOMHUAJIBHO T€HEPUPYEMYIO U CTATHCTUIECKH HEOTIUIUMYTO
0T Hee cydaiinyto Bejauuuny ). 3Hast d paciudpoBaTh ¢ HPOCTO: HAJO HANTH
s, 06paTuB g, (), M CIOKUTH TTEPBYIO KOMIOHEHTY Y ¢ h. (). TTudporpamma
M060T0 OUTAa BMECTE ¢ OTKPBITHIM KJIIOYOM € OYIeT BHIYUCINTEIHHO HEOTIN-
quMa OT CJydaiiHoil Besmmuunbl (1, go(av), €), rjue r ciydaiinbiii paBHOMEPHO
pacupe/iejieHHbI OUT, HE3aBUCUMBbIH OT «,e. [leiicTBuresibHo, 10 Jjiemme 6
ciaydaiinas Beqmanaa (1, ge(v), €) BBIYUCIUTEJIBHO HEOTJIUYUMA OT CJIydaii-
roit Besmanust (he(a), g.(a), e). Ilosromy mast moboro Gura b cayqaiinsie Be-
sl (bD 71, ge(a), e) u (b@ he(a), g.(a), €) BEIMUCIUTETHHO HEOTIHINMBIL.
[TepBasi u3 HUX uMeeT TO ke paciupejesenue, 410 u (1, g.(a), e). Ilpu 3amene
(v HA CTATHCTUYECKHM HEOTJMYMMYIO OT Hee CJAydYaliHyl BeJUYMHY, HOJIYYUM
OUSATH HEOTJIMYUMBIE CJ1yvaiiHble BEJTMYUHDI.

Ternepn mocTponm cxemy 1 poBaHns MPOU3BOJILHONO Yucaa OuToB. OnsaTh
3aMMCTBYEM aJITOPUTM FeHepaluu Kjo4eil n3 neooparnmoit pyukiuu. [[ud-
porpammy coobmienust bibs . .. b, W3 m OUTOB ONpeaeTnM Kak

b1 & he(a), by @ he(ge(a)),- -, bm @ he(gg" ™ (a)), 9" (a0).

Bee ycaorusi, kpome ycaoBus (2), oueBuaHbl. YciaoBue (2) ciaeayer us3
semmbl 7. [Tycrs p(n) nupoussosbubiil nosmuom. [Ipumensist jemmy 7 K dbyHK-
uusMm (e, x) — (e, g.(x)), (€, ) — h.(z) n cayqaiinoit Bequaune o, = (e, a.),
MBI MOZKEM 3aKJIIOUNTh, 9TO CJAyYaiiHble BeTMINHBI

e, he(ae), he(ge(ae))s - he(g2™ ™ (ae)), g2 (cve)

U €,7T1,T2, ..., p(n), Xe BHITUCTUTETHHO HEOTTUIHNMBI.
OTcrona ciaeayer BHIYUCANTEIbHAST HEOTANINMOCTh CJIYIalHBIX BeJIMINHA

e,b1 ® he(ae), by ® he(ge(ae)), -, by © he(g2"™ 7 (ae)), g2 ()
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ue,by®ry,ba®ry, ..., bym) Brpm), Qe BrUUCIUTENLHO HeoTnunMbl. [Tocaes-
Hslsl U3 HUX UMEET TO YK€ Paclpeje/leHue, 4To U cjiydaiiHast BeJMduHa

€, 71,72, - -, T'p(n)) e,
KOTOpPast He 3aBUCAT OT by . . ., by(y). [ToaTOMY npy pasubix coobmenusx by . . ., bypy)

cjaydaiiHble BEJIMYUHbBI, COCTOSIINAE U3 OTKPBHITOIO KJt04a 1 mudodprpaMmsbl,
BBIYHUC/IUTETHHO HEOTJIMYUMBI JAPYT OT JApyTra. ]

3adaua 31. JlokazkuTe, 9TO MOXKHO U3 JII000# cXeMbl MHMPOBAHUS C OTKPHI-
THIM KJIIOYOM OJHOTO OMTA MOYKHO W3TOTOBUTH CXeMY MIH(POBAHUS ¢ OTKPbI-
THIM KJIFOUOM HPOU3BOJIBHOIO KOJUYECTBA OUTOB € HOMOINBIO M POBAHUS
KaKJI0r0 OUTA 110 OTJAE/IbHOCTH.

6 IIporokosbl npuBsa3ku k ourty (bit commitment)

[TpoTOKOIBLI IPUBA3KU K OUTY UMUTHUPYIOT CYHIYyYOK C 3aMKOM, B KOTOPbIi
1EPBbIA UIPOK (OTIPABUTEIb) MOXKET HOJIOKUTH OJIUH OUT, 3AKPbITh €0 Ha
KJIOY U 1epejarb Bropomy urpoky (nosyuareso). [osyuarens ne moxer
OTKPBITH CYHIYYOK JIO TE€X T0p, MOKAa OTHPAaBUTEIh HE MepeaacT eMy KJIO9.
OTnpasuTesnb He MOYKET MOAMEHUTH OWT, TOJOKEHHBI B CyHIyY0K. Pa3in-
4alT JABa BUJAA TAKUX IIPOTOKOJOB — MHTEPAKTUBHBIE U HEHMHTEPAKTUBHBIE,
Haunem co BTOpBIX, KakK 00J€€ IPOCTHIX.

HeunrepakTuBublii IPOTOKO/I NIPUBA3KY K OUTY COCTOUT U3 JIBYX AJITOPUT-
MOB: BEPOSITHOCTHOTO TMOJMHOMHAIBHOTO aaropuT™a S M IeTepMUHUPOBAH-
HOTO TIOJIMHOMMAJIBHOTO aiaroput™a R. Anroputm S mosydvaer wa BXOI na-
pameTp 6e30MacHOCTH 1 ¥ OJIMH OUT 0 W BBIJAET HA BBIXOJ K04 k = k,,(0, 1)
M MPUBS3KY ¢ = C,(0,7) (1 — MCHOJIB30BAHHBIE AATOPUTMOM S CJlydaiiHbie
OUTH); UPUBSI3KA UMUTUPYET 3aKPbITHIH CyH/Jy490K. Asroputm R nosydaer
Ha BXOJ KJIIOY Kk W MPUBSI3KY ¢ W BBIJAET HA BHIXOA oanH our R, (c, k) nin
crenuanbHbIil cumBosl L (Tocseaaee o3HaYaeT, 9To KJOY k He MOJOMIen K
3aMKY ).

TpeboBannusa K 3TUM aJrOPUTMaM TaKHeE.

(1) Huist si060ro n u a1000ro 6ura o ¢ BEPOSTHOCTHIO, HPUOJIU3UTEIBHO
pasuoit 1, Bemosneno R, (c,(0,7),k,(0,7)) = o (HacTOsImuii KIIOY OTKpPHI-
BAET CYHJIYYOK).

(2) nst mroboro n He cymiecrByer Takux ¢, k' k", aro R,(c,k') = 0 n
R,(c,k") = 1 (yobast cTpoka ¢ MOKeT ObITh HPHUBI3KOH TOJBKO K OJHOMY
oury).
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(3) HocaenoBarenbHoCTH Caydaiinbix Besnaut ¢,(0,7) u ¢, (1,r) Borauc-
JIMTEJILHO HEOTIMYUMbL (HE 3HAs KJIH0Ya, HOJy4YaTe b He MMEeeT HUKAKON MH-
dbopmaIyn 0 CoIepKUMOM CYHIYUIKA).

Ec/ BRITOJIHEHBI BCE TPH YCJIOBHsI, TO apa aaropuT™MoB R, S Ha3biBaeTcst
IPOTOKOJIOM MPUBSI3KH K OWTY.

Teopema 19. Ecau cyuwecmsyem uHsekmMUeHaA 00HOCTOPOHHAS GYHKULUA
fn @ Dp — {0,1}*, obnacmo onpedenenus komopol paspewuma 3a 6pems
poly(n) (mo ecmo, cywecmeyem aszopumm, komopwuiti no Aw0b0t nape (n, x)
3a epems poly(n) onpedessem, npunadrescum su x ® Dy, ), mo cyuwecmsyem
U NPOMOKOA NPUBASKU K OUMIY.

Zoxazameavcmeso. Ilo reopeme JleBuna-l'osapaiixa n3 ycjioBusi TeOpeMbI CJie-
Jyer cymecrBoBanue (DYHKIUHU ¢, YJIOBJETBOPSIONIEH YCJIOBUIO TEOPEMbl U
TpyaHoro 6urta h K Heil. IlycTh «, HocTymHas TpyaHAs ciaydaifHas BeJiu-
auHa JJIst napbl (gn, hy). Aaroputm S BRIOMpaeT CIydaiHyH CTPOKY T W3
061aCTH OMPEJIEIeHNsT ¢, O MOJWHOMHATHHO TeHEPUPYEMOMY DaCIpe/iesie-
HUIO, CTATUCTHYECKU HEOTJIMIMMOMY OT pactpejenenus a,. Kiou k pasen
x, a upuBsisKa ¢ paBHa (o @ h(x), g(z)) (Mbl omyckaem ungeke n). Ajropurm
R, nosyuus ua Bxog = u (0,y), uposepsier pasencrso ¢(xr) = y u 1O, 4TO
x € D,. Eciu pasenctBo Hemepuo uian x ¢ D, on Beimaer 1. Muadye on
BeIIaeT § @ h(z).

Yenosue (1) ogeBugHO BhIIOIHEHO. YeaoBue (2) ciepyer U3 HHbEKTHBHO-
cru g. HeiicrBurenbuo, ecim g(z') = y = g(2”), u 2/, 2" € D, 10 2/ = 2|
caiejioBaresibo, 0 @ h(x”) =6 @ h(z").

Yeaosue (3) o3HaYAET HEOTIAUIUMOCTE Cayvaitunix Besnans (h(x), g(x)) n
(1dh(x), g(x)). DTo caeayer U3 TOro, 9T0 OHN 06€ HEOTIUIUMBI OT CJIYYaiiHOI
Besmaunbl (7, g()), rae 7y caydaifupiii Out, He3aBUCUMBIT OT T. O

Bamevanne. Be3 orpanmvenus 0OIIHOCTH MOYKHO CUYWTATh, YTO B HEWH-
TePAKTUBHBIX MPOTOKOJIaX MPUBA3KN K OUTY KJIOY Bcerga paseH or. [leii-
CTBUTEJILHO, 000 MpoToKoa IR, S MPUBS3KN K OUTY MOYKHO Mpeodpa3oBaTh
B uporokon R, S’ ynonersopsiiomuii 3Tomy orpanundenuto. s sroro no-
noxuM ¢, (o,1) = cp(o,r) n Rl (¢,or) = R, (¢, kn(o,7)).

Bamernm, 9TO 00JIACTH ONPEIEIeHUsT BCEX KAHINIATOB B OJHOCTOPOHHIE
MHbEKTHBHBIe (DYHKINH He SBJISETCS MOJTMHOMHUAILHO Pa3pentnMoil (Tounee,
HEM3BECTeH MOJMHOMUAILHBII aIropuT™, ee paspemaroniuii). [Tosromy, Hesic-
HO, K KaKOil (byHKIUU MOKHO ObLI0 Obl 1npuMenuTh Teopemy 19. Ilepeiigem
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HO9TOMY K MHTEPAKTUBHBIM HPOTOKOJIAM. B MHTEPAKTUBHOM MPOTOKOJIE I10-
JIy9aeTe/b TAKZKe yIacTBYeT B HOJIO2KeHuu buta B cynay4doK. OrnpaBureib u
noJjiydare/ib 0OMEHUBAIOTCS COOOIIEHUSIMY, KOTOPbhIE 3alMCHIBAIOTCS HA Mar-
HUTO(OHHYIO JIEHTY. DTa 3allUCh W UI'PAeT POJib MPUBS3KHU K OuTy. Ompee-
JIEHWE WHTEePAKTUBHBIN MTPOTOKOJIA TPUBS3KHU K OUTY CJIOYKHEe, YeM HeHHTEP-
akTuBHOTO. HO 3aT0, €ro MOXKHO HOCTPOUTH, UCXO/s U3 JIIOOOT0 reHepPaTopa
HCEeBJOCTYy YARHBIX YHCET.

6.1 UVHTepaKTUBHBIE AJTOPUTMBI

MHTepakTHBHBIMU AJTOPHTMbBI — 3TO AJTOPHTMBI, KOTOPbIE, KPOMe 0ObIYHO-
o BXOJa, HMEIOT eIle BXOTHON M BBIXOJHOHN KaHaJbl 0OMeHa mHMOPMAIHEH.
Yr1006m 1aTh ONpeie/ieHne NHTEPAKTUBHBIMI aJITOPUTMa, HAYHEM C MTOHATHS
crparernu. Crparterueii Ha3biBaeTcs (DyHKIHA, 0TOOparkalolieil KOHEeYHbIe
MOCJIeI0BATEILHOCTH CJIOB B OMHApHOM ajidaBuTe B CJIOBa B OMHAPHOM aJl-
daure. Ilycrs umerorcs crparerunn F, G. TlociemoBareibHOCTD cOOOMIEHMI

C1,C2, ... MEXKJIYy CTPATErUAMU OIPEIEAIeTCs 110 HPABUIY
€1 = F()>
Co = G(Cl>7
C3 = F(617€2)7
Cy = G(Cl> Ca2, C3)>

OOG1mienne IJIUTCsT 10 TEX TOP, TTOKA HEKOTOPOE ¢; He CTAHEeT TYCTHIM; MOCHII-
Ka IyCTOI'O CJIOBA O3HAYAET KejlaHue HpeKpaTuTh odinenue. Ecim mycroe
CJIOBO HE MOCJAHO, TO IOCIEI0BATEIbHOCTL coobmenuit 6eckoneuna. [loce-
JIOBATEJILHOCTD COOOIIEHUil €1, Co, C3, ... OyjeMm obosnauars 4epes c¢(F,G) u
Ha3bIBAThH auajorom mMexay F u G.

Crparterueit ¢ mapamMeTpoM W3 HEKOTOPOro MHOyKecTBa M Ha3bIBaeTCs
oTobpazKeHue, COMOCTABJISIONIEe KazXK/JI0MY d1eMeHTy & € M HeKOTOpyIo cTpa-
reruto Fy. larepaktuabiM ajgropurmoM co sxogamu u3 {0, 1} naspiBaercs
BhIYMC/IMMAs cTpaTerus ¢ napamerpom uz {0, 1}*. Hrobsl 3amycTurs uHTED-
aKTUBHBI anroputm A, 3amaBaeMblii cTrparerueii ¢ mapamerpom F),, HyKeH
BXOJI M CODECeIHNK, TO eCTh, HeKoTopas crparerust. [lycts x OunapHoe cio-
Bo, a G HWexoropas ctpaterns. Pesyanrar A%(z) paborn arropntva A na
BXoJie T ¢ cobecegHukoM (G onpeensercs CaeayionmM o0pa3oM. 3alyCcTuM
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crparerun F, u G. Ilycre ¢(F,, G) nouyuennniit quasor. Eciun jauanor 6ecko-
HeYeH, TO pe3yJibrar He oupejeed. Nuade upumenum K ¢ Fy, G) crpareruto
F,., monyuennoe cioBo u Oymer pesyabrarom. [lycts A, B aBa WHTEpaKTUB-
HBIX AJITOPUTMA, a T,% JBOWYHBIE CJIOBA. 3AIYyCTUM AJTOPUTM A Ha BXO/e
xr, a B Ha BXOJE y Tak, 4TOOBI OHM ODOIIAJUCH JPYT € JApyrom. Pesyabrart,
BBLIAHHDIT airopuTMom A Gyem obosnauars depes ABW (1)

O6osnauenne A%(x) nanoMunaer 0603HAUEHU, CBA3aHHbIE ¢ MAITMHAMY
¢ opakysom. [logaepkHeM BayKHOE OTIMYNE MATIWH C OPAKYJIOM OT WHTEPAK-
TUBHBIX aJrOpuTMOB. OTBET Opakysa Ha OYepeHOl BOMPOC 3aBUCHT TOJBHKO
OT 3TOT0 Borpoca. OdepeHoe COODIIEHNE CTPATET TN 3aBUCUT OT BCEX TTPEJThI-
JIYIIUX COOOMIEHUH MOy YeHHBIX OT aJropuTMa.

Tenepp ompegeuM MOHSTHE HOJHHOMHUATBHOIO HHTEPAKTHBHOIO AJIO-
putMma. [TonmmaoMuaabHOl cTpaTerneit F), ¢ mapaMeTpoM n3 HEKOTOPOTO MHO-
JKeCTBA JIBOMYHBIX CJIOB HA3BIBAETCS] CTPATETHsl, BRIYUCAUMAS 34 MOJTHHOMU-
asibHOe OT n = |z| Bpemsi. Takasi cTparernst MOXKeT CIeJaTh TOJIBKO MOJINHO-
MHAJIBHOE OT 7 KOJMYECTBO XOJIOB, IOJUHOMHAJIBHON OT N jinHbL (TO4YHEe,
cJIeJIAHHBIE e XOJbl MOI'YT 3aBHCETHh TOJBKO OT IMOJUHOMA HEPBBIX CHMBOJIOB
10C/IEI0BATEILHOCTH CJIeIaHHBIX X0/10B). MHTepakruBubiii ajropurm A Ha-
3BIBAETCSI MOJTMHOMUAIBLHBIM, €CJIH CTPATErust ¢ TapaMeTPOM, ero 3a/1aroIasi,
MOJIMHOMUAJTHHA.

[TosmuHOMUAIBHBIE BEPOSITHOCTHBIE HWHTEPAKTUBHBIE AJIIOPUTMbI (U cTpa-
TEruy ¢ HAPAMETPOM) MOXKHO OLPEJEIUTh YepPe3 IOJIUHOMHUAJIbHbIE JIeTePMU-
HUPOBAHHbIE HHTEPAKTUBHbBIE aJirOpuTMbl. [IycTh A 1o/mHOMUAIbHbBII JeTep-
MUHUPOBAHHBIN WHTEPAKTUBHBIN aJTOPUTM, & P HEKOTOPHIH ToInHOM. Bynem
MOHWMATH pe3yabTaT paboThl A Ha Bxozme Buma rr ¢ cobecemrankom (7, T1e
7 ABOWYHOEe cJI0BO JInHBI p(|x|), BHIOHpaemoe caydaiiHo MO paBHOMEPHOMY
pacipejie/ieHuio, Kak pe3yabrarT paboTbl BEPOATHOCTHOTO HWHTEPAKTHBHOIO
AJITOPUTMA Ha BXOJe Buja T ¢ cobecegnukom G.

[MocaenoBareabHocTh crpareruii {F,} Ha3pIBAETCS HEPABHOMEDHO MOJIH-
HOMHUAILHOI, ecan cymecTByioT cxembl Cy,, tae i,n = 0,1,2,... Takne, 910
pasmep cxembl Cj, OTpaHUYEH MOJMHOMOM OT n, U dbyHKuus F,(y) Ha ciopax
y JuiaHbl § Beraucasercst cxeMoit Cy,. (Mbl cunraem, 410 H0C/I€10BaATEIbHOCTH
OUTOBBIX CTPOK 3aKOAMPOBAHBI CJI0BamMu B buHapHoM ajdabure. Hanpumep,
0 kommpyercst kak 00, 1 kogaupyercst kak 11, a 3ansras kak 01.) Crparerns
¢ mapaMerpom r — F, Ha3bIBaeTCs HEPABHOMEDPHO MOJWHOMHUAJLHOMN, ec/in
cymectByior cxembl Cy,, te i,n = 0,1,2,... takue, aro pasmep cxembr Cj,
OI'PAHUYEH HOJUHOMOM OT 1, u dbyukus z,y — F,(y) na ciosax y jjiu-
Hbl ¢ Bhraucagerca cxemoit Cjy|. AHATOMrMYHO ONIPeJEIAI0TCS HePABHOMEPHO
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LHOJMHOMUAJIBHBIE BEPOATHOCTHBIC CTPATEIMH € HAPAMETPOM U AJITOPUTMBI.

VurepakTHBHBIIA HPOTOKOJ IIPUBA3KU K OUTY COCTOUT U3 TPEX AJCOPUT-
MOB: BEPOATHOCTHBIX MOJUHOMHUAIBHBIX aaroputMoB S,T W aeTepMUHUPO-
BAHHOTO MOJMHOMHUAILHOTO ajroputva R. Anropmrv S mosyvaer Ha BXOZ
napamerp 0e30MacHOCTH N W OAWH OUT o, a aaroputm 1’ mojydvaer Ha BXOL
TOoJIbKO . [locsie 3roro 3rn ajropurmMbl 00IAIOTCA JAPYT ¢ APYIOM, TO €CTh
110 0Yepe/ HOCBLIAIT ApYr Apyry coobmenus. Hepes ¢(Sy (o, s), T, (r)) mbl
Oyaem 0003HAYATH MOCIEI0BATEILHOCTh BCEX TEPEJIAHHBIX COOOMICHUIT MeyK-
ay S m T, ecnim S MOXYYWI HA BXOM N, 0 W CIydaiiupie 6uTh 8, a T moayaua n
u caydvaitapie 6uThl . POJIb NPUBA3KYM K ONTY B HEMHTEPAKTHBHOM MPOTOKO-
JIe UrPaer IoCaeA0BaTebHOCTE coobenuii ¢(Sy, (o, s), T,,(r)). Kpome roro,
aaropuTM S BbLJAET HA BBIXOJ CTPOKY k, (0, s), Ha3biBaeMy0 KJ0490M (st
POCTOTHI 00O3HAYEHWH MBI MPEANOJaraeM, UTO BhIZAHHBIA K/II0Y 3aBUCHT
TOJIBKO OT 0, 8). AnroputMm R mojyvaer Ha BXOJ 1, CTPOKY € W CTPOKY k u
BHIZIAET HA BBIXOA OAWH OUT WJIM COOOIIEHWE O TOM, YTO OAWH M3 JIBYX UTPO-
KOB 0JIOKMPOBaJI HPOTOKOJI. Byjiem 3tu coobuienus obosnavars Lg, Lp (Lg
03HAYAET, YTO HPOTOKOJI OJIOKUPOBAH HOCHLIAIONUM, a L — nojydaresiem).

TpeboBanusa K 3TUM aJIrOPUTMaM TaKHeE.

[Teproe TpeboBanme 3ak/ovaercs B ciaeayomeM. /s jgobdoro duta o c
BEPOATHOCTHIO, TIPUOJIN3ATEIHLHO PABHOI 1, BHITIOJIHEHO

R,.(c(Sn(0,s), T,(r)), k(0,s)) = 0.

BoJiee Toro, 3To TpeboBanue J0KHO OBITH BBITOJHEHO, JaKe eCJIu, MoJIyda-
TeJIb KYJIbHUYAET. Y TOUHUM, 9TO ITO 03HAYAET.

[Iycts mosydarenb Ha CTaAuU 3aKPBITHS CYyH/IYYKA BBIIOJIHSAET HE AJIT0-
purm T, a kakoii-to japyroit ajsroputrm 1. IIpu 3tom on xoder 106UTHCsH
TOT0, 9TOOBI NPH €r0 OTKPBITUHU TOSIBUJICS MTPOTUBOIIOIOXKHBIH 3amiedaTanHo-
My out. Tpebyercsi, 9TOOBI 3TO OBIIO HEBO3MOYKHO, ey 1™ BBIYUC/ISETCS
CXeMaMM MOJMHOMHAJIBHOTO OT n pa3dMmepa. Vrtak, yrounennoe tpeboBanue
BBILJISIJIAT TAK.

(1) st 1r060it HEPABHOMEDHO HOJTMHOMUAJIBHO IOCIE/10BATEIbHOCTH CTPA-
reruit {T,F} ¢ BeposTHOCTBHIO, TPUOJN3UTENLHO paBHOl 1, st Jr06oro Gnra
0 BBITIOJIHEHO

R,(c(Sn(0,8),T7), k(0,s)) € {o, L1}

Bropoe TpeboBanue: mpejacraBuM, 4TO OTIIPABUTEb XO4€T OOMaHYTh 1O-
JlydaTesisi: Ha CTaJdd 3aKPbITHHA CYHIYYKa OH BBIINOJIHAET HE aJrOpuTM S,
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a HePaBHOMEPHO HOJMHOMHAIbHYIO crpareruto S*. Ilpu 3rom oH xouer jio-
OUTHCs OSBICHUS] TAKOH HOC/IeJ0BATEJIbHOCTH COOOIIEHUI ¢, KOTOPYIO MOK-
HO PACKPBITH JABYMSI CIOCOOAMM, TO €CTh, CYIIECTBYIOT Takue kg, kq, 9TO
R.(c,ko) = 0 m R,(c, k1) = 1. Tpebyercss, aro0bI 9T0 OBIIO HEBO3MOYKHO,
ecJIM aJaropuT™M S* TOJMHOMHUAJIEH 110 BPEMEHM.

(2) st HEPABHOMEPHO HOJMHOMUAIBHOI HOCJIEJI0BATEILHOCTH CTpaTe-
ruit {S*} s Beex n ¢ BepoATHOCTBIO, HPUOIM3UTEILHO PABHOM 1, BBIIOJIHE-
HO caeayomiee. Bo-miepBeIX, He cymecTByeT KJwda k, JJIst KOTOPOro

R (c(Sy, Ta(r)), k) = L.
Bo-Bropeix, e cymecrsyer takux kg, ki, 910
R.(c(S:,T(1r), ko) =0 m  R,(e(S:,To(r)), k) = 1.

Bwmecre ¢ yeaosuem (1) 910 rapaHTHpyeT, 9TO JJIsi BCEX 0 € BEPOSITHOCTHIO
npubansnreanuo pasuoii 1, R, (c(S(o,s),T(r)), k1) = o.

B tperhem TpeboBanum MbI OnATH 3a00THMCS 00 MHTEpecax OTIpPaBHUTE-
s, JlotycTum, Ky/JIbHUYIAET MOJIyYaTe b, 1 BMECTO ajaropurma 1’ ucrnosb3yer
HEPABHOMEPHO LI0JIMHOMUAJIBHYIO HOC/Ie10BaTe/bHoCTb crpareruit 1. Tpe-
Oyercsi, 9T0OBI BO3HUKAIOIIAS LPUBI3KA HE HECJa HUKAKOW mHMOpmaium o
COODIIICHNH.

(3) Huas moboii HepaBHOMEDPHO MOJMHOMHUAJBHON MOCIEeI0BATEILHOCTH
crpareruit {77} cayuaitasie Besmannbl ¢(S,(0,5), ) u ¢(S,(1,s),T)) BbI-
YUCTUTETbHO HEOTTHINMBI.

Eciin BbIOJIHEHBI BCe TpH yCJIOBHsSI, TO Tpoiika ajaropurmoB R, S,T Ha-
3BIBAETCS] MHTEPAKTHUBHBIM MPOTOKOJIOM TPUBSI3KU K OWUTY.

Teopema 20. Ecau cywecmeyem zenepamop IICYH, mo cywecmeyem um-
MepaKxmueHuLl NPOMOKON NPUBAKY K OUMY.

Jokasameavcmeo. lycrs G remeparop 11CY {0, 1} — {0,1}3". Anropurm
T 1mochLIaeT CIy9daiinyio CTPOUKY 7 JJIMHBI 37, MOCIE 9er0 OCTAHABINBALTCS.
Anropurm S xger or T crpouky r bl 3n. Eciu upucianHasg crpoka
MMeeT JIPYIYIO JUIMHY, TO OH 3aKAHYMBAET JUAJIOr (MOCHLIAS IyCTOE CJIOBO).
uadve, on BHIOWpaeT caydaifHyo CTPOUKY S JUIMHBI 1 1 nockliaer G(S), ecan
o = 0, n moceinaer G(s)®r nnade (To ecth, on nocelaaet G(s)®o-r). Kiou,
BBIJIABAEMBIN AJITOPUTMOM S €CTh US.

Bxomom asnropurma R, Kpome n, siBJAsSIeTCs apa CTPOK 7', X W CTPpoKa k.
Eciin Bce cTpoku umMeroT npaBuibHyo JiuHy, npudem © = G(s) Do -1, rie o
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HepBblit OUT cTPoKH Kk, a § — ocTajbHbIE ee OUTHI, TO aJaropurm R BbIaeT o.
Nuade, ajropurm R pazdupaercs, KT0 3a010KUPOBaJI TPOTOKOJI: €CJIH JIJIMHA
r He paBHa 3n, TO 3abJI0KWpoOBaJ MoaydaTenb. Ecan nauna k He paBra n + 1
win x # G(s) @ o - r, To 3a6JOKNPOBAJ OTTIPABATEb.

glcno, aro yeaorue (1) Beimosneno. IIposepnwm ycemosue (2). Tlycrsh mana
1OCJIEI0BATELHOCTD CXeM S 1I0JIMHOMHAJIBHOIO OT 1 pa3Mepa (II0CKOJIbKY
AJITOPUTM S BBIJAET TOJBKO OJHO COODIIEHHE, HAM HY KHa JIJIsi KazKI0ro 7
TOJIFKO OJIHA cXema ¢ 3n BxoJamu). B Harmem ciaydae TpeboBaHWe 3aKI09a-
eTCsT B TOM, YTO BEPOSATHOCTH COOBITHS

(3%, Y Sr(r)=G(sY), Si(r)=G(s')@r

nperedpekuMo MaJjia. BeposTHOCTh 3TOro coObITHS He DOJIbITIEe BEPOSITHOCTH
Toro, uro maiiayrest s, s rakme, uro G(s°) = G(s') @ r. llpn dukcupo-

panHbIX U, s! BepoaTHOCTBL 3TOrO COOBITHA pasHa 27", CyMMHUpyd 110 BCeM

5%, s, monyuaem He Gosbire 277, 4TO CTpEMUTCS K HYJIIO OBICTPee J1060r0
0OpaTHOTO TIOJIMHOMA OT 7.

[Tposepum ycaosne (3). Ilycrh gana mocsegoBarebHOCTh cxeM T)F mosm-
HOMHUAJILHOTO OT N pa3Mepa, KOTOpPbIE€ BBIJIAIOT Ha BBIXOJ OJHY CTPOKY 37N,
He uMmes Bxoja. Ipyrumu ciaosamu 1) npocTo 3a/aeT 10C/Ie0BATEIbHOCTD
crpok 1. IIpu Tex n, 418 KOTOpBLIX JJIMHA T, He PaBHA 31, AUAIOr UMeeT
BuJL (1), ycToe CJI0BO), U HE 3aBUCHT OT 0. [Ipu oCTaIbHBIX 1 HAM HAJO0 J10-
Ka3aTh BBIYHCINTEIHHYI0 HEOTIMINMOCTh CAyYaiiHbix Beandun (1 G(s)) n
(rt,G(s) ® k). OHM BBIYUCANTETHLHO HEOTIMIUMBI JPYT OT JIPYTa, MOCKOJIb-
Ky 00e BbIYUCIUTENbHO HEOTJIMIMMbL OT CJIy4allHON BeuduHbl (17, Yay,), L€
Y3, PABHOMEDPHO PacCIIpejie/ieHHast CPeJU CJIOB JUIMHbL 3N cjlydaiiHas Berndu-

HA. ]

3adava 32. loxkaxkute, 9T0 O€3 OrpaHUIeHnst OOIIHOCTH MOYKHO CUNTATH, 9TO
HHTEPAKTUBHBIA HPOTOKOJ B KA4eCTBE KJKOYa BCErJA BBIJIACT CBOHW CJIydaii-
Hble OUTHL U 0.

7 IlpoTokoanl OpocaHmss MOHETKH 1O TejieoHy

[Tporokosiom Opocanust MOHETKH 110 Tej1eDOHY HA3bIBAETCS TPOKaA aJIropuT-
moB A, B, J. Kaxplit u3 93Tux ajaropurMoB HOJIYy9aeT Ha BXOJ HATYPAJTbHOE
YUCJI0 M B YHAPHOI 3aIMCH W OCTAHABJIMBAETCS, TPOPadOTaB MOJIMHOMHAIb-
HOe OT M 4Yucjo maroB. Kpome Toro, ajroputv J mnojydaer Ha BXO/JI €le U
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JIBOUYHYIO CTPOKY ¢. Asiropurmbl A, B gBISIOTCS BEPOATHOCTHBIMH UHTEP-
AKTUBHBIMHU AJITOPUTMAaMHU 0€3 BBIX0Ja, 4 AJTOPUTM J JeTePMHUHUPOBAHHBIM
HEMHTEPAKTUBHBIM AJITOPUTMOM, BBIIAONINM HA BBIXO Anjn B.

DTN TpU aJrOpPUTMa CJEJAYIOIMMM 00Pa30M HCIOJIb3YIOTCSA JIJIsi UT'PHI B
opJisiHKY 110 Tejtedpony. UToOwl moadpocuTh MOHETKY, UTpoku, Asnca u Boo,
BBIIIOJIHAIOT aJroputMbl A, B cOOTBETCTBEHHO. DTH AJTOPUTMbI OOIIAIOTCH
110 resiepony (6e3 orpaHudeHus OOUHOCTU MOXKHO CYMTATH, YTO IEPBOE CO-
obmenne mocelaercst aaroputmom A). Sammces nx obmiennst ¢( A, B) mnaercs
Ha BXOJ ajroputmy J W OH omnpejessier, KTo Beurpas: ecim J(c(A, B)) = A,
To BhMrpana Asmca, a ecaun ecam J(c(A, B)) = B, To Beinrpasn Bob.

Tpebyetcst, arobbl j1azke ecjiu Bob KyjibHEUYAET, 1 BMECTO ajropurma B
3allyCKaeT HEeKOTOPYI0 HePABHOMEPHO [OJIMHOMHUAIBHYIO crpareruo B, 1o
BEPOSITHOCTH TOTO, 4TO AJIHCa MPOUIPAET MPEBOCXOANTH 1/2 (BeposiTHOCTH
POUTPaTh MPU OOBIYHOI WIPe B OPJISIHKY) He DoJiee, YeM Ha MPEeHeOPeKUMO
MaJIyo BeJNYNHY (TOUHee, Ha BeJHIHHY, CTPEMSIOINLYIOCS ¢ POCTOM 7. K HYJIIO
ObicTpee JiFo060ro 06PATHOIO MOJUHOMA). AHAJIOIUIHOE TPEDOBAHUE JIOJIZKHO
OBITH BBIIOJHEHO, U JIJIsi BEPOSITHOCTH HPOUrpbIiia Boba, eciiu KyjabHUYaeT
Atuca.

DopMaIbHO, TOJKHBI OBITH BBITIOJTHEHBI CJIEIYIONINE JTBA TPeOOBAHUSI.

(1) dst mo6oii HepaBHOMEPHO MOJIMHOMHUATIBHON cTpaTernn B BeposiT-
Hocts cobbitust J (17, A(1™), B)) = B He upeBocxoaut 1/2+ ay,, rie a,, npexe-
OpezKUMO MaJIo (CTPEMHUTCS € POCTOM 1 K HYJIIO ObICTPee JII000ro 06parHoro
HOJIMHOMA).

(2) dnst mo6oii HepaBHOMEPHO MOJIMHOMHATBHON cTparterun A BeposiT-
HOCTh cobniThst J (1™, A%, B(1") = A we npesocxoaut 1/2+ 3, rue 3, npeHe-
OpeknMo MaJIo.

Bameuanne 1. Baxkno, aro anropurm J perepmunuposan. MHade, BO-
HEPBBIX, 3aja4da Obljia Obl TPUBHAJIBHOMN, HMOCKOJILKY ajaroputm J cam Obl
MOT' TOAOPOCHTH MOHETKY W OObSABUTH MOOEIWTE T, NCXOAs W3 pe3y/bTraTa
opocanusi. Bo-BTOpPBIX, BEPOSITHOCTHBIE aJITOPUTMbI OECTIOJIE3HBI, TTOCKOJIbKY
UTPOKHM HE MOTYT 3aIlyCTUTh €ro M3-3a OTCYTCTBHSI OOIIEr0 MCTOYHUKA CJIY-
4alHOCTH.

Bameuanue 2. Ajiropursm J 3ajaer Hekotopyto urpy G, (0JHy JL1st KazK 10~
ro 3Ha4YeHus mapamMerpa 6e30MacHOCTH) ¢ KOHEYHBIM YHCJIOM XOJIOB. A MMeH-
HO, KOJIMYECTRBO XOJIOB B 3TOIl UTpe n JIJINHA KazKJ0T0 X0/1a OTPAHUYEHO MOJIH-
HOMOM p(n), OrpaHUYMBAOIINM BpeMst paboTos anroputmos A u B. Urpokn
XOASAT [0 o4depean, HadnHas ¢ Asmmcsl. [lociegoBareibHOCTD e/ TaHHBIX XO-
JIOB JIA€TCs Ha BXOJ aJropuTMy J, KOTOPBIH U OLpee/sieT, KTo Beurpast. [1o
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teopeme Kenura, B 11000t urpe ¢ KOHEYHBIM YUCIOM XOJIOB OJIMH U3 UI'POKOB
UMEET B 9TOH Urpe BBIMIPHIIIHYIO cTpaTeruio. Kcm /s 0eCKOHEIHO MHOIUX
1 3TUM UTPOKOM siBjistercst Asnca, 1o ycsioBue (2) He MOXKeT ObITh BBITOJ-
HEeHO i J1I000#t BooOIIe ee cTpaTerun B MOCKOJIBKY eCIN OHA TPUMeHseT
BBINTPBIBAIOIIYIO CTPATErHIO (M1 TeX N, JJIsi KOTOPHIX TakKas CYMIECTBYeET),
TO BEPOSTHOCTH €e Bhlurpbimia pasHa 1 (st 9rux n). AHAJIOIUYHO, ecJiu
JUsi OECKOHEYHO MHOIHX 70 9TUM UI'DOKOM siBiisiercst Bob, To yenosue (1) He
MOZKeT OBITh BEPHBIM JIjIsT JTI000# cTpaterun boba. [Tosaromy B 06oux ycjioBu-
ax (1) u (2) BaXKHO, 9TO MBI OPPAHUYNBAEM BBIUHCIUTEIHHBIE BO3SMOKHOCTH

KYJIbHUYaIoIIero nrpoka.

Teopema 21. Ecau cywecmsyem unmMepaxmuerviil npomokos NpueA3ky
bumy, mo cyu,ecmsayem u npomoxos nodopacvl8aHUL MOHEMKL NO MEAEHOHY.

Jlokasameavcmso. TlycTh HAM JaH HEKOTOPHIH TpoTokoa (S, R, T') mpuBsi3ku
K OuTy.

Asiropurm A (Bbiosinstembiit Asincoii) jeficrByer tak: noja0pacbiBaeM Mo-
HETKY OJIMH Pa3 M IoJiydaeMm cjydaiiupiii Out, KOTOpbiid Oyjem 00O3HAYATH
depes 0. 3aiyckaem ajaroputm S(o), Kotopslit Oyjer obmarsest ¢ Bobom. Ko-
raa obIIenne 3aKOHIUTCST U AArOpuT™ S(0) BBIAACT HEKOTOPHIH KU K, MBI
OCTaHABJIMBAEMCS W KJIEM, MMOKa HaM He MPHIILIIOT CJeIyolnee COODIIeHune.
[Tocsie aToro nocbLiaem Kiawd k.

Asiropurm B (Bbinosinsiembiit Bobom) jeiicrByer rak: 3allyckaem aJjro-
purm R, Koropsbiit Oyaer obmarbesa ¢ Anucoit. Korga obmnieHne 3aKOHIATCS,
o 0packiBaeM MOHETKY W TIOCHLIaeM pe3ysabTar Opocanust 7 Ajuce.

Anropurm J geiictByer Tak. [lycts ¢ o6o3HawaeT mpoTOKOJ OOIIEHNST HA
nepBoii cragnu. (YTo6s MOKHO OBIJIO OTIEJNTH B IPOTOKOJIE, TJie 3aKaHIHBa-
0TCs1 COOOIIEHUs TePBOit cTaaun, aaropurmbl S 1 R Haa0 MoguduIupoBaTh
TaK, 9T00bI OHU NPUIKCHIBAIN KO BceM ccobinenusim 0 ciesa. Ha Bropoit cra-
JIH BCe coolIenst OyayT HaunHaThes Ha 1.) 3amyckaem aaroputv T Ha ma-
pe ¢, k, rie k nocnennee coobmenne Amncel. OObsiBasiem BeinTpaBmnM bBoba,
ecsim T BBIIAET, COOOINEHNE, ITO MPOTOKO/I MPUBSI3KHU OJIOKHPOBAH AJIHCOIA,
IWIK Ha BTOPOi cramuu Bob mocaan 6ut, coBmagaomuii ¢ OUTOM, BBIIAHHBIM
T.

[IpoBepuM, 9TO 3TOT MPOTOKOJ COOJIIOTAET WHETEPCHI 000UX MTPOKOB, TO
ectb, ycaosust (1) u (2).

Nutepecsr Anucer. [lycrs Anuca geiictByer gectro, a Bod pykoBomcTBy-
eTCsi HEKOTOPOil HEPABHOMEPHO HOJMHOMUAJIBHON cTparerueil B, 910 o3Ha-
JaeT, 9YTO Ha MMePBOil CTaJud OH BBIIOJHAET HEKOTOPYI HEPABHOMEPHO IO-
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JIMHOMHAJIBHYIO crpareruto R, a Ha BTOPOil cra/uu LPUMEHseT K LpPOTo-
KoJly Oecejibl ¢ Ha LEepPBOIl cTaJuu HEKOTOPYIO CXEMy T, LOJMHOMHAIBHOIO
oT n pa3mMepa. OIEHNM CBEPXY BEPOSITHOCTH TOTO, 9TO aaropuT™M J 00bSIBUT
npourpastieii Anncy. Takoe MokeT Mpow30iiTH B JABYX CAyYasix: aJTOPUTM
T obbsisuT Asmcy OJIOKMpOBaBINEl MPOTOKOJ U ajroputM 1’ BeigacT OWT,
pasubiit 7%(c(S(0), R*)). [lockosbky Asnca He KyJIbHUYAET, B CHJLY [IEPBOIO
TpebOBaHUs K IPOTOKOJIY MPUBS3KH BEPOSITHOCTH HEPBOTO COOBITHUSI IIPEHe-
opexknmo MaJjia. B cuity Toro ke TpeboBaHMs BEPOSITHOCTH BTOPOTO COOBITHS
NpuBIN3ATEILHO paBHA BeposiTHOCTH TOTo, uTo 7*(¢(S(0), R*)) paBHo 0. Tak
kak Ajrca BRIOMpaeT CBOit OUT ¢ caydaitHO, BEPOSITHOCTH 3TOTO COOBITHS PAB-
HA

Pr[7*(c(S5(0), R*)) = 0] + Pr[7*(c(S(1), R*)) = 1]
5 :
B cuiy Broporo TpebGoBaHusl K MPOTOKOJIY MPUBSI3KH CJIyYaifHble BeJTHINHbI
c(S(0), R*) u ¢(S(1), R*) BblUMCAUTEBHO HEOTINYUMBI. B 4acrHocTH, OHU
HeoTImauMbl 1 cxemoit 7. [Toaromy, eciim BO BTOPOM ¢/1araeMoM 3aMEHUTh
BTOPYIO CJAYYAiiHyI0 BeJWYUHY Ha MEPBYIO, BEPOSITHOCTH W3MEHHTCsI HA TIpe-
HeOpeXKUMO Masyro Beandanny. [Toce Takoii 3aMeHbl B ducanTese 1poon

Pr[r*(c(S(0), R*)) = 0] + Pr[r*(c(S(0), R*)) = 1]
2

MBI TTOJIYy9UM CYMMY BE€pPOSITHOCTEH B3aMMHO MCKJIIOYAIONINX COOBITHI, MOITO-
My YUCJIUTE]b HE HPEBOCXOAUT 1, a 3HAUuT Besi Apobb He npeBocxogut 1/2.

Nurepecer Boba. ITycrs Bob geiicrByer gectro, a Annca pyKoBOACTBYeTCH
HEKOTOPOH HEpaBHOMEDHO LI0JIMHOMHUA/IBHON crparerueit AY. D10 o3Hadaer,
YTO Ha MEPBOIi CTANN OHA BBITIOJIHAET HEKOTOPYIO HEPABHOMEPHO TTOJTMHOMHY-
aJbHYIO cTpaTernio S*, a Ha BTOPOH CTaJMN NPUMEHSIET K TPOTOKOJY Oece/Ibl
¢, n bury T, nocianHomy Bobom, Hekoropyio cxemy k) HOJMHOMHAIBHOIO
or n pazmepa. ONeHUM CBePXy BEPOSITHOCTb TOr0O, YTO aJIroput™m J oObsBUT
upourpasiieit boba. Takoe moxkeT npousoiitu B JAByX cjydasx: aaroputm 1’
o0bsBuT Boba OJIOKMPOBABIIMM TPOTOKO U aJATOpuT™M 1’ BhIZAcT OUT, OT-
JIMYHBIA OT T, TO €CTh T.

[Tockosibky Bo6 jgeficTByeT 4WecTHO, IO TpeTheMy TpPeOOBAHUIO BEPOSIT-
HOCTBIO HEPBOTO COObITUST MOXKHO 1peHebpedb. [lockosibky cBoit 6ut 7 Bob
BbIOUpaeT CjydailHO, BEPOSITHOCTh BTOPOIO COOBITHSI PaBHA

Pr[T(c(S*, R), k*(¢(S*, R),0)) = 1] + Pr[T(c(S*, R), k*(¢(S*, R), 1)) = 0]
5 .
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OneHum cBEpXy BEPOSITHOCTH ITOTO COOBITHS, UCILIB3Ysl OIEHKY
Pr[U] +Pr[V]=PrlUUV]+Pr[UNV] <1+ Pr[UNnV],

BEpHYIO Jiist JIFOObIX JIBYX coObituit U, V. B uuciurese namieit jpobu cym-
MHUPYIOTCH BeposiTHOCTH JBYyX cobObituit U, V. BeposgrHocTh uX nepecedeHust
npeHedPeKNMO MaJia, MOCKOJIBKY TpeThe TpeboBaHue K MPOTOKOJIY MTPUBSA3KA
rapaHTHUPYET, YTO BEPOSITHOCTH CYIIECTBOBAHUS KJII04eil kg, ki, I KOTOPBIX

T(c(S*,R), ko)) =0, T(c(S*,R), k1)) =1,
npenebpexknmo mana. [Tosromy Pr[U N V] npenebpesknmvo masa. O

3adava 33. Ilycrs B KadecTBe MPOTOKOJIA NMPUBS3KH B TOH CXEME HCHOJIb-
30BaH HEWHTEPAKTUBHBIN MTPOTOKOJ, OCHOBAHHBIN Ha OJHO3HAYHON OJTHOCTO-
porHeit (pyHKIUU. Y KOro W3 JIByX UTPOKOB €CTh BBIUTPHITITHAS CTPATETHs B
MOJIy4eHHO# urpe (6e3 orpaHnveHusi Ha PABHOMEPHYIO MOJIMHOMHATHLHOCTE)?

3adava 34. Ilycth B KavyecTBe MPOTOKOJIA TMPHUBSI3KKA B 3TOI CXeMe HCIOJIb-
30BaH HHTEPAKTUBHBINA IPOTOKOJI U3 HPEAbILAYIIErO pas3jiesia, OCHOBAHHBI Ha
cymecrBoBanuu regeparopa [TCH. V Koro u3 AByX UI'POKOB €CTh BBIMI'PHIIII-
Hag CTPATerust B HOJYYeHHON urpe (6e3 orpaHuyYeHusl HA PABHOMEPHYIO 10~
JMHOMHATHHOCTE)?

8 IHTepakTuBHBIE JOoKa3aTeabcTBa u KJjacc IP

CkazkeMm, 9TO MHOYKECTBO CJIOB L mpuHaiekuT Kiaaccy [P, ecim cymecTBy-
eT TIOJIMHOMUAIBHBIN BEPOSITHOCTHBIT MHTEPAKTUBHBIH aaroputv V ¢ TakuMm
JABYM¢ CBOWCTBaAMMU.
(1) nsa Beex © € L cymecrsyer crparerus P rakag, uro Pr[V P (z) = 1] ~ 1.
(2) s Beex @ ¢ L ana moboit crparernn P soinoaneno Pr[V P (z) = 1] ~ 0.
BepositHocTh B 000ux ciydasix Oepercs 10 cjydalHbIM OUTam ajaroput-
ma V| taxk urto crouso 6wl nucath VE(x, 1), a ne VP (x). lpubmuszurensuoe
PaBEHCTBO B 000MX TPEOOBAHUSX MOHUMAETCS TIPU CTPEMJIeHNH n = |x| K Gec-
koneunoctu. OObIdHO asropurm V' HasbiBaercs [IpoBepsifonuM, a crparerust
P — Jloka3pIBafOIIUM.

Teopema 22. fswk GI, cocmoawul uz muoscecnsa scexr nap (Go, G1)
HEU3OMOPPHLLT 2pados, npunadiescum IP.
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Mbr canraem, 9ro MEHO2KecTBa BepiinH rpadoB Gg, G COBIAIAIOT U PaB-
Hbl MHOKeCTBY dncest {1,2,...,n} mis nekoroporo n. Oba rpada 3amanorcs
MaTpHIeii CMeKHOCTH, KOTOpast, B CBOIO 0vepejib, 3agaercst n(n —1)/2 6ura-
M.

oxasameavemeo. Crparerust [IpoBepsioniero 3ak/ar04aercs B CJeLyOIeM.
Bribupaem cayuaitno oxnu 6ut « (06a 3unadenus 0,1 ¢ BepositHocTsivu 1/2).
Bribupaem ciydaiinyto mepectanoBky m MHOyKecTBa Beprun {1,2, ..., n} (Bce
epeCTAaHOBKN PaBHOBEPOSATHHI). [lepectapisiem B rpade GG, BEPITUHBI C T10-
MOILBIO [IEPECTAHOBKU T M 1OChLIAeM 1ojydeHnbiii rpad G, (tounee, ero
marpuily cmexxuocru). Eciun B orBer JlokaspiBaoomuil upucjian 4ro-1o, or-
JIMYHOE 0T OuTa (v, TO 3aKaH4IuBaem obienue J0cpouno. Muade 1o noBropsiem
TO K€ CaMoe, UCIOJIh3ysl HOBBI OUT (v ¥ HOBYIO TlepecTaHoBKY 7. U Tak ma-
Jee, n pa3. Ecan He mpou301I0 JOCPOIHON 0OCTAHOBKY, TO BhiaeM (), a mHa1e
1.

flcno, aro ecnu rpadbl Go, G He n3oMopdHbI, T0 y JloKa3bBaIOIEro nMe-
erca cTparerus P raxas, uto ¢ epoarnocreio 1 Bemosneno VE(Gy, Gp) = 1.
[Tycrs rpadbr HenzomopHbl. Jlokazkem, 9TO BEpOSITHOCTH TOTO, YTO B TIEPBOM
paynie JlokaspBaronmii npucian «, e Gosbiie 1/2. JleficTBUTENBHO, TT0-
CKOJIbKY MbI BbiOMpaem oOa Ourta 0,1 paBHOBEPOSTHO, BEPOSITHOCTH ITOIO
cOOBITHS PaBHA

Pr[P(rGy) = 0] + Pr[P(nGy) = 1]
5 )

[Tockombky rpadsr Gy, G n3omopdubl, caydaitasie Beqnanubl TG, 7G1 nve-
0T OJIMHAKOBOE PACIpejiesIeHre, TTO9TOMY B MEPBOM CJIaraeMOM B 3TOH CyM-

me TG MOKHO 3aMeHuTb Ha TG (BEPOATHOCTL OT ITOrO He u3MeHuTcs). B
pes3yJibTaTe Mbl HOJYYUM IOJIYCYMMY BEPOSATHOCTEH HelepeceKkaronuxcs Co-
OblTUil, KOTOPAsl HE MOXKeT IPEBOCXOAuTH 1/2.

Paccy»xmast Takum 00pa3om, JIerkKo J10Ka3aTh M0 WHAYKIINH, YTO MOCJIe BhI-
MOJIHEHWST Kk payHI0B BEPOSITHOCTH TOTO, YTO MBI HE OCTAHOBHUMCS TOCPOTHO
e Gosbire 2%, Yrobsl e aTh NHAYKTHBHBIHA HePEX0, JOCTATOYHO YCTAHO-
BUTh, YTO LPH JIOOBIX 3HAYEHUSX Q'1,...,Qg, T1,..., T BEPOSITHOCTb TOI'O,
ato B k + 1 paynzse /lokazpiBaomuii npaBuaIbHO HARJIET (Vg4 IIPU YCJIOBHH,
9TO B mpeaplaymux payuaax [Iposepsrominit BeiOpan aq, ..., Qp, T, ..., Tk,
He TpeBocxoauT 1/2. D10 mokaspiBaercs Tak. Xoj, genaeMbiii JlokaspBao-
meM B paysae k + 1 3aBHCHT OT HAIIMX XOJA0B B IPEAbLAYINNX k payHIaX u
ot xoja G, caenanHoro Hamu B paysie k + 1. [TockoibKy Mbl Hpe/mnoiara-
eM (U1, ..., 0, Tq,..., T, GUKCUHPOBAHHBIMHU, X0/ JI0Ka3bIBAIONIEIO 3aBUCUT
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10J1bKO 0T T(Gy ). [ToaTomy roaurest 10 2Ke paccyKjeHue, 4ro u Jjisi IePBOro
payH/ia. ]

9 Jloka3aTe/IbCTBA C HYJIEBBIM Pa3TJialll€eHUEM

[Tycrs F, BepoATHOCTHAS CTpATerud ¢ IapaMeTpoM I, ABJIAIOIUMCHA JBO-
uuHbiM cioBoM. Ilyers f(x) mekoropas dyukuust or x. Mbl roBopum, 4ro
crparernst F, He pasriamaer mumdero, kpome f(z) (To ecrs, pasriaamaer
TOBKO f(2)), ecau CymecTByeT BEepOSITHOCTHBINH aJaropuT™M S ¢ OpaKyJoM,
JUI KOTOPOTO BBIIOJHEHO caepytomee. JIag no00ii HepaBHOMEPHO I1OJIMHO-
MUAJIBHOI nociegoBaresbaoct crpareruii {F,} a1 Kazxkioro & ajaropurm
S, mosyuast Ha BX0g f (), U uCOJIb3Ysl B KauecTBe opakyJa F,, rae n = |z,
JIOJIZKEH CTeHEepUpOBATH 34 MOJNHOMUAILHOE OT 1 BpeMs HEKOTOPYIO CJIydaii-
HYIO BeJINUUHY (Vf(y), BBITUCANTENBHO HEOTIMINMYIO OT CJIydaifHOlN Besmdn-
ubl ¢(F,, Gy,) paBHOMEPHO 1O = (HAOMHHUM, 9TO TAK ODO3HAYAETCS JHAJIOT
mexty crparerusmu F, u G,,). 910 03uaqaer, 4ro jis 1000ii HepaBHOMEPHO
HOJIMHOMHUAJBHON HOCIe0BATEILHOCTH oTanynTenei I, n joboi mocuaeio-
BATEJIBHOCTH CJIOB &y, THe |T,| = n, BeposaTHOCTH COOBITHX F,(0f(p)) = 1
n E,(c(F(z),G,)) = 1 npnbansurensno paBHbl. B wacrHoctn, ciayvaiinbie
seauannbl ¢(F(x), G,) Npu Pa3sHBIX T ¢ OJMHAKOBBIM 3HadenneM f(r) BbI-
YUCIMTEBHO HEOTJIMYMMBbL IPYT OT Apyra. Ajropurm S Oygem Ha3blBaTh CH-
MyJIITOPOM. B 9TOM onpesenennn BazkHO, 9TO CUMYIATOPY Pa3pPeIlaeTcs He
mpocTo 00MAThes co crparerneit (G,, a MOXKHO 3ampammuBarh 3uadenne (G,
Ha TPOM3BOJILHBIX TIOCJIEJI0BATEALHOCTAX CI0B. Hampumep, cumyasaTop mo-
et 3ampocnTh 3uHavennss G, (c1) n G,(¢}), 9T0 HEBOBMOXKHO B X071€ Geceipl.

B3amMeruM, 4TO B 3TOM B 9TOM onpejenenun crparerus G, npeuosaraer-
¢ perepMuHUpoBaHHOi. OJHAKO 9TO HECYIECTBEHHOE orpanudenue. Ilycrnb
MMEETCd HEPABHOMEDPHO HOJTMHOMHUAIBHAA MOCIEA0BATEIbHOCTD BEPOATHOCT-
ubix crparernit {G,}. Crpareruto, nonydennyio n3 G, dbukcanneit ciaydvaii-
HBIX OUTOB 7, Gyaem obo3nadath depes G, (r). Ilo ycioBuio aiuHa r ecTh
IIOJIMHOM OT T, U CJI0BO, BbgaBaemoe crparerueii Gy, (r) Ha nociemoBareib-
HOCTH COOBIIEHHUIT 4, MOZKHO BBIYUC/IUTH 10 T, 3 CXeMOM MOJTMHOMHUAIBLHOTO OT
n pasmepa co Bxogamu 7, y. Torga ¢ HOMOIIBLIO aJIropurMa S MOKHO CreHepH-
pPOBATH CAYYARHYIO, BRIYUCANTENBHO HEOTIUIUMYIO OT CJIyIaiiHONi BeJINIMHbI
(r,c(Fy, Gp(r))). Hdas aroro BeibepeM r caydaifHbiM 06pa3oM, 3amycTuM aji-
roput™m S ¢ opakynom G, (r) 1 BBLIAJAUM HA BBIXOJ PE3yJIbTaT ero paboTsl,
CHAPEHHbIH C 7.
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VeTaHOBUM OJIHO BazKHOE CBOWCTBO 3TOIrO IOHATHA. JljIst 3TOr0 ompee-
JIMM OLIEPAIUIO 1I0C/IE0BATEILHOIO BbIIOIHEeHHs (KOMIIO3UIUK) CTPATErnii.
[Tycts Fi, F5 nBe cTpaternn. BeimotHNM cHadasia ctpaTternto Fi, a 3aTem, 3a-
OBIB BCe C/IeIAHABIC HAME U COOECETHUKOM COOOIICHUS, BBITIOJTHUM CTPATEIUIO
Fy. VInbivu cJI0BaMH|, pe3yJbTaT NPUMEHEHUs HOBOI CTpaTernn K moc/iea0Ba-
TENBLHOCTH XOJIOB C1, Ca, . . . , Cj; OUPEJIEIIeTCd TAK: €CJIU He CYyHIeCTBYeT TAKOIO
i, uro Fy(cq, o, . .., Coi) €CTb 1ycTOE CJI0BO (TO ecrb, crparerus F He ocrano-
BHJIA HaJior), 1o BeigaeM F(cy, ca, ..., ¢x). Nnade Boigaem Fy(coivq, ..., L),
rJie ¢ HANMeHbIIee Takoe, 9To Fy(cy, ca, ..., c9)  mycroe cioBo. [TomydenHyo
cTpaTeruio obo3naunm depes [ Fy.

AHAJIOrMYHO OLpeseIaeTcs HOCAeI0BATEeIbHOE BBIIOJIHEHUE IBYX BEePOLAT-
HOCTHBIX crpareruil. [Ipu Beinosnenun Fy Mbl HCHOIB3yeM CaydaliHble OUThI,
HEe3aBUCHMBIE OT CJIy4YaliHbIMU Outamu crparerun [. VIHpIMu ciaoBamu, ec-
Jau crpareruu [} Hy’KHa TOCJIEI0BATEILHOCT 7'y U3 N CAyYailHBIX OUTOB, a
crparerun F,  1OC/I€I0BAaTEIBHOCTD T9 U3 M CAYYAWHBIX OUTOB, TO KOMIIO-
unuu crpareruii Fy, Fy HyKHO n+m caydaitnbix outos. Crparerus FyFy co
caydalHBIMU OMTAMM 7179 €CTh KOMIIO3MIMs cTpareruu F) co ciaydaiiHbIMu
odutamu ry u crpareruu Fh co ciaydailHbiMu OutamMu ro.

[Tycts F'(z)  BeposITHOCTHAsI CTpATerus ¢ mapamerpom & (4To0bl B 1aib-
HelimeM u30eKaTh JIBOWHBIX WHICKCOB, MBI 3alMCHIBACM MapaMeTp He Kak
MHJIEKC, a KaK apry™ment). PaccMorpum crpareruto ¢ napamerpom (T, Ts),
3aK/JIIOYAIOILYIOC B IOCIEA0BATEIbHOM Bbinoaserun F (1) u F(xg). [ony-
4eHHYIO cTpareruio obosnadnm depe3 F(xp) F(xzs).

Jlemma 23. Ecau cmpamezus F(x) paseaawana moasvko f(x), mo cmpame-
eus F(x1)F(x2) pasenawaem moavko (f(xy1), f(x2)).

Jlokazamenvemeo. Badukcupyem cumyssrop S s crpareruu F(x) u no-
crpoum cumyasrop S st crpaverun F(x1)F(z5). Hopbiii cumyisirop po.i-
JKeH, TOJydnB Ha BXox mapy (yi,ye) = (f(x1), f(x2)) m mves B KavecTBe
Opaky/aa HEKOTOpPYI HEPaBHOMEPHO MOJIMHOMHMAIBHYIO crparernio (G, rie
n = |r123|, creHeprupOBATH CAYYARHYIO BEJWUYUHY, BHIYHCINTETHHO HEOTJIV-
aumyio ot ¢(F(z1)F(x2),G) (Mbl Oysem OIycKaTh B JIAIbHEIIEM UHIEKC 7).

[Tocae Toro, kak crareruss F(r1) OCTAHABIMBAETCS, B JUAJIOTe MEXKJLy
F(x1)F(x2) u G cuenanbl KaKue-10 COOOLIEHUSI C1, . . ., Cop, (HIOCIIE/HEE COOD-
MIEHNe Cop41 CJIEJTAHO cTpaTerneil F' (1) u siBISETCs MyCThIM CJIOBOM ). MBI MO-
JKeM CUUTATh, 9TO €O crparerneii F'(zy) 6ecemyer crparerust Ge, ., OMpe-
JlesigeMas paBeHCTBOM

Gcl,...,CQk(CQk-f—l) Cok+2, - - ) = G(Cb Coy ...y Coky Coky 1, C2k42, - - - )
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[Tosromy mumasor crpareruit F'(xy)F(x) u G pasen u(ry),v(r,m2), vae u(ry)
— juasior crpareruii F'(zq,71) u G, a v — auanor crpareruit F(x9,75) u
Gu(ry)- 371€Ch 71 U T5 HE3ABHCHMbIE DABHOMEPHO DPAaCIpe/IeseHHble CTPOKH,
HCTIOIb3YEeMBIE BEPOSITHOCHTRIME cTpaterusiMu F'(x) n F'(x3), coorBeTCTBEH-
HO. YUTOObI CreHepHpOBATE 3Ty CIYUYAHYIO BEJININHY, 3aIMyCKAEM CHMYJISTOD
S Ha Bxoze y; ¢ opakysoM GG. OH BBIIACT HEKOTOPYIO MOC/IEI0BATETbHOCTD
coobieHnit 7($1), KOTOpasi BBIYUCJAUTELHO HEOTIHIUMA OT CJIydaiiHOil Be-
anauHbl u(rq). Yepes $; Mbl HCMOIH30BAJH TTOCJIEI0BATEIHHOCTh CJIYYaiiHbIX
OWTOB, MCMOJIH30BAHHYIO CHMYJIATOPOM S. 3amycTuM ONAThH CUMYJISITOP S ¢
opakyaom G s,) Ha BXOIE Yo, WCTOIB3Yyd HOBBIE CIydaiinbie OMTH s3. On
HAM BBIJACT HOCJIE0BATENBHOCTD 0(S1, S3), BBIYHCJAUTELHO HEOTIUIUMYIO
o1 ciydaitnoit Bemuunnbl ¢(F(22,72), Fys)))-

Hawm HaJ0 10Ka3aTh BHIYACIUTENbHYIO HEOTINIUMOCTD CIyIaiiHbIX BeJIH-
IHH

& = u(ry),v(ry,re).

§a = 1(s1),0(s1, 52).
JlocTaTouHo M0Ka3aTh, 9YTO OHW 00e OHM HEOTJIMYWMBI OT CAydailHON Besu-
YUHBI

& = n(s1), wisi,r2),
riie w(s1,72) = c(F(x2,72), Gyesy)) ecrb auanor crpareruit F(xg,79) u Ghs)).
Heornuanmocts &y u £ nokaseiBaercs Tak. [lycrs gan recr E nojmaOMEAB-
HOTO pa3Mepa BepOATHOCTEH TPOXOXKIeHnst KOToporo E cayvaiinpivMu Besm-
annamu § u & He Mmenbme € = 1/poly(n). Bemomunwm, ato v(ry, o) ecth
auanor crpareruit F(xg,72) m Gyg,). PaceMoTpuM BeposaTHOCTHYIO cxemy
E'(z) = E(z,¢(F(x9,12),G,)). Ecm s10ii cxeme mojarb Ha BXOJ CJIydaii-
HYIO BeJnuuHy u(71) TO Ha Bbixoge Oyjer ciaydaiinas seauunna F (&), a eciu
eil mogaTh Ha BXOJ 7)(s1), TO Ha BBIXOjE Oymer ciaydvaiinas Besmunna F(&).
[TosTOMy pa3HOCTh BepOATHOCTEI TpoXoKaenus Tecta B cayuaitnsivMn Besm-
anramu u(r1) oT 7)(s1) paBHA PA3HOCTH BEPOSITHOCTEH MPOXOXK IeHNUs TecTa F
cayvaiinpivmu Bemaunamu & u £1, a 3Ha4UT He MeHbuIe €. [TockoIbKy cTpa-
rerust G HEPABHOMEDHO MOJIMHOMHUAJIbHA, cxeMa ' uMeer noJmHOMUAIbHbII
OT M pas3mep.

Heornuuumocts & u & jmokaspiBaercs Tak. [lycts nan tect E mojmHO-
MHAJILHOTO pa3Mepa BEPOSATHOCTEH MPOXOXKIeHNs KOTOporo F ciaydaitHpMun
pesimuunamu & u & He menbuie € = 1/poly(n). Badukcuposas 1101x0/15-
muM 00pa30M S§p IOJIYYUM TECT MOJMHOMHUAILHOIO pasmepa FE’', pasHOCTb
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BEPOATHOCTD TPOXOZKJICHUST KOTOPOro Caydaiinbivu seauunnavu 60(sq, $g) u
w(s1, $2) HEe MeHble £. BeuoMmuum Tenepb, uro 0(sq, S2) ecrb guajior crpare-
it F'(29,72) 1 Gys)), a 0(s1, 82) eCTh pe3ynpTaT NpUMeHEeHNs] CUMYJIATOPA
S ko Bxoxy f(w2) ¢ opakynom Gy,). B aroit wactn paccyxjennsi Ham He
BayKHO, uT0 (G HEpABHOMEPHO TOJIMHOMUAILHAA CTPATEIH. O

Touno TakuMm ke paccy KIeHneM MOYKHO JI0Ka3aTh Caeayolnee 0000IeHne
JIOKQ3aHHOTO YTBEP:KICHUA Ha MOJMHOMHAILHOE KOJIMYECTBO TIOBTOPCHHIA.
[Tycth p(n) MpOM3BOIBHBINA MOJIMHOM W MyCTh crparterus F(x) pasriamaer

tonbKo f(x). llyers 1, ..., &y, tae m = p(n), ciosa paunbl n. Pacemorpum
crpareruto F(zy) ... F(z,;,) 3aK/IH04AI0IYOCH B HOCIE0BATEILHOM HE3ABH-
cuMOM BblLOJIHeHUH cTpateruil F'(xy),. .., F(xy,).

Jlemma 24. Ecau cmpamezus F(x) paseaawana moavko f(x), mo cmpame-
eusn F(xy) ... F(xy) pasesawaem moavko (f(x1), ..., f(zm)).

Jlokasamesvemeo. TIoCKONbKY B PACCYKJAEHUU T U X1, . .., T, MEHSITHCA He
OymyT, OyjemM onyckaTh ux B 0003HadeHusIX. 3ahuKCcupyemM cuMyiatop S jiis
crparernn Fu nocrpoun cumyisrop S s crparerun Fi(zy) ... F(z,,). Ho-
BBIl CHMYJISITOD JIOJIPKEH, TIOJYIUB Ha BXOML (Y1, . ., Ym) = (f(x1),. .., f(Zm))
W uMes B KauecTBE OpaKyJa HEKOTOPYI0 HEPABHOMEDPHO MOJTMHOMHUAJIHHYIO
crparernio G, creHepupoBaTh CydYaiiHy 0 BeJIMYMHY HEOTTMUUMYIO OT JIHUAJI0-
ra crpareruit F'(xq) ... F(zy, u G. g sroro 3amyckaem cumy/isitop S Ha BXO-
ze Y1 ¢ opakyaom G. OH BbIIACT HEKOTOPYIO IOCIE10BATEILHOCTH COOOMICH I
n(s1). BamycTum onsiTh cuMysiTop S ¢ opaxyiaoM Gy, (s,) Ha BXOJIE Yo, NCIIO/Ib-
3yst HOBBIE CJIydaiiibie GUTHI So. OBGo3HATNM vepes 1)( Sy, S2) Pe3yIbTaT MPHITH-
CHIBAHUST BBIJAHHOI M MOCJIEI0BATEILHOCTH B KOHEIT OCIeJ0BATETLHOCTHT)(S1 ).
[ToBropsist TOT HPOLECC M Pa3 MOJLYyUYUM CJlydaliHble BeJTUIUHbL, 7(S1, S2, - . -, S;)
OLIPEJIEISIEMbIE UHJLYKTUBHO: 7)(S1, S2, - . . , §;) €CTh COEJIMHEHHE [OCJIeI0BATE b
HOCTH 7)(S1,...,8;_1) W pe3yjbrata paboThl CHMYJIsATOpa S Ha BXOJE ¥; CO
caydaiinbivu 6uTamu s; ¢ opakyaoM Gy, s ,)-

MpbI yTBep:KIaeM, 4TO TMOCJIeJI0BATEBHOCTD 1)(S1, Sa, - . ., Syy) BBIYUCIIH-
TEeJIbHO HeOT/InIuMa ot juajora crpareruit F'(xy) ... F(x,,) u G. Yrobsl 1o-
Ka3aTh 910, JIAJIUM UH/LYKTUBHOE OLpe/iesienune jguaiora crpareruit F(zy) ... F(x,,)
u G. Onpegennm O(ry, ..., r;) Kak MOCJIEI0BATELHOCTD, TMOJYYeHHYIO U3 T10-
caepoparenbHoctn O(rq,...,r;_1) TPUMACHIBAHNEM B KOHEI[ JWAJOra CTpa-
rerun F'(x;) co caydaiinpivm 6utamu 1r; u u crparernu Gog, . ,)). Torna
O(r1,...,mm) ectb guanor crparverun F(zy)...F(z,,) co caydaiinpivu Oura-
MH T ...7p 1 G
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JlonycTuM cymecTByer HepaBHOMEPHO HOJTMHOMUAIBHbBIH oTinaurens K,
CJlydallHbIX BeJIMIUH 1)(S1, S, ..., Sm) U O(ry, ..., Ty), KOTOPbIil st Gecko-
HEYHO MHOTHX N MMeer ycrnex €, = 1/poly(n). @ukcupyem ofHO U3 TaKuX n
w HaiizeM i, crparermio G u ommumTens guasnora crpareruit F(z;) n G or
CJYy9IaiHON BeIMINHBI, TeHEPUPYEMON CHMYJISATOPOM S Ha BXOJIE ; C OpaKy-
aom G.

s kaxxgaoro ¢ = 0,1,...,m paccMoTpuM THOPHJIHYIO CJydaiiHyi0 Be-
TAIUHY i (81, -+ 5 SiyTig1, - - -, Tm)- B ONpPEJIeIeHUN 3TOi cayvaiiHoil Besu-
YUHBI § pa3 MCHOJL3YeTCs NepBas WHAYKTHBHASA CXeMa, U m — i BTOpas.
Cayuaitnas seqnanna Eo(ry, ..., Tm) ecth 0(r1, ..., Tm), a En(S1, .-+, Sm) €cThb
N(81, 82, -, 8m). PaceMorpum TO 4, JII KOTOPOrO PA3HOCTH BEPOSITHOCTEN
Pr[E(&) = 1] u Pr[E(&_1) = 1] 6oabiie €/m 110 abeoioTHON BeMYnHE.
Chnyuaiinas Benuuunna &; 1 ABAsITCS (DYHKIUEH OT Sy, ..., S 1,Titl, - - 5 Tm

u auasora ¢; crparern F'(z;) co cayvaiineimu Guramu r; u crpaternn G =
G i(s1,080-1)- ODO3HAUNM 3Ty dyHKIMIO Yepes f;. DTa dyHKIMsA HepaBHO-
MEPHO LHOJMHOMHUAJIbHA, 10ToMY 4T0 F'u G rakosbl. [Ipu 3amene nacrosimnero
JIIAJIOrA ¢; HA LCeBJO-UAIor (pe3yabrar paborsl S ¢ OpaKy/IoM G ua Bxoje
Y; CO CilydallHbIMU GUuTamMu S;) 3HAYEHUEM ITOH (DYyHKIMU BMECTO &;_1 CTAHET
cayqaiinass Beamanna &;. [Toaromy cxema E(fi(S1,. .y Sim1, Tit1s -« Tms 2))
pU MOAXOAAIIEH (DUKCAINN 3HAYEHUIH S, ..., S; 1,Tit1, -+, 'y OYIET OTIU-
4aTh HACTOALIMI JIMAJION OT HCEBIO-JIUAIOrA C YyCIexoMm He menee €/m. [

Onpejiesinm Ternephb MOHSTHE WHTEPAKTUBHOTO JIOKA3ATEThCTBA C HYJIEBBIM
pasriiamenuem. [lycTh nmeeTcst MHTEPAKTHBHBIN aJiropuT™ V' i BEPOSITHOCT-
Hast crparerust P, ¢ napamerpom z. Takasi mapa Ha3bIBaeTCsl POTOKOJIOM
MHTEPAKTUBHOI'O JIOKA3aTe/IbCTBA C HYJIeBbIM pa3l/IallleHueM JijIsi MHOZKeCTBa
cJI0B L, ec/ii BBILIOJIHEHbl TPU YCJIOBUS.

(1) dns Beex z € L soimosneno Pr[Vi(z) = 1] ~ 1.

(2) s Beex x € L pa moboii crpaternn F geimomneno Pr[VE(z) =
1] = 0.

[Tpubin3uTe/ibHbIe paBEHCTBA B 000UX YCJIOBUSX IIPU CTPEMJICHUN JIJTNHbI
T K OECKOHEYHOCTH. DTH YCJIOBHUS APAHTUPYIOT, TO 4TO L HpUHAJJIEKUT
kJjaccy IP.

(3) Crparernsi P, pasrmamraer Toabko (x, L(x)).

MHOKeCcTBO BCeX sI3BIKOB, JIJIsT KOTOPBIX CYIIECTBYET MPOTOKOJ MHTEPAK-
TUBHOI'O JIOKA3aTEJIbCTBA C HyJIeBbIM pa3riaiienuem HaszbiBaercss ZKP (Zero
Knowledge Proofs).
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Teopema 25. fzwk GI, cocmosuwuti ud muoscecmsa ecex nap (Go, G1) uso-
mopHnz epagos, npuradsesncum LKP.

Jokazamensvemeo. Urpy naunnaer JHokazwiBatomuii. Eciiu rpado Gy, G Henso-
MOpdHBI, TO OH OcTaHaB/BaeT urpy. Muade on pukcupyer HEKOTOPBIH U30-
Mopdusm 7T 3tux rpados: 7G7 = Gy. 3arem on noceuiaer [Iposepsitomemy
rpad H = Gy, rae m caydaiinyio nepecraHoBka MHoxkecTBa {1,...,n} Bep-
e rpacda Go. [Hoxyaus rpad H, mposepsttoriii mockliaer JlokassiBafonemy
caydaifHO BbIOpaHHbBIH OuT . 3areM Jl0Ka3bIBAOIIMIT OCTABINBAET UIPY, €C-
JI €My TPUCIAIE He OUT (TO eCTh JIJIMHA IPUCIAHHOTO COODIIEHUs HE PABHA
1), a uHave MOCHLIAET HEPECTAHOBKY p = T o 7%, Dra HepecTaHOBKa yCTAHAB-
muBaer m3omodpusm rpados G, u H, 1o ectb, m o 7%(G,) = 7(Gy) = H
[TpoBepstromnii posepsier, B camoMm Jsin jgese p(G,) = H n ocranasiamBaer
UIPY JOCPOYHO, €CJM 3TO He Tak. Ecju urpa He oCTaHOBJIEHA, TO BCE IIPO-
JIOJIZKAETCsl CHAavasa, ¢ HoBbiMU T, & (u30Mopdusm 7 ne mensiercs ). [Tocie
n nosropenuii Ilpoepstomuil ocranaBjuBaer Urpy, M, €Cad urpa He Oblia
OCTaHOBJEHA HOCPOYHO, BhigaeT 1, a maade (.

Yeaosue (1) oueBnano BhimoHeHo. [Iposepnm yesosue (2). Tlyers [oka-
3BIBAIONINIT TIPUMEHSIET HEKOTOPYIO cTpaTteruto F (BO3MOXKHO OTJIHYHYIO OT
crparerun P). Eciu rpadbt Gy, G1 HenzoMopdHbl, TO HOCJIAHHbI UM B i-
om paynze rpad H ne mzomopden xors Ob1 ognomy u3 rpados Gg, Gp. C
BEPOSITHOCTHIO He Meree 1/2 JlokasbiBawInii yKaskeT B Ka4ecTBE o HOMep
Toro rpacda, koropomy H we uzomopden. Ecin 310 nponsornio, To Kakyio
OBl TIepecTaHOBKY p Hu mpucian JlokaseiBarommii, pasenctso p(G,) = H we
BBILOJIHEHO, 1 [TpoBepsomuil J0CpOYHO 0CTAHOBUT UI'PY. BeposTHOCTL 3TOr0
COOBITHS HE MEeHee OJIHOM BTOPOii PU YCJIOBHIO JIFOObIX XOA0B B IIPE/IbLLY IIHMX
payHIax, 09TOMY BEPOSITHOCTH JOCPOYHOI OCTAHOBKWM WTPHI XOTsI OBl B OJI-
HOM payHze He MeHee 1 — 27",

Ocranocts nposeputh yesopue (3). TTockoabKy JlokasbiBatommuii mpuve-
HsIeT OJIHY M Ty »Ke CTPaTeruio BO BCEX payHJax, 10 JemMMme 24 J10CTarO4HO
JI0KA3aTh, YTO B IIEPBOM payH/ie pasriamiaercs 1obKo (x, L(x)).

Cumyuisitop jeiicrsyer tak. [lycrs F' Hekoropast (JerepMuHUpOBaHHOAS )
crparerusi [Iposepsitoriero. Bymem cravana mpeamosarath, 9TO HaM 3apa-
Hee W3BeCcTHO, 4T0 F' Ha Jjrobom rpade Boigaer 0 wan 1. Ecoim L(xz) = 0,
TO reHepalus 3alucd OOLIeHMs TPUBHMAJIbHA, IIOTOMY 4YTO MI'PA 3aKaH4YMBA-
ercd, He Hadasmuch. [lycrs L(x) = 1, 10 ecrb rpadbr uzomopdust. Torga
HaM HY2KHO 110 G, G| creHepupoBaTh CJIydailHON BeJIMYMHY, BLIYUCJIUTEIHHO
HeoTImanMyIo ot Beamanusl & = (m(Gy), o, mo 7). IIpn 910M MBI He 3HAEM T
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(unaue renepanus ObL1a Obl TPUBUAIBHOI — Mbl MOLJIU ObI IIPOCTO 3a11yCTUTh
crparerun [Iposepsifoniero u JlokasbiBaromniero).

Herpyano nousaTs, urto pacupejenenne { ecTb paBHOMEPHOE pacipeje-
nenve Ha Tpoiikax (H,«, p) taknx, uro p(G,) = H n F(H) = « (6yaem
Ha3bIBATh TaKWe TPOHKM yJaadubivMu). JleficTBUTEIHHO, I KayK IO mepecta-
HOBKH T UMeeTcs yjaunas Tpoiika (H, o, p) — 1a, KoTopas HoJIydeHa, eciu
Ha nepBom mare JlokaspiBatonuit BeiOpas nepecranoBky 7. C apyroit cro-
POHBI, Kayk/iast yaadnas Tpoiika H, a, p nosgBuTcs B Oecejie, ecjii Ha IEPBOM
mare /lokaspiBaoiuii BeibepeT mepectanoBKY m = p o 7~ %. Takum obpazom,
VIQ9HBIX TPOEK POBHO N! M BCe OHW PABHOBEPOSITHHI.

Tenepb MOXKHO 3aIyCTUTH XOPOIIO M3BECTHBIH AJITOPUTM T'€HEPALUNA PAB-
HOMEPHOT'O pacupejiesieHusl B JJaHHOM MHoxkecTBe. CHadajia 3aMeTHM, 49TO
nepBasi KOMIOHeTa JIFoOO0H y/1aqHoi TPOIKN OJJHOZHAYHO OTPEJIEISIeTCsS BTO-
poit n TpeTheit KoMmoHeHTaMu. [109TOMY MOXKHO B34ThH CIyJalHYIO Mapy «, p,
naiitn H = p(G,,) n nposepnth Oymer in Tpoiika (H, v, p) yaaduoii (To ecth,
F(H) = «). Eciin mer, 10 OBTOPUTH HOIBITKY, B3siB HOBYIO HApy &, p. 1106bI1
TOT AJTOPUTM 34 MOJTUHOMUAAIBHOE OT 7 BpeMsi HAXOIHUI ¢ DOJIBIION BEPOSIT-
HOCTBIO yJIAYHYIO TPOMKY, HY?KHO 9TOOBI YJAAYHBIX TPOEK OBLIO JOCTATOTHO
MHOrO. MBI yTBEpKIaeM, 94TO BEPOSITHOCTH TOro, 4To Tpoiika (p(G,), a, p)
yiagna, pasHa 1/2. JleiictBuTeanbHo BeposiTHOCTH Toro, uto F(p(G,)) = «
paBHa cpejHeMy apudmerndeckomy BepositHocteii cobbituii F(p(Gp)) = 0 u
F(p(Gy)) = 1. lTockoubky rpadsl Go u G u30MopdHbl, CiydaiiHble BeJInu-
ubl p(Go) 1 p(G1) UMEIOT OJMHAKOBOE PACIIPE/IE/ICHUE, HOITOMY BEPOSTHOCTh
cobwitust F'(p(Gy)) = 0 pasna BepositHocTu cobbitust F/(p(G1)) = 0. Snaunt
BEPOSATHOCTL HAWTHU YCHENIHYIO TPONKY B OJHOIl HONBITKE paBHA CpPeIHEMY
apudmernaeckomy BepositHOcTell cobbitnii Fi(p(G1)) = 0 m F(p(Gy)) = 1.
[Tocko/bKy 311 COOBITHSI B3AUMHO JIONOJHUTEIbHbBI (3/1€Ch Mbl HCLOJIb3YeM,
uro crparerust F' Bbigaer Bcerga 6ur), ara BeposTHOCTh paBHa 1/2. Takum
00pa3oM, TocJie N MOMBITOK BEPOSITHOCTH Heyiadu Oy/ieT paBHa 27" U B 3TOM
caydae Mbl MOYKEM BBIJIATH JIIOOYIO TPOUKY.

Kak renepupoBath 3anuch coobmenuii B obmiem caydae. Obo3HadunMm de-
pes F' crparernio, Koropast B ToM caydae, Korga [ Bbigaer He OUT, BBIIAET,
CKayKeM HOJIb, a B OCTAJbHBIX CJIydasx paboraer Tak ke, Kak F. Cumyisarop
JeUCTBYeT KaK OMHUCAHO, UCITOJIb3Ys F Bmecro F. Tocie MOJIydYeHns TPOWKM
(H, o, p) ou ipumvensier F' k rpady H u, ecin moayInTcst He OUT, TO 3aMeHsIeT
B 3TOii Tpoiike o (KoTopoe B 3ToM ciay4vae pasHo () wa F'(H), a p Ha mycroe
CJI0BO. DTO IPeodpa30BaHUE MMEPEBOJUT PACHPEIETICHIEe c(Px,F) B paciipe-
jeserue ¢ Py, F') (nockoibKy npu KazkjioMm (hUKCUPOBAHHOM T, TPOWKA I10-
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JlydeHHast, B urpe crpareruit P, u F' nojiydaercs 3tuM 1nmpeodpa3oBaHueM u3
TPOMKHU 1OJIy4eHHON B urpe crpareruit P, u F) [Tosromy 310 11peodpazo-
BaHUe MEPEBOJUT U JI000e pacipeseseHne, CTATUCTHIECKH HEOTJIUINMOE OT
pacnpenenennst ¢( Py, F) B pacrpejejieHne, CTATUCTHIECKA HEOTJIMINMOe OT
pacnpenenennst ¢( Py, F'). O

10 IIporokosanl ayTeHTIUKAIAN

[TpoTokoa0oM ayTeHTU(OUKALINT HA3BIBAETCS TTOCIEI0BATEIHLHOCTh JOCTYTHBIX
caydaitnpix Beuaut (d,, €,) (3AKPHITHI 1 OTKPHITHI K/IIOYK) U Hapa 10/IH-
HOMHUAJIBHBIX BEPOSATHOCTHBIX MHTEPAKTUBHBLIX aaroputMos P,V anropurm
JokaspiBatomero n anropurm nposepku. Oba ajropurMa noJydaT Ha BXOJL
napamerp 6e30MacHOCTH N 1 pabOTAIOT BpeMsi, OrPAaHWYEHHOE MOJNHOMOM OT
n. Anropurm P mosydaer Ha BXOJ, KpoMe mapamerpa 0e30macHOCTH, KIIY
d, anroput™m V — K104 €.

TpeboBanns TAKOBBL:

(1) C BepoarHOCTBIO, TPUOIU3UTEILHO paBHOi 1, Bhmosneno VFi(e) =
1. BeposiTHOCTH Gepercsi 1Mo pachpejieieHuio Ha nape kiwodeil (e,d) u 10
UCXO0JIaM CJyYaiiHbIX Opocanuii, BeIToIHAEMbIX P u V.

(2) Anropurm P, pasriamaer Tosbko mapy (n,e). (Msl npeamnosaraem,
q10 e ecth GyHkuus or d.)

(3) st moboit mepasroMepHoii crparerun F, Bepositnocts cobprrus V() (e)

1 npenebpexxkumo Maga. BepostHocTh Gepercss 1o ciaydaitHOMY BBIOOPY € H
M0 MCXOJIaM CJIydaiiHbIX Opocanwuii, BHITOTHIEMBIX V.

Teopema 26. Fcau dynkuyus Pabuna mweobpamuma, mo cyuecmeyem npo-
MOKOA AYMEHRMUPUKAYULU.

Jlokazamenvemeo. Ilycrb (my,, x,) TpyaHas ciydaiiHas BeJUIMHA JIJIst (DYHK-
nuun Pabuna (HATIOMHWM, 9TO M,, T,  N-ONTOBBIe HATYpaJbHBIE YHCIA, a
bynkuna Pabuna f, onpenesnena kak f,(m,z) = (22 mod m)m. 3akprThiii
K104 d,, paBen nape (M., T,,) a OTKPHITHI{ KJII0Y €, paBeH nape (m,,, (r2 mod
my)), vie uapa (my, T,) ecTb TPyjAHas CaydaiiHas BeJMduHA Jisd (DyHKIUU
Pabuna.
Astropurmbr P, V' paborator Tax.

1) Asropur™ P nockiiaer ciydailHbliii KBaApaTHIHBI BHIYET 2 = y2 110 MO-
JyI0 m. (¢ BEPOSITHOCTRIO MPpeHeBPesKMMO MAJIOi OH He CMOYKeT HafiTH TaKoro

Bbl4d€Ta, B 3TOM CJiydae OH OCTaHaBJIMBa€T I/II‘py)
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2) Asropurm V' onoceuraer coydaitasiii our a.

3) Asnropurm P npopepsier, siBJIsleTCst JIM NPUCJAHHOE €My OJHHM OUTOM, H,
eCJIM 3TO TaK, TO MOCHIIAET u = yz* (a WHAYe OCTAHABJINBAET WIPY). 3ame-
tum, uto u? = zz** (mod m).

4) Anropurm V nposepsier pasenctso u? = zz’* (mod m) (o Moxker 3T0
CJle/IaTh, OCKOJIbKY 3HAET 2, T2, M) U IIPOBEPSIeT, B3aUMHO IPOCTHI JIK U U 1.
Eciin 910 1160 U3 3TOr0 He BHIIOJHEHO, OH OCTAHABIMBACT UIPY AOCPOYHO H
seigaer (. Vrade nopropsitorest 1) 4), mpudeM Kazkas W3 CTOPOH HCHOJIB3Y-
eT HOBbIE Caydaitasie 6uThl. Ecm mocae n noBropenuii urpa He 0CTaHOBJIEHA
JIOCPOYHO, aJrOpUTM V' OCTaHABJIMBAaeT UTPY W BhIgaeT 1.

Yenosue (1) 09€BHIHO BBIIOIHEHO. YCI0BHE (2) NPOBEPSAETCS CJIE LY IUM
o6pazom. ITo jiemMme 24 HAM JTOCTATOYHO JI0OKA3aTh, YTO B XOJ€ OJHOKPATHOIO
BhINOJIHeHUst TyHKTOB 1) 3) pasriamaercs Tosibko m u x2. [lycrs [Iporepsi-
IOIIATT BBHITIOJIHSET KaKYIO-TO HEPABHOMEPHO MOJUHOMUAILHYIO cTpaTernio F
KOTOpasi MO KBAJAPATHIHOMY BbIdery z coobmaer 6ut F(z) (Gyaem cHadasa
upejnoararb, uro F(z) Beerga ecrb oaun 6ur). Ham wajo, uctnonbsys F|
KaK OpaKyJi, CLeHePUPOBATDH CJIyYadHYIO BeJIMYUHY, BHIYUCIUTEIBHO HEOTIH-
anmyio o1 caydaiinoii semaunn (y2, F(y?), ya2F @), 3nech y BuiGupaercs
0 HEKOTOPOMY PACTPEIEJCHUIO, CTATUCTHYECKN HEOTJNINMOMY OT PaBHO-
MEpPHOTO pacipee/eHus Cpein BCeX BHIYETOB M0 MOLY/IIO M. Ecam Mbr 3ame-
HUM pacupee/eHue i Ha pAaBHOMEPHOe, TO HOBOE paclpe/e/leHue Ha TPoiiKax
(y?, F(y?), ya:2F(y2)) OyJIeT CTATUCTHYECKH HEOTJIMYUMO OT CTAPOTO, HOITOMY
JIOCTATOYHO CTeHEPUPOBATH CJYYARHYIO BEJUMYUHY, BHIYUCIUTE]ILHO HEOTIH-
anmyto ot (y?, F(y?), ya:2F(y2)) pY PaBHOMEPHOM pAaCHpee/IeHuN Ha ¥.

Hasosem Tpoiiky (z,,u) ynaunoii, ecin F(2) = a u u? = z(2?)* u u
B3aMMHO TPOCTO ¢ m. Bee Tpoiiku Buma, nosBadiommecs B 0ecene yIaqaHbl:
KazKJ0My Y, BbiOpanHOoMy JIOKa3bIBAIOIIMM Ha IIEPBOM IIAre COOTBETCTBYET
POBHO oziHa yjadnas Tpoiika. C 1pyroif ¢ropoHbl, HUKAKUX JAPYIHX YAA4HBIX
TPOEK HeT, TIOCKOJIBKY Jtobast yaadHas Tpoiika (z, a, u) MosiBUTCs B Oecejie,
ecin Ha niepBoM miare JlokasweiBartomnuiti Beibeper y = uxr~“. BoJsee Toro, Ta-
KO€ 4 OYEBMIHO €IWHCTBEHHO, MO3TOMY KOJMYECTBO YAAYHBIX TPOCK PABHO
dbyukuun itsepa ¢(m) or m (CTOJBKO PA3HBIX Y, B3AUMHO LHPOCTHIX C M), U
BCE yJA4Hble TPOHKH IOABIAIOTCH B 0ecele ¢ OJMHAKOBBIME BePOSATHOCTAMMU.

CuiemoBaTeIbHO, HAM HYYKHO CT€HEPUPOBATH PABHOMEPHOE pacrpesese-
HUEe Ha MHOYKECTBE YJIAYHBIX TPOEK (MJIM BHIYMCIUTENHHO HEOTJIHYNMOE OT
HEro pacrpe/iesienne). 3aMeTnM, 9T0 B yJIadHOl TPOiiKe TepBas KOMITOHEeHTa
OJIHO3HAYHA OIIPeJIe/IgeTCd BTOPO 1 TpeTbeil KOMIIOHETHON: 2 = u?x=2%. 3na-
4UT, ec/M BHIOUPATH CJydaiiHo napy «,u u BbigaBarh Tpoiiky (u?r 2% a,u),
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ecJiM OHa OKa3aJIoch yJadHoit (to ectb, F(z) = a u (u,m) = 1), To BCe
yJlauHble TPOIKU Oy/lyT UMETh PABHbIE HIAHCHI ObITH BbIJIAHHBIMHU.

KakoBa BeposiTHOCTH B OJIHO{I TIOTIBITKE Ha#TH yaadnyio Tpoiky? IlycTs u
BBIOWpAETCs pABHOMEPHO CPeJIN BCeX BHIYETOR, B3AWMHO MPOCTHIX ¢ m, Torma

BEePOSITHOCTH TOTO, 4TO Tpoiika (u?r™2% o, u) yjauna paBHa

Pr[V (u?) = 0]/2 + Pr[V (v*2™?) = 1]/2.

Bropoe ciaraemoe MoyKHO 3aMeHnTh Ha ciaraemoe Pr[V (u?)) = 1]/2, tak kax

w? u ulr?

paBHa

UMEIOT OJMHaKOBOe paciipejesenue. [loaromy Haia BeposiTHOCTD

Pr[V (u?) = 0]/2 + Pr[V (uv?) = 1]/2 = 1/2.

[Ipu 3amene paBHOMEDPHOTO pacHpejesieHnsl CPeIr BCEX BBIYETOB, B3aUMHO
MPOCTHIX C 1M, HA CTATUCTUYECKW HEOTTUINMOE OT Hero paBHOMEPHOE pPac-
npejesieHne BepPOSTHOCTh M3MEHUTCS HEe3HAYNTETHHO, a 3HAYUT, OygeT mpu-
O.m3uTe/IbHO paBHa 1/2.

[ToBropsisi n pa3 MOUBITKY HAWTU YAA9HYIO TPOWKY, MbI MPEYCIEEM XO-
Tst ObI B OJHOH IONBITKE ¢ BEPOSTHOCTHIO, NpuUMEpHO paBHoil 1. B ciaygae
HEeyIa4qu BBIIAIAM JIIOOYI0 TPOHKY.

Ecan we npexamosarath, uro F' Bceraa BhIZaeT OAWH OWT, TO MOYKHO TPH-
MEHUTh TOT YK€ TPIOK, YTO U B JI0KA3ATEJIbCTBE TEOpEeMbl 29.

Ocranoch nposeputh yeaosue (3). Ilycrb juis HEKOTOPOil HEpABHOMEPHO
HOJIMHOMUAIBLHOM crpaterun F BepositHocts cobbitus V™) (m, 42) = 1
He TpeHeOpeKMMo MaJia. HamoMHNM, 9TO BEPOSITHOCTH OepeTcst 1Mo CJIydaii-
HOMY BBIOODY M, T 1O paclpejie/ieHuio Tpyaaomy s ¢pyakinn Paduna. To
eCTh, HAM W3BECTHO, YTO HE CYIIEeCTBYET HEPABHOMEDPHO MOJIMHOMUATHHOM
dbyuknuu D, KOTOpas 10 3TOMY PACIPEJAC/JICHUIO JI/isi DECKOHEYHO MHOTHMX
n 1o mape m,z? seytaer Va2 ¢ BeposraocThO He Menee 1/poly(n). Yo
MOJIYIUTH MPOTUBOPEYNE, OMpeae/inM Takyio QyHKIuio D,.

Hawm nano, 91o /1151 6eCKOHETHO MHOTUX 1 BEPOSITHOCTH COOBITHUSI VF7L(m7x2)(m, 1?) =
1 6ospbie € = 1/poly(n). @ukcupyem oaHO W3 Takux n. [ pasMUHKE pac-
CMOTPHUM COBCEM IIPOCTOI C1ydail: BEPOITHOCTH COOBITHUS VF"(m’mz)(m, 7?) =
1 pasna 1. Crparerua F juig 1106bIX JaHHBIX M, £2 cHadada nocelaaer Ipo-
BepSAIOIIeMy HeKOTOpBIil Bhiuer z = z(m, x?). 3aTeM B 3aBUCHUMOCTH OT TPH-
CJIAHHOTO eMy (v OHAa HPHCHLIAeT HeKOTOpBIl BhIUeT uy = ug(m,z?) (ecau
a = 0) wm uy = uy(m,x?). [lpuuem ¢ BeposiTHOCTHIO 1 BRITIOIHEHO U2 = 222
U U, B3AUMHO IPOCTO C M. DTO O3HAYAET, YTO C BEPOSATHOCTHIO 1 BBIIOJIHE-
HO uZ = 2z u u} = 22% U Ug,u; B3AUMHO LPOCTHL C M, a CJeJOBATEIbHO,
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2?2 = (uy/up)?. Takum o6pazom, npumenus crpareruto F K oboum Guram
a = 0,1 gad oaHOrO W TOTO XKe Z, Mbl MOXKEeM HalTu Va2 Bamerum, 4910
peayibubIil /loka3piBaommii 0TKa3acs Obl B OJIHOM payH/ie OTBeYaTh Ha JIBA
pasubix . Korma mbr obpamaem ¢ynknuio PaduHa, Mbl HCIIOJIB3yeM TPOCTO
CXeMY, PeaJU3YIOILYI0 ero CTpaTeruio, ¥ MOXKeT JieJIaTh 9TO TaK, KaK 3alpe-
IIEHO B IIPOILECCe ayTeHTH(DUKAIUN.

Ternepsb paccMoTpuM 4yTh OOJIee CJIOXKHDBIH Cydail: BEPOATHOCTH COObITUS
VEnma®) (i 22) = 1 me menbine 3/4. B 3T0M ciryuae onsith I0CTATOYHO HC-
0JIb30BATh YTO ¢ BEPOSTHOCTHIO He MeHee 3/4 urpa He GyjieT OCTaHOBJIEHA B
nepsom paynie. Cpenee apudmernueckoe BeposTHOCTEl COOBITHIT “ul = 2
U Ug B3AUMHO IPOCTO ¢ m” 1 “u? = zx% 1 U1 B3aMMHO IPOCTO ¢ M HE MeHbIIe
3/4. 3uauur cymma UX BEPOATHOCTEH HEe MeHblie 3/2, 1103TOMy BEepOSITHOCTD
WX Mepecevenst He MeHbIe 1/2. Takum 06pa3oM, ¢ BEpOSITHOCTHIO He MEHBITIe
1/2 6yner soimosneno x? = (uy /ug)?.

Ternepr paccmorpum obmuit cayuait. Obo3zHadnM depes p; BEPOSITHOCTH
TOrO, 9YTO MI'PA HE OCTAHOBJIEHA B IEPBOM payHJIE, a 94epe3 p; — BEPOATHOCTH
TOr0, 9YTO MIPA HE OCTAHOBJIEHA B i-OM payHJE IpPU YCJAOBUU, 9TO OHA HE
ocranosJjieHa panbuie. Ham jano, 4ro pips---p, > € = 1/poly(n). 3uaqur,
cymecTByeT Takoe i, aas kotoporo p; > (1/poly(n))Y/". Tlocnemosaremnn-
rocth (1/poly(n))/™ crpemmurest x 1, MO3TOMY HMpW AOCTATOYHO GOIBIIAX 71
ona Oosibiie 3/4. Badukcupyem Jsoboe takoe i, 4ro p; > 3/4 u paccmor-
PUM CJIEJIYIONLYI0 BEPOSTHOCTHYIO Hponeaypy obpamenust pynkiun Pabuna.
Broinosinsiem ¢ — 1 1nepBbIX payHJI0B HPOIEAYyPbl ayTeHTuhpUKAIUU, a B 1-OM
paynIe 3anyckaeM F' apaxawl, gad o = 0 n qiig o = 1. TosyauB ug, u; Tpo-

BepsieM, OY/IyT JIM OHU B3aWMHO TIPOCTHI C 1 ¥ BEPHBI JIM PABEHCTBA u% =z,

u? = zx?. Eciu Bee 310 Tak, To KopHeMm u3 x? Oyner u;/ug. Ham mgamo, uto
BEPOATHOCTH 3TOr0 COOBITUS LIPH YCJOBUHM, YTO UI'Pa JORIET 0 1-0r0 pay-
Ha, He MeHblie 1/2. 3uauur 6e3yc/0BHAsL BEPOSITHOCTD TOIO, Y4TO Mbl Haiijem
KOpeHb u3 %, He MeHbIie € /2.

B npuBemeHHOM paccy’KJIeHHH eCTh HeTOYHOCTh MBI HE 3HaeM, YeMy
paBHO i. Ee J1erko ucnpaBuTh: HApUMED, MOKHO TIPoGoBaTh Bee 1. /it KaxK-
jioro ¢ upumensieM F'k Kk « = 0 u K @ = 1. Ecjiu HaM He 1OBE3JI0 U KOPEHb
u3 z2 He Haiijen, To BbIGEpaeM (v CJIyYAHHO M HEPexOqUM K CJIeyIoIeMy

payHIy. 0
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11 IIpoToKOJIbI 3JIEKTPOHHOII MOANNCH

11.1 Iloanuce omuoro dGura

[TpoTOKOJIOM MTOANMMCH OIHOTO OWTA HA3BIBACTCA TTOCIEA0BATEILHOCTE JOCTYII-
HBIX CJOYYaiiHBIX BeUduH (d,, €,) (3aKpBITHIi W OTKPHITHI{ KIIOYM) U mapa
JIeTEPMUHUPOBAHHBIX (HEMHTEPAKTUBHBIX) aJropuTMoB S, V| Ha3bIBaeMbIMU
AJrOPUTMOM HOJIKCU ¥ aJICOPUTM IIPOBEPKH, cooTsercrsenno. Oba ajaropur-
Ma [10JIy9aloT Ha BXOJ HapamMerp 0e301acHOCTH 1 1 paboTaioT BpeMsl, OrpaHu-
YeHHOE TIOJTMHOMOM OT 1. Anroput™ P mosydaeT Ha BXOJ, KpoMe TmapamMerpa
0e30MacHOCTH, KJI0Y d U OJUH OUT 0 W BBIIAET MOANUCH . Ajaroput™ V' mosty-
JaeT Ha BXOJ, KpOMe TlapamMerpa 6e30macHOCTH, K09 €, OUT 0 W MOAINCH S 1
soigaer 0 wiu 1 (orBepraer wim npuaumaer noanuck). TpeGoBaHUs TAKOBbL:

(1) C BepositHOCTBIO, HPUbBIU3UTENLHO paBHOil 1, st Becex 0 = 0, 1 BbI-
nosineno V(e,0,S(d,0)) = 1 (mapamerp n Mbi onyckaem). BepositHocTh Ge-
PEeTCst 0 pachpeieIeHnIo Ha nape Kiwdveil (e, d).

(2) Ml Tpebyem 3alIeHHOCTH TPOTOKOJIA OT cjejytorieii araku. T1po-
TUBHUK, U3Y4YUB OTKPbLITHIA K/IH0Y e, npocuT [1oJuChIBAIOILIEro HOIUCATD
HeKOTOPbIi 6ut 0. [ToanuceiBaomuii (He mMo03peBast NOABOXA) IAET eMy Tpe-
oyemyio noanuck s = S(d, o). [IpOTUBHUK U3yYaeT § U BBLAAET MOJJIEIbHYIO
noanuchk s. Artaka cuUmMTaeTCA yCHentHoii, ecam s’ MpU3HAETCA NMPaBUILHOI
TO/INTUCHIO TIOJT TIPOTHBOTIOJIOKHBIM OUTOM @, TO ecTh, V (e, 7, s") = 1 Urax,
MbI Tpebyem, 9To0bl i JI000i nocaegoBareabaoctu cxem C),, D, moauHO-
MHAJILHOI'O OT 7. pa3Mepa BeposiTHOCTb cobbitust V (e, 7, s') = 1 GbLio upe-
nebpexumo mana. 3uece 0 = C(e) u s = D(e,s), tue s = S(d,o) (mbi
OTyCKaeM TapamMerp n).

Teopema 27. Ecau cyuecmseyem 00HOCMOPOHHAAL YHKUUS, MO CYULLCMEY-
em NPoOMmoKos noonucy 001020 buma.

Joxazameavcmeo. Ilycrs f,, ognocroponnss YHKIUS ¢ TPYIHON Cirydaii-
HOl Be/IM4nHOI vy, B KauecTBe 3aKpbiToro Kioda sosbMem napy (20, zt), rue
20, 2! mosydeHsl He3aBUCHMBIMU HCIHITAHAAMH CJAYYIaiHON BeIMUIUHb ;. B
KadecTBe OTKphIToro Kmoda sozbmem (y°, y1), rae y° = f,(2°%) n y' = f,.(z1).

[Moxmucs nox 6utom o = 0 ecth 2° (mepBbIii KOMIIOHEHT 3aKPBITOIO KJTHO-
4a), a noanuch 1oj 0 = 1 ectb x' (BTOPOil KOMIOHEHT 3aKpbITOrO KJIO-
ua). [IpoBepsifoiuii upuMensier f, K HOJANUCH § U HPUHUMAET HO/IIUCH, EC]IH
fn(s) = y?. Do nporokon yaoriaersopsier TpedoBanuio (1). IIposepnm Tpe-

bosanne (2).
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JonycTum, 4To cymecTByior mnociaegopareabnoctu cxem C, u D, no/u-
HOMMAJILHOI'O OT 1 Pa3Mepa, aTaKylonue g OeCKOHeYHO MHOTHX 70 IIOCTPO-
EHHYIO CHCTeMY TMOJIICH ¢ BEPOSTHOCTHIO ycriexa He MeHbine € = 1/poly(n).
Baduxcupyem g060e w3 takux n. [lporuBauk, npumensist cxemy C), K OT-
kpuitomy kiouy 40yt Berancaser our o = C(y°, y'). Barem, nonyuus or
HOANKMCBIBAIONIEro 7, OH npuMendeT cxemy D, K OTKPBITOMY K04y u x7,
nosyuas nopiesnbiyio noamach 5 = D(y° yb 29). Araxka Gyer ycueusoii,
ecin y7 = f(8). Ilpexcrasum cobeitie y” = f(8) B Buje o0beANHEHNsI JIBYX
coOBITHI

Cly’y')=1 A y° = f(D°,y', ")), (2)
Cy’y') =0 A y' = f(D(°y', ")), (3)

coorsercrByonmx ¢ = 0 u o = 1. BepoarHoctb X0Ts Gbl OJHOIO U3 ITHUX
cobbITHil He MeHbIle €/2. TlycTh, cKaskeM, 3T0 BEPHO sl TEPBOTO COOBITHS.
Torna BeposaTHocTHas cxema D(y, f(x!), x') obpamaer f(«) ¢ BeposTHOCTHIO
He menee ¢/2. JlelicTBuTe IbHO, BeposTHOCTEL TOTO, uTo cxema D(y, f(x!), x!)
obpamaer f(a) pasna seposrroctu Toro, uro D(y°, f(z!), z!) obpamaer y°,
nockobKy % u f(a) ojpunakoso pacupeenennt (11pu 1060M GUKCHPOBAHHOM
z'). A BepoATHOCTH 3TOTO He MeHbINe BeposTHOCTH cobhiThs (2). Ocranoch
3aMeTHTh, uTO BepositHocTHas cxema D(y, f(x'),x') nveer nosmmomman-
HBII OT n pa3Mep, TMOCKOJAbKY (DYHKIMA [ BBIYUCANMA 32 MOJNHOMHUAILHOE
BpeMsl. U

11.2 Iloamumch omgHOTO coobmieHnst (PMKCUPOBAHHOM M-
HbI

[TpOTOKOJIOM TOAMUCH OJHOTO COODIIeHNs IIUHBI p(n) (rue p MOJUWHOM), Ha-
3BIBAETCS TTOCTIEI0BATETHLHOCTE JOCTYITHBIX CydaifHbIxX Beaundann (d,, e,) (3a-
KPBITHIH W OTKPHITHI KJIIOUN) U apa JIeTePMUHUPOBAHHBIX aJrOpuT™MOB S, V|
HA3bIBAEMBIMHU AJITOPUTMOM HOJIIUACA U AJTOPUTM HPOBEPKH, COOTBETCTBEH-
HO. Oba ajiropurMa moJydaT Ha BXOJ, MapamMerp 0e301aCHOCTH N U pabora-
10T BpeMsi, OTpaHUIeHHOE MOJMHOMOM OT n. Ajiroputm P mosydaer Ha BXOJ,
KpoMme mapameTrpa 0e30MacHOCTH, KJI0Y d U TOCAe0BATEIHHOCTh OUTOB X
JUEbl p(n) W BbIZaeT noanuchk s. Auroput™ Vomosydaer Ha BXOJ, KpOMe
napaMerpa 0e30IacHOCTH, KJII04Y e, CJIOBO & U Hoiiuuch s u Boigaer 0 mwin 1
(orBepraer wiv HPUHUMAET HOJIIUCH). TpeboBaHus TAKOBbIL:
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(1) st Becex z jmubbl p(n) ¢ BEPOATHOCTBIO, IPUOIM3UTEILHO PABHOI 1,
soinosineno Ve, z, S(d,z)) = 1 (napamerp n mbl omnyckaem). BeposraocTb
Gepercst Mo pacrpe/eJieHU0 Ha mape KJodei (e, d).

(2) Ml Tpebyem 3alIeHHOCTH TPOTOKOJIA OT cjejytorieii ataku. T1po-
THBHUK, U3Y4YUB OTKPHITHI KJOY e, TpocuT [1oannchBaIomero moanmucaTh
Hekoropoe cooduienue x. [loanuceiBaomuit jgaer eMmy TpeOyeMyio MOJIKUCH
s =5(d,z). [IporuBHuk uzyvaer s u nedaTaer HEKOTOpoe coodiieHue ', or-
JIMIHOE OT T W BBIIACT NOIACABHYIO TOANNCL s mox aum. VTtak, TpeboBanne
cocronT B caemyomem. Lns moboit mociaenosareannoctn cxem C,, D, E,
HOJMHOMHUAJIBHOTO OT N pa3Mepa BEPOATHOCTH COOBITHS

2 # o, Vie,2',s") =1

npenebpexknMo masa (omyckaem mapamerp n). 3xeck x = Cle), 2’ = Ele, s)
ns = D(es), tae s=.S5(dzx).

Teopema 28. Fcau cywecmsyem npomokos nodnucu 00Ho20 buma, mo 0is
A106020 NOAUHOMA P CYWECTNEYEM NPOMOKOA NOONUCY 00HO20 COOOULEHUA OAU-

HoL p(n).

Jlokazamenvemeso. Ilycrs (e, d,) n S,V jaHHblii HAM HPOTOKOJ HOJIUCH
ozxHOTO GuTa. Pacemorpum “p(n)-yio crenenb 5TOro mpoTokosa”, onpejesise-
wyio tak: (&,,d,) = (el ... eB™ dL ... d%™) ecth cayuaiinas esmunna, mo-
ayderas p(n) HE3ABUCHMBIME HCHBITAHUSIMUA CIY9IaiHON BeHIuHBI (€, d,,).
[Toamuck § MOJ COOOIMIEHNEM Ty . . . Tpy(n) COCTOMT M3 KOHKATEHAIWI MOATHCei
51, .., Sp(n) C HOMOIIBIO S 1O GHTAMI T1, . . ., Tp(n), IPHYEM HPH HOIIHACHI-
BaHUM OMTA T; UCIOJIB3YeTCs KU dl,. AJIropurM npoBEPKH 3aK/II0YAETCs B
IPOBEPKE BCEX HOAMUCEH Si,. .., Sp(n) C OTKPBITBIME KJIIOUAMH €, . . .,eﬁ(").

Ecyin Bce oHu BbIJEpzKaIn HPOBEPKY, TO HOAIUCH PU3HAETCS, HHAYE OTBEP-

raercs.
Yeaosue (1) oveBuaHO BHIOTHEHO. YejaoBue (2) mposepsiercst tak. Hawm
nyskHo arakyomero Cp, D, E, HOBYIO CHCTeMy MOAIUCH peodpas3oBaTh B
ATAKYIIEI0 NCXOAHYIO cuctemy. Ilyers BepositHOCTD yenemuoit ataku Cy,, Dy, E,
paBaa € = 1/poly(n) misa Geckonedno Muorux n. OYeBUIHO CYIIECTBYeT
i < p(n), IIs KOTOPOTO € BEPOSITHOCTBHIO He MeHbIe €/p(n) araka Gyjer
YCTIEITHOM ¥ NP 3TOM 4-ble OUTH 2’ M 2 Pa3JINIHBI. YCIENHOCTH aTaKW O3Ha-
qaer, B wacraocru, uro V (e, 2'[i],s;) = 1 (mapamerp n omyckaem). Bynem
aTaKoBaTh UCXOJHYIO CUCTEMY LOJIUCH OJHOIO OMTa CJeAYIOIUM 0Opa3oM.
Hawm gan oTKpBITHIH KJII0Y €, HPUYeM 3aKpPbIThIl KJIIOY, COOTBETCTBYIOIIHI
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eMy, Heu3BecTeH. Boibupaem ciydaiinbiv o0pazom p(n) — 1 napy kioueii.
Jlaem moJIyueHHy 0 MOCAeg0BATeNbHOCT u3 p(n) — 1 OTKPBITHIX K/I04eil Ha
Bx07l cxeme ', BCTABHB B Hee Ha i-0e MECTO JAHHBIA HAM OTKDHITHIA KJIOU
e. Cxema C BBIJACT HEKOTOpoe coobmenne x. [logmuchiBaem Bce ero OMTHI,
KPOMe 7-0T0, ¢ TOMOIIBIO M3BECTHBIX 3aKPHITHIX KII0Uei. A i-bIii GuT nmpocuwm
noauucarb [ognuceiBaomero ojua 6ut ¢ Ka04oM d (HEU3BECTHBIM HaM).
[Toary4eHHy 0 HOC/IeI0BATEIBHOCTL U3 1 MOJIMCEH JaeM Ha BXoJ cxeme D,
Omna BeIZACT N NOAAEJLHLIX mognuceit. OcTasiisgeM B 3TOH MOCI€10BATEILHO-
CTH TOJIBKO -YIO MOAMKUCH S;. DTa MOAMUCH ¢ BEPOSITHOCTHIO He MeHee &/p(n)
6yaer mpunsita IIposepsioommy V', kax mogmack nox, 2'[i] = x[i] ¢ xkmowom e.

Onucannasi araka HCHOJIb3YeT ciydaiinbie 6uthl (1pu BiGope p(n)—1 nap
Koueit). 3aduKcupoBaB UX NOAXOAANIUM 00PA30M, Mbl MOXKEM IOJIYyHYUTh
JIETEPMUHUPOBAHHBIE CXEMBI C He MEHbINel BepPOATHOCTHIO YCIIEXa. O

)

DTa cUcTeMa MOMAIUCH SIBJISETCA “OIHOPA30BOH~ B CJACAYIOMIEM CMBbICIIE,
Nmes noanucu moxn coodmenusamu 00...0 m 11 ... 1, MOXKHO H3TOTOBUTH IIO-
HUCh 110J1 JI0OBIM coolmeHueM. Kak 1mocTpouThb CXeMy HOJIUCH, KOTOPYIO
MOYKHO MCIOJIH30BATh JIF000E TOJNHOMUAIBHOE YUCI0 Pa3 (M 9TO 3TO 03Ha-
qaer), Mbl 00CYINM TO3Ke.

11.3 Iloammuck ogHOro cOOO0IEHNS IIPON3BOJILHOMN AJINHBI

[TpoTokoJIOM TOANMCH OITHOTO COODINEHUS MTPOW3BOIBHON TOJINHOMHUAIHLHON
JUIMHBI HA3BIBAETCS TMOCIEI0BATEIBHOCT JOCTYIHBIX CAYYaRHBIX BEJIUIUH
(dy, €,) (32KPBITHI W OTKPHITHI KJI0OUN) 1 apa aaroput™mon S, V| HasbiBa-
eMbIMH aJIFOPUTMOM HOJIIMCH M aJFOPUTM IPOBEPKHU, COOTBETCTBEHHO. AJI-
ropur™ S BEPOATHOCTHBIN, OH HOJIYYAET HA BXOJ HapaMeTp 0e301IaCHOCTH 1,
KJII0Y d ¥ JBOMYHYIO CTPOKY Z BbijaeT 3a Bpems poly(n + |z|) mommuck s.
Anropurm V' gerepMUHMpPOBAHHBII, OH MOJIyYaeT Ha BXOJ Tapamerp Ge3omac-
HOCTH 1, KJIIOY €, CJIOBO T U HOJIUCH § U 32 BPEMsl, OlPAHUIEHHOE TTIOJIMHOMOM
ot n+|z|, Bergaer 0 wian 1 (orBepraer wim npuHUMAaeT HoANUCh). TpeboBanust
TAKOBbI:

(1) dust 10601 110C€/10BATENBHOCTH CJIOB T, (JIMHA CJIOBA Ty JOJIZK-
Ha OBITH OPpaHMYeHa TOJMHOMOM OT 1) ¢ BEPOSITHOCTBIO, TPHOJN3UTETHHO
pasroii 1, Beimosneno Ve, z, S(d,x)) = 1 (mapamerp n mbr onyckaem). Be-
POSTHOCTH GEPeTCst 110 PACIPEJIEJIeHUI0 Ha ape Kitouei (e, d) u 10 uexojgam
caydaiiHbIX OpocaHuil ajropurma S.
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(2) Mbi Tpebyem 3alMIIEHHOCTH POTOKOJIA OT cJaejytonieil araku. [Ipo-
TUBHUK, U3Y4YUB OTKPbLITHIA K/IH0Y e, npocuT [1oJuChIBAIOIIEr0 HOJIUCATD
HekoTopoe coobmierne © = C(e) MOIMHOMHATLHON OT n JaWHBL. [Toamuce-
Baromii 1aer emy tpebyemyro moamuck s = S(d,z). IIpoTuBHUK n3ydaer
ee M OTKPBITHIN K0T € W BhigaeT coobmenne ' n haabmmByio mMoanmch s’
Araka cumTaercs ycnemnoii, ecim o’ He paBHO ¥ m noaunuch s nox x’ npu-
Hara ajropurmom V. Urtak, tpeboBanue cocrout B ciejyiomem. st jro0oi
nocaenosareasnoctn cxem C,, D,,, E, TOJINHOMHAILHOTO OT N pa3Mepa Be-
POSITHOCTH COOBITHS

2 # o, Vie,2',s") =1

upenebpexkumo Mana. 3uece x = Cle), © = E(e,s), u s = D(e,s), tue
s=.8(d, ).

CxeMmy 3JIEKTPOHHO# HOIUCH OJHOTO COOOMIEHUS TPOU3BOIBHOM TOJIUHO-
MHUAJIBHON JJIMHBI MOXKHO TIOCTPOUTH, UMesl YHUBEPCAJIbHOE CeMeiiCTBO OJIHO-
CTOPOHHUX X3MI-(PYHKIWI U MPOTOKOJI TOJIUCH OJHOTO COOOIIEHUST JTI000M
GUKCHPOBAHHON MOJIMHOMHUAIBHOR JIJINHBI.

11.4 YHuUBepcaJbHbIE CEMENCTBA OJHOCTOPOHHHUX X3II-
byukmii

ToBopst HedopmabHo, X31-byHKnneil HaspiBaercs Gynknus h : {0,1}™ —
{0,1}*, rme k < m, a5 KOTOPOit TPYAHO HANHTH TakWe T # Ty, 9T0 h(11) =
h(xs). Jlrobast Takast mapa cJoB (1, ) Ha3biBaeTCsl KoJumsneid dbyHKInu h.
[TockonbKy k < m, KOJLIU3UU 0043aTe/IbHO €CTh, OJHAKO HAWTH MX TPYIHO.
Yrobbl dopmainzoBarb 3TO MOHATHE, OY/eM I'OBOPUTH He 00 OJHON X3III-
dyukmun, a o cemeiictre x3m-pynaknuii. CemeiicTBOM X3MM-(DYHKINWI HA3BI-
BaeTcsl TOJMHOMMAIBHO BRIUHCAMMOe oTobpaxenne h : {0, 1} x {0,1}™ —
{0,1}*, tme k < m. Tlpu xaxgom dukcnposannom t w3 {0, 1} momysaem
dbyukuuio x — h(t,z), Koropyto Mbl Oyjaem 0603HadaTh Yepes hy.

[Tycrs cemeiicrBo dyHKnuii A 3aBUCUT OT HATYPAILHOLO Hapamerpa n
(napamerpa Gezonacuocru) u [, m,k sSBISIOTCH HOJUHOMAMU OT 7, TO €CTh
3a/lana TocIea0BaTeIbHOCTL oTobpaskenmit A" : {0, 1} x {0,1}™™) —
{0,1}%M)_ Tlycth eme mveeTcss 1oCTyNHas CIyqaiHas BeIWTHHA Qv,, TTPHHI-
matomas suadenns B {0, 11, Tapy, cocrogmyo us h™ u q, 1 HA3BIBATOT
cemeiictBoM x3mi-gyukiuii. [oBopsit, 4ro cemeiictBo X311 QyHKIUA ¢BOOOI-
HO OT KOJLIM3Mi, ecau s oboit nociegosarenbuoctu cxem C, pasMepa
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poly(n) sepogrnocrs cobbitus “Cp(ay,) ectb Kosumsug i by, 7 upenedpe-
JKUMO MaJia.

JIJ1s1 MPOTOKOJIOB 3JIEKTPOHHOMN TIOANMUCH, HA CAMOM JeJIe, JO0CTATOIHO 3a-
HMIMIIEHHOCTH 0T GoJiee caaboii aTaku. A MMEHHO, NepBoe CJI0BO U3 KOJLIU3UN
POTUBHUK J0JIKEH yKa3aTh, He 3Had X3M-(YHKIMN, K KOTOPOil moabupaeTcst
kosma3usg. CemeiicTBO X31-(byHK M, 3aUIEHHOE OT TAKOH aTaku, Ha3bIBa-
ercs YHUBEePCAIbHBIM CeMeiilcTBOM 0JIHOCTOPOHHUX X31I-DyHKIUiA. A uMeHHO,
Tpebyercst, 9To0bI [ist JII000i TocsieoBareabrocT cxeM C), pazmepa poly(n)
n o6Goil MocIeI0BaTeILHOCTH 0B T, € {0,1}™™ peposTHOCTL COOHITHS
“napa cjioB (@, Cy(ay,)) ecTh Kouamsus st hy, 7 mpeHedpesKuMo MaJia.

Eciin cymecrByer oJHOCTOPOHAS LePeCTaHOBKa ¢, MHOXKECTBA BCeX CJI0B
HEeKOTOPO#i Jyiuabl L = poly(n), TpyjiHoe pacupejesieHue «, jjis KOTOPOii
SBISETCA PABHOMEPHBIM PACIPEJeJeHNeM Ha MHOKECTBE BCEX CJIOB JIMHBI
L, To pyst mo6erx moamHoMoB m(n) u k(n) MOKHO MOCTPOWTH YHUBEPCAJIb-
Hoe cemeiicTBO omHocToporHnx xam-byrkmmit A” : {0, 1} x {0, 1} —
{0, 1}*™ (st mekoroporo nosmnoma I(n), sasucsuero ot m(n) u k(n)).

11.5 IlocTpoeHmne cxembl [IOANNCU OJHOI'O COODIIEHNS IPO-
M3BOJIbHOM JJINHBI

[Tycts umeercss cxema noanucu ((e,,d,), S, V) omroro coobieHus IJINHbI
n + 1. IlycTh uImHA OTKPBITOTO KJKOYA €, B 3TOH CXeMe paBHA MOJHHOMY
p(n). IlycTh, KpOMe TOTO, NMEETCsT YHUBEPCAIbHOE CeMefiCTBO CeMeHCTBO OJI-
nocroponnnx xsm-byukuuii A : {0,134 x {0, 1} — {0,1}". Tiuna
cJI0Ba B 00J1acTu onpejieenus X3m-(pyHKIMHA 3T0ro cemeiicTBa paBHa JIMHe
OTKPBITOTO KJIK0Ya, a X3M-3HAYCHUS UMEIOT 1. ONTOB.

Cravasa OCTPOMM CUCTEMY TOANWUCH B KOTOPOIi ycaoBue x’ # x ycrnexa
aTaKM 3aMEHeHO Ha 6oJiee CHJILHOE YCJIOBHE: HU OJHO U3 CJIOB I’ U X He sBJIs-
ercst Ha4a oM Apyroro. OTKPBITHIR KJIH0Y COCTOUT U3 Hapbl (€, (r), a 3aKPbl-
TBIA KJII0OY — 13 napsl (d, a) (omyckaem napamerp 6e30macHocTH). 31ech o —
ciydaiiHad BeJMUYMHA, BXOASIIAS B OLPE/Ie]eHue YHUBePCaJIbHOIO ceMeicTBa
OJHOCTOPOHHMX X3M-pyukumii. [Toanmes mox nocaen0BaTeJbHOCTLI0 ONTOB
T = 01...0; ycrpoeHa Tak. [loanuceiBaromeil BEIOMpaeT caydaiiHO U He3a-
BUCUMO HOBBIE HAPbl KJO4Yel (€9, ds), ..., (€41, di41). 3aTeM HoAnUCHIBaeT
(asropur™MoM S) HOC/IE0BATEIBHOCTD Ny (€2)07 € KIOYOM d, HOCIIe0BATE Ib-
HOCTDb My (€e3)09 ¢ KiodoM dy, u Tak jasee. [locaepoBarenbnocts hy(€11)0;
HNOANMCHIBACTCA ¢ KJIIOUOM d;. Tlocenneil MOANMUCHIBACTCS TOCIET0BATE -
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HOCTb Ay (epp1)o; ¢ KiaouoMm d; (K04 €41 ucnosb3oBarbest we Oyjer). Obo-
3HAYMM 4Y€pe3 S1, . . ., S HOJYUYEHHYIO IOCIeJ0BATEILHOCTD noanuceii. Obniei
MOANUCHIO OYAET MOCIeI0BATEIHHOCTh OTKPBITHIX KJIIOYeH €g, ..., €1 W TMo-
CJICIOBATEILHOCTD MOJIMNUCEH S, . . ., S;. AJITOPUTM TIPOBEPKH TOANNACH COCTO-
WT B TIPAMEHEHNH aaropuT™a V' ¢ KII0YaMu €, es, . . ., e K coodmenusiM (co-
0TBeTCTBEHHO) ho(e2)o1, ..., ho(e))oi_1, ho(eprr)oy u nopnucsm sy, . .., S

Teopema 29. [locmpoennoie napa aszopummos S,V u cay4aliHas eauU-
na (€,d) ABAAIOMCA NPOMOKOAOM IACKMPOHHOT nodnucy 00H020 CO0OULEHUSA
NPOU3BONEHOT OAUHDL.

Joxaszamensvemso. Ilycrb NPOTUBHUK aTakyeT HOCTPOEHHYIO CHCTEMY IOJI-
nucu, ncnon3yst cxembl C') D, E. To ecTh, cHavaa OH BHIYUCISAET

r=o0y...00=Cl(a,e).
3arem HoJydaer HoAuuch (S18y ... Sy, €2€3 ... €141) HOJL T, TIe

S1 — S(d, ha(eg)(fl),
So = S(dg, ha(eg)(fg),

S| = S(dl, ha(el“)al).

ITocsie 3TOro oH caM BBIYHC/IAET

1 QaJILITABYIO TOINNACH
/ rt 1ol / 2
s' = (8155 ...5y,€5€5...€pq) = D(a,e,s15...5).

Ataka ycuenisa, eciu

V(e, ha(ey)or, ) =1,
V (e, holey)oh, s9) =1,
Viey, ho(eps1)op, sy) = 1.

Honyctum jijiss 6CKOHEYHO MHOIMX IOYTH BCEX N BEPOSITHOCTH 3TOr0 COObI-
tusi bosibire € = 1/poly(n).
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Jlemma 30. Ecau amaka yenewna, mo natidemca makoe j < min{l,l'},
/ — / o . . ’
umo ej # €, 1o ho(ej) = ho(€), wru natidemes maxoe j < min{l,l'}, wmo
— !
€; = ej, HO ajha(ej+1) % Ujha(ej+1)-

B dbopMyanpoBKe 3T0i JIeMMbI MBI TIpeJIIIoIaraeM, 9to e; = €; = e. d1a
JIleMMa YTBEPKIAeT, 9T0 Y TIPOTHBHAKA €CTh TOJIHKO JIBE BO3MOKHOCTH TIOJIJIe-
JIATD TOJIKUCH B HOBOfi CHCTEME: 1IepBas 3aK/IH0YAeTCS B TOM, 4TO0bI OTBICKATh
€/ OTIMYHOE OT € C TeM e XJUI-3HAYeHUeM, 4T0 u y e;. Bropas BozsMox-
HOCTb — MOJIEIATD MOAIACH B CTapoil cucteme o coobmenuem o’hq (€}, ),
OTJIMIHBIM OT COOOMIEeHNsT 0l (€j11), TOAMMCAHHOTO BJIAIEIBIIEM CEKPETHOTO
KJova d;.

Joxazameavemeo. lonycrum, 94T0 yTrBepzKeHUe JIeMMbl HeBepHO. B gacTHO-
¢, oHo HeBepHO st § = 1. [lockopKy €1 = €] = e, MBI MOKeM 3aKJII0IHTh,
ar0 o1he(e3) = ojhy(€y), T0 ecth 01 m o] conagaT U hy(ex) = hy(eh).
[Tonp3ysich Tem, 9TO OHO HEBEPHO i1 j = 2, BBIBOANM, 49TO ey = e,. Pac-
CyzK/Jias 110 MHJYKIMU, Mbl yCTAHOBUM, 4TO 1epsbie m = min{l,l'} 6urtos x
U 2 COBHAJAIOT U €y = €, ;. DTO 03HAYAET, YTO OJIHO U3 CJIOB T U T
SIBJISIETCS HAYAJIOM JIDYTOTO, TO €CTh, aTaKa He sIBJSIETCS YCHEeNTHOI. O

ITo s1leMme ¢ BepOATHOCTBIO He Menblie €/2 1o Haiigercs takoe j < min{/, ['},
uTo €j # €, HOo ho(ej) = ha(e)), wm maitnerca taxoe j < min{l,l'}, uro
ej = €, 1o ojha(ejr1) # oihal(€) ) u V(€),aha(€),,,8;) = 1. B nep-
BOM CJIy4ae, Mbl MOYKEM YCIEITHO aTakKoBaTh cemeicTBo Xx3m-dyHknnii. [1o-
CKOJIbKY j OPDAHWYEHO HEKOTOPHIM MOJWHOMOM 7(n) JJist HEKOTOPOTO (hbUK-
cupoBanHoro j < r(n) ¢ BeposTHOCTBIO He MeHee £/2r(n) Oymer BbIIOJI-
weno j < min{l,l'}, e; # €}, no ha(ej) = ha(€)). Crenepupyem nepsbiii
3JIEMEHT KOJUIM3UH, B34B ciydaitubiit kiou ej. [lonyqaus ciaydaiinbiii nomep
X3M-(bYHKIUKU (v, CTEHEpUpyeM Cjyvdaiinyio napy kKiawodeil e, d u gajaum ee
MIPOTHBHIKY, HCTIOB3yIomeMy cxembl C, D, E. OH MONPOCHT HAC TOANACATE
HEOTOpoe coobuieHue . Mbl NOJIMCBIBAEM €ro, NeHepUpys HYZKHOE KOJIH-
yecTBO nap kaodeir. Korga ke on Bbgact ¢agbmuByo 1moanuch s, BO3b-
MeM B Hell j-biif K04 €}, DToT K4 u OyjleT ¢ BePOATHOCTBIO HE MEHbIIe
£/2r(n) BTOpBIM 3JeMeHTOM KoJunsnu h,. OnncanHas ataka Ha ceMeficTBO
X3MI-(DYHKIUTT BBIYUCAAETCS BEPOSITHOCTHBIMU CXEMAaMU TIOJIMHOMHUAJIBHOTO
pa3mepa. 3adUKCHPOBAB B 3TUX CXEMaX TMOAXOAAININM 00pa30oM HMCIMOIb3Y-
eMble CJiydaiiuple OMTHI, MOJyYMM JeTePMUPUPOBAHHBIE ATAKYIONIME CXEMbI
HOJTMHOMMAJIBHOTO Pa3Mepa.
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[Tycrb Tenepsb ¢ BEpOATHOCTHIO He Menblite €/2 Haiinercs Takoe j < min{l, ['},

uTo € = €5, Ho 0jha(ej11) # 0ha(eji1). Onarn, 510 cobbiTHE HMeeT Me-
CTO ¢ BEPOSITHOCTHIO He Menee £/2r(n) mjist HEKOTOPOTO (DUKCHPOBAHHOIO
Jj < r(n). Byaem arakoBaTh CHCTeMy TOJNMUCH OJHOTO COOOIIEHWS JITHHBI
p(n). Ilycte Ham gaH OTKPHITHIN K/IIOW, 0003HAYNM €ero 4depe3 e; (OH Oymer
MCHOJIB30BAH KAK J-blil K04 B nojnucu). Beibepem ciydailHo napy K/roueii
e,d u x3u-pyHKIuo h,. 3areMm jajgum K04 € = (e, ) Ha BXOJ CXeMe C.
[Mognuinem BBIJAHHOE CXEMOH COOOIIEHWEe 07 . ..0;, TEHEPUPYsI HOBbIE MaphI
KJIIOYeit ey, ds, . .., €, d; (kpome j-oit mapsr). A moamuck mox o;hy(€j41) 1MO-
ayaum y TToannckiBaomero oHO coobiienne JINHBL p(n) 3aKPHITHM KJIYOM
d;. Bee nogmucn gaem ma Bxoa cxemam D, E. CxeMbl BBLIALYT HOBOE COO0-
uienue oy ... 0y 1 GaibUBYIO HOAUUCH (8155 ... 8}, €5€5 ... €} ), PO KOTO-
phle M3BECTHO, YTO C BEPOATHOCTBIO He MeHee ¢/27(n) BRITOIHEHO €; = €,
oiha(€ji1) # oiha(efy ) m V(e), othale)y ), s;) = 1. To ectn, o'ha (€], aB-
JISETCSA COODIIEHNEM, OTJIMIHBIM OT TOTO, KOTOPOE MBI TIPOCUJIN TTOANUCATH,
U TIOJIIACH 8} 10/ KOTOPBIM IPHHAMAETCS ¢ KIIOUOM € = €.

Ocraioch moCTPoUTh CXeMy B KOTOPOH ycjoBue &' # X yciexa ataku He
3aMeHeHo Ha GoJiee cuibHOe ycaoBue. Oupegenum i KazKaoro JBOMYHOIO
CJIOBA Y ero MpedUKCHBIN KO, § CJIeyIONUM 00pa30M. YIBOUM BCe OUTHI Y 1
npunutiieM (1 B KOHIIe, HAITpUMep, 011 = 00111101. o Yy JIETKO HATH 7, ¥ ec-
JIX OJIHO U3 CJIOB BUJIA {J ABJIAETCS HAYAJIOM JIPYTOrO CJIOBA TAKOIO K€ BH/IA,
TO 3T CJ0Ba coBnajgaiT. Moaudunupyem MOCTPOCHHYIO CUCTEMY HOIIMCH
caeayiomum o6pazom. Bygem BMECTO noMchbiBAHUS CJIOBA Y HOJANUIIEM €10
npeduKCcHbI Ko ¢ (M TpH TIpoBepKe OyJeM MpPOBEpsITh, TOANNUCAHO JIH 7).
Ecanm npa cinosa Bmga BUaa {) pasiaWdHbl, TO HA OJAHO W3 HUX HE SABJIAETCS
Havasom apyroro. [Tosromy mMoamdunupoBanHas CucTeMa MOAIUCA YI0BJIe-
TBOpsieT TpeboBaHUIO (2) B €ro UCXOAHOM BH/IE. O

11.6 OOGmmit ciaydaii: moaMMCh MPOU3BOJILHOIO KOJINYe-
cTBa COOOMIEeHNIT IPON3BOJILHON JIJINMHBI

[TporokosioMm moanucu (MPOU3BOJBHOIO KOJMYECTBA COOBIIEHNU i MPOU3BOIIH-
HOW JIINHBI) HA3BIBAETCS TTOCTIEI0BATETHLHOCTE JOCTYTHBIX CIYYIaifiHBIX BeJIH-
uu (d,, €,) (32KPBITHIA ¥ OTKPBITHIA KJIOYK) U Hapa ajroputmos S, V', Ha-
3bIBAEMBIME AJIPOPUTMOM IIOJIUCA U AJIFOPUTM LUPOBEPKHU, COOTBETCTBEHHO.
Asiropurm S BepOSITHOCTHBIH, OH HOJIydaeT Ha BXOJ Hapamerp 6e301acHOCTH
n, K09 d 1 JBOWYHYIO CTPOKY & BBIIaeT 3a BpeMst poly(n + |z|) moamucs s.
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Anropurm V' aerepMHHMPOBAHHDIN, OH [IOJIy4YaeT HA BXOJ napamerp 6e3omac-
HOCTH 7, KJIIOY €, CJI0BO T U IOJANUCH § M 34 BPeMsl, OCPAHUYEHHOE HOJUHOMOM
ot n+|x|, Bergaer 0 nan 1 (oTBepraeT wiaw NIpHHAMAET MOANUCH). TpeGoBanmust
TAKOBBI:

(1) st mr060# TOCIe0BaTEIHHOCTH CJIOB X, (JIJIMHA CJIOBA X, MOJIK-
Ha ObITh OIPAHUYEHA MOJUHOMOM OT 1) C BEPOSITHOCTBIO, HPUOJIU3UTEIBHO
pasroit 1, Beimosaeno Ve, z, S(d,xz)) = 1 (napamerp n mbl onyckaem). Be-
POSITHOCTH GepeTcst o pacrpe/eJIeHHI0 BEPOSITHOCTEN Ha nape Kioueii (e, d)
1 10 OPOCAHWAM MOHETKH, BHIIOJTHSICMBIM aaTOPUTMOM S.

(2) Ml Tpebyem 3alUIeHHOCTH TPOTOKOJIAa OT cjejytorieii araku. I1po-
TUBHMK, U3Y4YUB OTKPBITBI K04 €, npocuT IToanuceBaomero noaumucars
nekoropoe coobienue r; = C(e). [oguucsiBaromuii jaer emy rpedyemyto
nofanuck s; = S(d, z1). IlpornBHUK n3ydaer ee u mpocuT [ToANMCHIBAIOIIErO
noJnucarh Japyroe coobmenne o = C(e, s1). TlognuckBaomuii onsaTh ja-
er eMy Tpebyemyto moAmnch s; = S(d,z3). Tak npogoskaercss k pas, rie
k orpammdeHo mosmHomMom ot n. V3ydus Bce k nomuuceit si, ..., S; Hpo-
TUBHUK Bbijaer coobiienue Trr1 = C(e,$1...5;) u dajbluByO HOIIUCH
Spe1 = D(e, s1...8). Araka cunraercst yCHENIHON, €C/iu Tjy, He PABHO HU
OJHOMY U3 COOOINEHMH X1, . .., T} W TOANNCH Sjy1 TTOI HAM TIPUHSATA AJITOPUT-
MoMm V. Urtak, TpeboBanme coctonuT B ciaeayromem. s a000i HepaBHOMEp-
HO TOJIMHOMEAJIBHOT cTparerun C,,, 000 HEPABHOMEPHO MOJTHHOMHAAIBHOM
dbyuknuu D, u jjs J000r0 MHOJUHOMA P JIJIsi MOYTH BCEX N BEPOSTHOCTH
cOObITHS

Tpy1 & {3717 ce 79%}7 V(€7$k+1, 5k+1) =1

npenedpexknMo Masia. 31ech k = p(n), a X1, ..., Tk, Tgi1, Skr1 OMPETETTIOTCS
WHIYKTHBHO (MBI OTyCKaeM mapamerp n):

T = C(e>7 S1 = S(d7 'Il)’
T2 = 0(67 81)7 So = S(d7 'IQ)’

xp =C(e,s1,. .., 86-1), Sk =9S(d,xy),
1 = Cle,81,...,8k), Skr1 = D(e,s1,...,58k).
[TocTponTh TPOTOKOJI, YIOBJIETBOPSAIONINT STUM TPeOOBAHUSIM, HE YIAETCS
B KaKI/IX—ﬂI/I6O JJOCTATOYHO €CTECTBEHHBIX O6H[HX Hpe,ZLHOJIO)KeHI/IﬂX. HOSTOMY

MBI HEMHOTO OCJIa0uUM TpeboBaHWs, pa3peInB MOAMUCH O OYepPeIHbIM CO-
OOIIEHNEM T; 3aBHCETh HEe TOJBKO OT d W X;, HO U OT BCEX MPEIblIyIINX
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coobuienuii 1 o1 cayvaiiHbIx OMTOB, UCIOJIB30BAHHBIX IIPU HOIUCH TIPE/Ibl-

Jyimux coobuienunii. Takum obpazom, Mbl Oy/jieM paccMaTpuBaTh AJTOPUTM

noanuck S Kak JeTepMUHUPOBAHHBIA AJITOPUTM C JIOTIOJIHATEIHHBIM BXOI0M,

Ha KOTOPHIi mogaercst 6ecKoHedHast paBHOMEPHO pacrpeieaeHHast CTpoKa 7.

Asroputwm S moanuckIBas x; UCTOAB3YeT d, X1, ...,T; W 3a TOJAHOMHUAJIHHOE

or n+ |z1| + -+ - + |z;| Bpems BoipabarbiBaer nognuchk. Tem caMbiM, OH HC-

nosib3yer e oostee poly(n + |z1| + - - + |z;|) nepsbix 6uros r. TpeboBanust

(1) u (2) Teneph 3aNUCHBAIOTCS TaK.

(1) dast moboro momHOMa p 1 TIOCIeI0BATEIHHOCTH CO00Mmennii 27, . . ., o7 ,
p(n), |zI'] < p(n), ¢ BepoATHOCTHIO, MPUOJIN3UTEIHHO PABHOl 1, 1715 Beex
k, soimosaneno V (e, x;, S(r,d,z1,...,x;)) = 1 (napamerp n Mbl omyc-

kaem). BepositHocTh Gepercsi 10 pacipejie/ieHuio Ha nape Kiodeir (e,d) u

PaBHOMEPHOMY PACHpPeIeJICHUIO HA T

(2) Hnst sm06oii HepaBHOMEPHO MOJMHOMHUAILHOM cTparernn C,,, J10060i

HEPABHOMEPHO MOJIMHOMUAJIBHOW ByHKImu D, w s J1000r0 MoJUHOMA, P

JUISE HOYTH BCEX N1 BEPOSTHOCTH COOBITHSA

Tpy1 & {3717 ce 79%}7 V(€7$k+1, 5k+1) =1

npeHedpexknMo Masia. 31ech k = p(n), a X1, ..., Tk, Tgi1, Skr1 OMPETETTIOTCS
MH/YKTUBHO (MBI OIlyCKAeM I1apamerp n):

T = C(e>7 S1 = S(Tv d7 xl)a

To = C’(e, 51), So = S(Tv d, $1,$2)7

xp =C(e,81,. ., Sk1), Sk =29S(r,d,xq,...,xx),
Tpr1 = C(e, 81, .., Sk),  Skr1 = D(e,81,..., Sk)-

[TpoToKOJI, YI0BICTBOPAIOIIUI 3TUM TPeOOBAHUSAM CYLICCTBYET B TEX Ke
PEATNOI0KEHNAX, 9TO U MPOTOKOJI TIOAMUCH OJHOTO COOOIIEHUs TIPOU3BOJIb-
HOM JUTMHBI. A WMEHHO, HaM MOHAI00sITCs cxema moanucu (e,,d,), S,V ox-
HOTO COOBIIeHNst, cocTosiero u3 2n 6utos, cxema noxamucu (e d.), S V'
OJHOr0 OuTa, U yHUBepCaJbHble ceMeiicTBa OJHOCTOPOHHMUX X3UI-pyHKIUIL
h™ {0,139 x {0,132 — {0, 1}, g : {0,1}(™ x {0,1}*™ — {0,1}",
rae p(n) n p'(n) mauebl Kawoueii e, n e, coorBercTBenHO. Momnburupy-
eM poToKoa S,V U3 IpeablAyIero pasiena cieayomnm oopasom. Mexo-
HBIfi OTKDBITHI KJIIOY Termeph sBAsSETCs deTBepKoil (o, o’ e, €'}, rae «a,
caydaiiHble BEJMYUHbI M3 ONPeJe/eHns ceMeicrBa X3m-(pyHKnui. 3akpbi-
Thifi K04 pased (o, o, d,d'), Asropurm S’ Gyjem UCHOIB30BATH, 4TOObI
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HOJIIUCHIBATD OUTHI COODIIEHU, a aJIropuT™M S — 4T00bI HOAUUCHIBATH XIIII-
sHadeHust hy(€2), has(€5), ha(€s), ho(€3), ... OT HOBBIX KJITOU€il €9, €5, €3, €5, . . ..
[TopmuchiBast 6UTH NpeUKCHOrO KoJa Iy MEepBOr0 COODIIEHWSI, Mbl Ha IIO-
CTIeTHeM TIare CreHepupyeM HOBYIO 9YeTBepKy Kiiodei diiq, e, dj ;e .
Panbiire nmocieansisi mapa KJrpveit HUKaK He WCIOJIh30BaJach, HO TEMEpPh Mbl
OyZeM HCIOJIb30BAThH 9TY YETBEPKY B KAYECTBE HAYAJIbHBIX KJIOUYEH IPHU MMOI-
HUCH BTOPOro coodbuienus. IToamucs BToporo coobmenust moy4aercst Tak xKe,
Kak u repBoro. Kpome toro, K Heit 100aBIAIOTCS BCe KJIIOUN €9, €3, ... W MO~
HCH TIOJ] X X3MI-3HAYCHUSIMA Ny (€3), holes), . ..
[Iposepka noanucu npoucxoauT Tak. lloayans coobiienue x;, Kao4un

/ /
€2, -3 €my Crmg 1y Eppy1s - - - s Cmtls €l

(rme | = |z;|) m nognucn

/ /
51,82+« - Sms Sm415 Sypg1s - -+ s SmAls S

MBI CHa4aJIa ITPOBEPSIEM aJITOPUTMOM V' BCE MOJIITUCH S1, 82 - - - Syy Smtls - - - 5 St
1I0/1 XAII-3HAYCHUMHE BCEX KJfo4dei. 3arem, Oyaydn yBEePEHHBIMH B ay T€HTHY-

. / / /
HOCTH KJIfo4eid €], 1, ..., €, ., Mbl HpoBepseM ajropurmoM V' noauucu 1oj,
outamMu T;.
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